Semiclassical Canovaccio

FOR
Quantum Field Theory
Francesco Sannino
DIAS SSMa  |.X. hQTC




The Canovaccio

From Commedia dellarte to Quantum Physics

Skeletal script, a basic plot

Essential acts and staging

Semiclassics:

Mathematical skeleton to solve QFT
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ABSTRACT: We present a novel semiclassical framework tailored to determine the scaling
dimensions of heavy neutral composite operators in conformal field theories (CFTs) which are
inaccessible with other current methodologies. It utilizes the state-operator correspondence
to map the desired scaling dimensions to the semiclassical energy spectrum of periodic
homogeneous field configurations on a cylinder. As concrete applications, we provide detailed
analyses for the ¢* theory near four dimensions and ¢° near three dimensions, semiclassically
determining the full spectrum of neutral operators transforming according to different Lorentz

representations. Our methodology is presented pedagogically and is readily applicable to
a vast class of CFTs.
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Abstract

These lecture notes are intended as a coherent introduction to conformal field theory in
general, and composite operators in particular, through a semiclassical framework for com-
puting scaling dimensions, with emphasis on operators of the form ¢™. In doing so, they
aim to fill a gap in the literature and to help decode some of the relevant concepts. The
physical idea is that at large n an (heavy) operator creates a highly occupied state. Through
the state—operator correspondence, this state lives on the cylinder R x S¢~!, and its scaling
dimension is the corresponding energy of the theory on the cylinder. The notes are organized
as a self-contained route from conformal symmetry to semiclassical dynamics. Part I reviews
the conformal group, primary operators, radial quantization, the state—operator correspon-
dence, and operator mixing. Part II builds the semiclassical framework, first in the free
scalar theory, where the dimension of ¢" is recovered in three independent ways, and then
through the double-scaling limit, the action variable, and Bohr—Sommerfeld quantization.
Part III develops the general machinery of periodic saddles, Floquet theory, fluctuation de-
terminants, the Gel’fand—Yaglom method, and the Gutzwiller trace formula. Part IV applies
the framework to the O(IV) ¢* theory in d = 4 — € at the Wilson—Fisher fixed point, deriving



Quantum Field Theory
1920- Born, Helsenberg, Jordan, Dirac (1927)...

Reconciles SR and QM

Underpins:

- Cosmology and Gravity
. Astro, nuclear and particle physics
- Condensed matter physics

- Advances in mathematics

All fundamental forces of Nature are QFTs



Universal language across scales and dimensions
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QFT
CFT

QFT

QFT CFT




Solving CFT

CFT data

Operators: Primary or descendants

Primary operator: Highest-weight states of the conformal group representations

Descendants: Obtained acting on primary with Pﬂ

Interactions: controlled by OPE coefficients

Oix) O(y) = Ai:
J Z,:‘ " -yl

AAA—A, O1y)

Scaling dimension spectrum & OPE coefficients completely and uniquely
solves the CFT, enabling computations of any arbitrary n-point correlator.



The Ising Model

Quintessential example

Lattice spins: s; = £ 1; coupling J; field A

HZ_JZSiSj_hZSi
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Control parameters: Temperature & dim.

1
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The Ising Model

1920, Wihelm Lenz

Lattice model of ferromagnetism.

1924

Lenz’s student, Ernst Ising showead:

Phase transition does not occur in one dim.

1944

2-dim Ising model solved by Lars Onsager

Ordered phase transition
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3D Ising: Nondeterministic Polynomial (NP) complete problem, Sorin Istrail



Emergence of Conformal Ssymmetry

Why isita CFT at T.?

As & — oo the system is scale invariant: x — Ax!

Enhancement to Conformal Symmetry:

Local QFT: Scale invariance, combined with rotational and
translation invariance generally enhances to conformal invariance!

Diverging correlation length: § ~ |T =T,

=
o
[y

Macrophysics at 1, is a CFT!

Correlation length &

=
o
o
|
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Temperature T



3D Ising Model CFT - Challenges

A biased list

The full theory is encoded in the spectrum of operators
Composite operators proliferate fast & mix under coarse-graning
Systematic, high-precision map of higher composites is needed

Needed for precision corrections to scaling and detailed dynamics

Composite operators are the frontier where the theory becomes rich, and hard!



Universality is the first layer

Composite operators = Ising CFT becomes a quantitive QFT



Composite operators

What do we want compute?

1
(@"(xp) P"(x)) = J@¢ d"(xp) " (x;) eI

Z=|2¢ ¥

Dynamics in d-dimensions controlled by S[qb]



Simplest CFT

The boring free theory

S[p] = : Jddx (0)*

|

Diagrammatically

(" ()" (%)) = n!

=n![G(x, — x)]"
Af

A

nl ~ en(log n—1)



Why semiclassics?
Free theory CEFT

¢n(x) — o log ¢(x)

1 1 |
(P ()" () = EJ% exp —E[ddx (0h)*+nlog p(x;) + nlog P(x)

Let’s rescale the fields

P(x) = \/n p(x)



Quantum Mechanics Analogue

Free theory CEFT
Kinetic rescaling: (dgb)z —7) (dgp)z
1
Insertion rescaling: nloggp(x) =n (5 log n+log go(x))

1
<¢n(xf)¢n(xi)> =n" E J@qp e " Serl @]

1
Sexlp] = [ddx 5(690)2 — log p(x;) — log ¢(x;)

n~ — Controls corrections like 71 in semiclassical QM



Saddle-point evaluation
Free theory CEFT

Solve for the classical E.o.M for — S.ele]

G(x — Xf) N G(x — x))
v(xr) v(x;)

(pcl(x) = V(X) —

Evaluate action on EoM Serrlv]l = 1 —1log G(x; — x;)

Compute large n correlator

(P"(xp)p"(x;)) =~ n” eXP( —n Seff[v]) = ¢"logn= [G(xf - xi)]n

n! ~ etlogn=1) | arge nimprint!



Scaling dimensions
Free theory CEFT

INn d-dimensions is N times the dimension of the free scalar

(¢"(X)¢"(0)) ox —— A =22,

| x|~ ! 2

Recovered recalling G(x) « |x|7@?

<¢n(xf)¢n(xi)> — pnlogn—1) [G(xf _ xi)]n x | x |—n(d—2)



So far

Free Theory CFT

Semiclassics emergesasn ~ 1/h

Composite operators dimensions via saddle-point evaluation

Still too involved for interacting theory. One more step!



Energy spectra are “typically” easier than computing correlators!



State - Operator Correspondence

Mapping to the cylinder
pplng % R x gd-1
R (O] T— +00
T e N
N A
T = S J
o ANAANAANAANAANAND-
o0 >N
T e N
N— -

|O) T — —00



State - Operator Correspondence

Mapping to the cylinder
R x §4-1

R ( > NG

Oz (x2) e o e

o =Inro W

\2/. O1(z1) S e_DgAT -
= AANAAAANAANAND-

— .

N— S

(Og(z2) Oy (1)) (Og| e~ P2~ |0y



State - Operator Correspondence

Mapping to the cylinder
(O] T— +00
C e >, RS = RxS§!

L orentzian time, T = it,

O insertions @ asympt. past & future

) r——00 A=rkE

E: Energy states living on the d-1 spheres of radius r



From CFT to Energy states

Classical dynamics on the cylinder

A conformally coupled scalar field has action

: d-2
§=—|d' (””a 0,p+E& R 2), = on R x 54!
d —2)* d—2
Induced scalar mass u>=ER = ( ) C u=
47"2 or
Scalar curvature P = (d—Dd—-2)

72



Equations of motion on Cylinder

Classical dynamics on the cylinder

¢class(t9 Q) — V(t)

E.0.M and solution

V42 =0 = V(1) =(AJeos(ut + 1))
Yet unknown
Orbit period 7 — E Iy - translational invariance

U



Action variable

Bohr-Sommerteld quantization

OLG,,
Canonical momentum conjugate 1= ” — Qd—l”d_lff
1%
T
Action variable I = <ng_[ dv = Qd_lrd_IJ e
0
On the solution v = —Apsi(ut + 1))

[=7mQ, , rd_l



Action variable

Bohr-Sommerteld quantization

Action variable




Quantized orbits

Bohr-Sommerteld quantization

Quantization [=2nn Nn-emergence

2y/n

Final quantized orbit v(t) = cos(ut + 1)

V(@ =200y
now fixed |

d—?2
Spectrum - n( )
2r

Scaling Dimensions A=rE =4 A, = n



Free Theory CFT/Canovaccio

oummary

Heavy composite operators admit semiclassical descriptions
Periodic homogeneous solutions on cylinder
Bohr-Sommerfeld quantization condition introduces n

Energy spectrum reproduces scaling

A =rE — A = n

Bridge between semiclassical dynamics and operator dimensions



[nteracting dynamics

When the fun starts!



[sing CFT

Setting up the stage

CFTind — € dimensions
1 A

P = —(0d)>—=p*
2( O) 445

Fixed point coupling

812e

1367%¢>

9 243

- O(e?)

Two-loop Ising beta functionind=4—-¢fore=0.1

-4
4 x10

—m- Gu =A4/(8T2) =& + 1L g2

Ba(A)

1.50 1.75

1.25

025 050 075 1.00

2.00
g = A/(8m?) X107
dA 0 51
N=puy—=—el+—1"——1+00,*
i) = p 7 812 6474 @)



Operator Spectrum for Ising CEFT

Dynamics

Conformal primary:
Scaling dimension eigenvector/eigenvalue

0° Dp ¢n

Operator mix: same spin s and classical dim.

Classical dimension: s + 2p + n

n,gy

d—72
= > n+s+2p+y,, =1k,

{q,} integers specifying eigenoperators 0* [ 17 ¢"




Semiclassical 1/n expansion

Operator ordering

aS

A, =nCyen)+ Cilen, g )+ . ..

Ay = - O(e?)

P g



On the cylinder

Dynamics

1 : A d—2
FCYh - 5(a¢)2—”7¢2 —~ Z¢4 with  p = < >

2r
¢class — V(t) o'm Ut
v(t) = u cn | m
Al —2m) \/1 _7m
Period T = i\/l —2mK cn( - | m) Jacobi elliptic cosine function
U

[K(m) complete elliptic integral of the 1st kind

m — m(An) via Bohr-Sommerfeld Quantization



Action variable - interacting theory

Bohr-Sommerteld quantization

1.5F
: - = m=0 (free)
- 6 F — m=0.10
1.0} A D S — m=020 | ..
T i — m=0.35
' S5r — m=0.45
0.5 _
- = m=0 (free) L gt
S _ — m=0.10 g
= 00F — m=0.20 X |
g j —_— m=0.35 3
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[ ~ NN SN
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-15hL... N, T T
—-15 —=1.0 =05 0.0 0.5 1.0 1.5 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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Naive understanding LO/NLO

Golng beyond the leading order dynamics

E = Ecl + Eﬂuct

Generalized Bohr-Sommerfeld Quantization

Ve  Stability angles

g, integers specifying eigenoperators d° ¥ ¢"

ical limit  I(E.,) =2nn
Classical limit (Eq) See Oleg’s talk for extra details!



Precise relations LO/NLO

Golng beyond the leading order dynamics

E = Ecl + Eﬂuct

po =—= 1-loop coefficient
812

{q,} integers specifying eigenoperators ¢° [J7 ¢"

See Oleg’s talk for extra details!



LO and NLO scaling

Where the physics happens
Setr =1

d—?2
An,%ﬂ = ( 5 ) n+s+ 2p+yn,qf =7 En,%

=n Cyen) + C,(en,g,)+ . ..

Ase 1 1
C,=——pyk, Iy Ve



LO

Full dynamics known

05 1.0 15 20 25 3.0

500 1000 1500 2000 2500 3000
An

Strong coupling p

Ilm A, ~ na-1
n—oo

An — oo



[nfinite order expansion

Perturbation theory

Ay, =n+ 2 q,C
£=1

— )(17£% + 7827 + 13562+ 987 + 12) g,

I 3 =
“3g |V ( ; A7+ 13 +2)

A, =nCyen) + Ci(en, g+ . ..

We can generate analytically “any” number of loops

Family of primaries for g, = 0 akin to ¢"

872
ﬂ* = —€
9
>n2 + 0 (n, no)

e + @(63) ;



Splitting of operators at NLO

Spectral analogy

d—2
An,% = > n+s+ 2p+yn,qf

3/18
Lo -...'°,.... -7/18 .... 84¢’n
. - i o
NLOo . O7He"
A ¢
NNLO
. 5 .n
- -8/18 . 0°¢ Models investigated:
' e 3 n
NLO ’ 2¢ O(N)—¢4in4—€
S n
oL o ON) — ¢p%in3 —¢

The operators split at NLO in 1/n!



The large n Frontier

NLO is the new state-of-the-art for physical Ising 3D

3d Ising CFT: comparison of A,

35 - .
—m— £-expansion

- &= LO semiclassics
—&o— NLO semiclassics
® Bootstrap

30 -




Semiclassical Canovaccio

Tackling QFT/CFT dynamics
Choose your favorite: QFT/CFT

oS 1P ¢n

Sectors admitting fi-like expansion

Act | Dynamics: Scaling dimensions

Conformal mapping onto the Cylinder .
Act I

Spectrum on cylinder = Scaling dimensions

Expand around the classical solution
Act IlI

Quantize Action variable

d—?2
Finale An,qf — <T> n+s+ 2p+yn,qf =7 EH,CM



CLASSICAL

SN

QUANTUM FLUCTUATIONS

RESULT

’

1. Place the CFT on R, x S&* 2. Homogeneous periodic
(state—operator: A = RE) saddle v(t) of period T
4. Classical energy 3. Bohr—-Sommerfeld:
nCo = RE,, Cyp = 27R/T I(Eq) = $pdg = 27n
\ l
;
5. Expand ¢ = v + 17 6. Mode decomposition on S¢~1
(fluctuations) — Hill/Lamé equations

l

8. Gel’fand—Yaglom: 7. Monodromy My,
. 2 TrM; = 2cosyy
i ) — stability angles vy

|

9. Gutzwiller trace formula 10. Renormalisation:
— one-loop shift 6 F dE; cancels 1/e poles

e E— Ecl +5E1 -+

%-l;o ((12 o %)Ve ==
!

12. State-operator: A, (4,3 =
RE = nCy + C; + O(1/n)

\

’




Quantum Field Theory

Classical Saddle

Spectral Problem



Semiclassical regime is the bridge

Operator algebro Classical geometry



Semiclassics as spectral Proplem

Emerging mathematical structures

Classical hamiltonian dynamics [P "

Floguet theory and stability angles

Trace and spectral asymptotics

(Non) perturbative information for Q/CFTs hidden in spectral data
L=—0*+ Ogui + V()

Can heavy-operator sectors emerge via operator-albraic structures?



Universal classical regimes where classical dynamics emerges from

asymptotic spectral properties of quantum states



Semiclassical

Flelds

"heory of Quantum -






What next”

Wish list

Gross-Neveu model

Near conformal dynamics/conformal window
Standard Model Higgs composite operators
Large N, O(N) in 3 dimensions

Large order behavior of the series (resurgence)

Composite operators made by gauge fields, (gravity included?)!



Relevance:

Every realm of physics!

Condensed matter: Magnetic insulators, binary alloys, lattice model for
critical behavior in fluids

Phase Transitions: including QCD phase transitions, Bose Einstein, etc.
Standard Model: Effective theory operators, multi-particle processes
Cosmology: Inflaton’s composite operator dynamics

Potential new handle on Gravity

A powerful canovaccio for novel QFT dynamics



Relevance:

Every realm of science!

Biological & Social Systems: Neural networks in neuroscience, opinion
formation in social dynamics

Machine Learning & Computing: Test computing techniques,
Montecarlo & ML (percolation transitions)

Structural engineering: Applied to model structural behavior of sea ice

Quantum computing: Error correcting (analytic control over an infinite
number of operators) ?

A powerful canovaccio for novel QFT dynamics



Canovaccio
Tackling QFT/CFT §*

Choose your "“

favorite:

. Spectmm on cylinder = Scaling |
dimensions

- Expand around the classical |
solution :
. Quantize Action variable

-
-

. Thank you!

-



