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Motivation and Importance of the Accretion Disk Images

The specific features of the images can be used to extract information about the physical
properties of the compact objects and to differentiate between gravitational theories.

Using the deformation of the image shape of an isolated black hole we can evaluate its spin
and multipole moments.

On the other side, because the shadow is not restricted to the presence of an event horizon
we can investigate and shadows silhouette of horizonless objects by studying the light
propagation in the vicinity of the photon region of naked singularities or wormholes.

We can detect the interaction of the black hole with an external gravitation field, since it
leads to the formation of complicated lensing patterns with multiple shadow images.
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Accretion Disk Image of Hairy Kerr Black Hole
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Kerr black holes with synchronized scalar hair: non-flat target space

Multiple dynamical scalar fields ’a minimally coupled to the Einstein gravity
The scalar fields ’a can be considered as generalized coordinates on an abstract N -dimensional
Riemmanian space (EN ; 
ab(’)), the so-called target space, where 
ab(’) is the target space metric.
The general action of the theory is then given by

S =
1

4�G

Z p
�g
�
R

4
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2
g��
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d4x;

where V (’) is the scalar field potential.

The field equations

R�� = 2
ab(’)@�’
a@�’

b + 2V (’)g�� ;
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abc(’)g��@�’
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c + 
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;

where □ is the d’Alembert operator and 
abc(’) are the Christoffel symbols with respect to 
ab(’).
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Kerr black holes with synchronized scalar hair: non-flat target space

Target space with two scalar fields
We shall focus on two scalar fields (effectively modeling the complex scalar field originally
considered in C. A. Herdeiro and E. Radu, Kerr black holes with scalar hair, Physical review
letters 112, 221101 (2014)), possessing maximally symmetric target spaces (E2; 
ab(’)).

Gaussian curvature of the target space
In this case we have globally defined coordinates, the so-called isothermal coordinates, in which the
target space metric can be written in the conformally flat form (L. Collodel, D. Doneva, and S.
Yazadjiev, Rotating tensor-multiscalar black holes with two scalars, Phys. Rev. D 102, 084032
(2020))


ab(’) = 
2(’)�ab:

Here �ab is the usual Kronecker Delta and the conformal factor 
(’) is given by


2(’) =
1�

1 + �
4 

2
�2 ;

with  2 = �ab’
a’b and � being the Gaussian curvature of the target space.
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Kerr black holes with synchronized scalar hair: non-flat target space

Scalar fields potential
For the scalar fields potential V (’) we assume the simplest standard massive potential given by

V ( ) =
1

2
�2 2

where � is the scalar field mass.

The ansatz for the space-time metric
Since we are interested in rotating black holes, the ansatz for the stationary and axisymmetric line
element is chosen to be

ds2 = �N e2F0dt2 + e2F1

�
dr2

N
+ r2d�2

�
+ e2F2r2 sin2 �

�
d�� !

r
dt
�2

;

where N = 1� rH

r (rH is the location of the horizon in these coordinates), while F0; F1; F2, and !
are functions of r and � only.
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Kerr black holes with synchronized scalar hair: non-flat target space

The scalar fields
We consider two scalar fields. Additionally, one should let the fields be time-dependent. The ansatz
for these fields is the following

’1 =  (r; �) cos(!st+m�); ’2 =  (r; �) sin(!st+m�);

where !s is a real parameter and m is an integer.

Synchronized scalar hair
Assuming these forms of the scalar field and metric ansatze, plus the appropriate boundary
conditions that are regularity at the event horizon and the axes, and asymptotic flatness at
infinity, one is able to find stationary black hole solutions. It is interesting to note that the
regularity at the horizon leads to the condition

!jr=rH
= �rH!s

m
;

which also ensures that there is no scalar flux into the black hole. Therefore, the angular velocity
at the black hole horizon 
H = !H=rH should be equal to !s. Thus the scalar field is synchronized
with the black hole rotation.
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Solutions for fixed rH in the M � !s plane (L. Collodel, Phys. Rev. D 102, 2020)

Normalized charge
To specify the hairiness, the
normalized charge q is
introduced, as

q =
J 
J

=
mQ

J
;

where Q is the conserved
Noether charge, J the angular
momentum of the scalar field,
and J is the angular
momentum of the solution.
It is commonly used to

characterize Kerr black holes
with synchronized scalar hair
and is thus useful also for
comparison reasons.
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Thin accretion disk. Equations of motion for particles

General form of the axially symmetric spacetime metric:

ds2 = gttdt
2 + 2gt�dtd�+ grrdr

2 + g��d�
2 + g��d�

2;

Equatorial circular orbits. Equations of motion. Effective potential. (� = �=2)

dt

d�
=

~Eg�� + ~Lgt�
g2
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;
d�

d�
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�2

= Veff (r)

Veff (r) = �1 +
~E2g�� + 2 ~E ~Lgt� + ~L2gtt

g2
t� � gttg��

;

Stable circular orbits in the equatorial plane:

Veff (r) = 0;
dVeff (r)

dr
= 0:
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Thin accretion disk. Equations of motion for particles

Energy, angular momentum and angular velocity of the particles:
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gtt + gt�
p
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� g��
2
;
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gtt + gt�
p
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� g��
2
;


 =
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=
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p
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:

Innermost stable circular orbit (ISCO):

Veff (r) = 0;
dVeff (r)

dr
= 0;

d2Veff (r)

dr2
= 0:
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Angular velocity of the particles and stability of the orbits

Variety of prograde stable orbits for different � = f�5; 0; 5g:

FIG. The circular orbits cease to exist for large q and for small Gaussian curvature �. (for � = 0
see Lucas G. Collodel et al 2021 ApJ 910 52).
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Calculating the Black Hole Shadow (P. Cunha, Phys. Rev. D 94, 2016)

Celestial Sphere

Hamilton Equations

_x� =
@H
@p�

; _p� = � @H
@x�

The Hamiltonian and Effective Potential

H = p 2
r g

rr + p 2
� g

�� + Ve�(r; �) = 0;

where T ≡ p 2
r g

rr + p 2
� g

�� ≥ 0, while the effective
potential Veff(r; �) ≤ 0. It is given by

Veff(r; �) =
E2g�� + 2ELgt� + L2gtt

gttg�� − g2t�

=
E2gtt

(gttg�� − g2t�)
(� − h+)(� − h−);

where � = L=E is the impact parameter and the
functions h±(r; �) are the photon’s effective
potentials defined as:

h± =
−gt� ±

√
g2t� − gttg��

gtt
:
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Photon Potential, Ergoregions and Light Rings

FIG. Contour plots of the two effective potentials h− (left panel) and h+ (right panel) for
configurations VII−5

0:01 at Gaussian curvature � = �5 (Gyulchev et al., Phys. Rev. D 109, 2024).
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Electromagnetic emission of the accretion disk. Ray orbits (q = 0:994).
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Time delay heat map associated with the scattering orbits and the shadow’s image
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The apparent intensity of the images

Radiation flux from the surface of Novikov and Thorne thin accretion disk

F (r) = �
_M0

4�
p
�g(3)

@r


(E � 
L)2

Z r

rISCO

(E � 
L)@rL dr:

The apparent intensity of the accretion disk images

FO =
F (r)

(1 + z)4
;

where the gravitational redshift is

1 + z =
1 + 
�p

�gtt � 2gt�
� g��
2
:
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Radial radiation flux from the surface of Novikov and Thorne thin accretion disk
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Radiation flux from the surface of Novikov and Thorne thin accretion disk (� = 5)
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Accretion disk images for � = f�5; 0; 5g and black hole horizon rH = 0:05 and q ’ 0:995
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Accretion disk images for � = f�5; 0; 5g and black hole horizon rH = 0:1 and q ’ 0:965
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Shadows for Gaussian Curvatures � 2 f�5; 0; 5g, horizon rH = 0:2 and charge q ’ 0:849
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Shadows for Gaussian Curvatures � 2 f�5; 0; 5g, horizon rH = 0:05 and charge q ’ 0:994
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Shadows for Gaussian Curvatures � 2 f�5; 0; 5g, horizon rH = 0:1 and charge q ’ 0:965
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