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Motivation
Current (LVK) and future (LISA, ET, Cosmic Explorer)  GW 
detectors, combined with other observations (EHT, PTAs, NICER, 
Athena, …) will probe strongly gravitating binaries with unprecedented 
accuracy!

Can we use them to search for new fundamental physics? 

Key point:

v Nature of  black holes and compact stars

v Nature of  gravity

v Physics beyond the Standard Model of  Particle Physics

v New physics → New fields
v Theories predict structure and dynamics of  compact objects
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Case study: scalar fields and BHs

❖ Can new physics leave an imprint on BHs?

 → Can BHs have scalar hair?

❖ Which observations are more sensitive to new physics?

 → Which BHs give best measurement of  scalar charge?

❖ Are all black holes the same? 

 → Can scalar hair appear only for some black holes?

Light scalars are ubiquitous in extensions of  GR or the Standard 
Model  
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No-hair theorems

S.W. Hawking, Comm. Math. Phys. 25, 152 (1972)

Minimally coupled, Brans-Dicke; stationary

Self-interacting, Scalar-tensor theories; stationary

Shift-symmetric; static, spherically symmetric/slowly 
rotating, assumptions on the current

Asymptotically flat black holes have no scalar hair 

T. P. S. and V.  Faraoni, PRL 108, 081103 (2012)

L. Hui, A. Nicolis, PRL 110, 241104 (2013)
T.P.S. and S.-Y. Zhou, PRL112, 251102 (2014)
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No difference from GR?
Actually there is...

Perturbations are different

…but hard to excite in astrophysical setting!

Interesting exceptions exist, e.g. superradiance for 
axions

Relaxing the symmetries of  the scalar can give hair

E. Barausse and T.P.S., PRL 101, 099001 (2008)

A. Arvanitaki and S. Dubovksy, Phys. Rev. D 83, 044026 (2011)
R. Brito, V. Cardoso and P. Pani, Lect.Notes Phys. 906, 1 (2015)
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E. Babichev and C. Charmousis, JHEP 08, 106 (2014)
C. A. R. Herdeiro and E. Radu, PRL 112, 221101 (2014)

…



Hairy black holes
Consider the action

The corresponding scalar equation is

T.P.S. and S.-Y. Zhou, PRL 112, 251102 (2014) 
    Phys. Rev. D 90, 124063 (2014)

At small coupling/weak field identical to exponential coupling 
of  dilaton in string theory

P. Kanti et al., Phys. Rev. D 54, 5049 (1996)
N. Yunes and L. Stein, Phys. Rev. D 83, 104002 (2011)

In this theory stars have no scalar monopole!
K. Yagi,  L. C. Stein, and N. Yunes, Phys. Rev. D 93, 024010 (2016)
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Scalar charge

Regularity on the horizon implies

The scalar charge is fixed to be 

Confirmed with numerical scalar collapse
R. Benkel, T.P.S. and H. Witek, Phys. Rev. D 94 (R), 121503 (2016);

          Class. Quant. Grav. 34, 064001 (2017)

Solve to first order in the coupling 

metric is Schwarzschild, 
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NR beyond GR

J. L. Ripley, and F. Pretorius, Phys. Rev. D 99, 084014 (2019)  
A. D. Kovacs and H. S. Reall, PRL 124, 221101 (2020)
…

H. Witek, L. Gualtieri, P. Pani and T.P.S., 
Phys. Rev. D 99, 064035 (2019)

L. Salo, K. Clough, P. Figueraas, 
PRL, 129, 261104 (2022)

In need of  a well-posed IVP problem:

Perturbation in the coupling

Israel-Stewart-like approach

Novel 3+1 formulations

R. Benkel, T.P.S. and H. Witek, Phys. Rev. D 94 (R), 121503 (2016)
M. Okounkova et al., Phys. Rev. D 96, 044020 (2017)
…

J. Cayuso, N. Ortiz, and L. Lehner, Phys. Rev. D 96, 084043 (2017) 
…

A new frontier in Numerical Relativity!
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TABLE III. Parameters for nonspinning BH binaries with total mass M = m1+m2 = 1, mass ratio q = m1/m2 and symmetric
mass ratio ⌘ = m1m2/M

2. mi denote the physical BH masses. Their initial separation is d = x1 � x2 = 10M (situated along
the x-axis). We denote their orbital and tangential momenta Pr = P2x = �P1x and P? = P1y = �P2y. We also denote the
dimensionless spin �f and mass Mf of the remnant BH, and the energy EGW

1 /M radiated in form of GWs and the second-order

contribution ✏2E(2)

1 /M extrapolated to R ! 1.

Run q ⌘ (x1, x2) �P1x ⇥ 104 P1y �f Mf 102EGW

1 /M ✏2E(2)

1 /M

BBH q1 1 1/4 (5,�5) 9.79 0.0962578 0.69 0.9596 3.7 0.29✏2

BBH q2 1/2 2/9 (6.6594,�3.3406) 3.78 0.0856592 0.62 0.9662 2.9 1.32✏2

BBH q4 1/4 4/25 (7.9903,�2.0097) 3.63 0.0618307 0.47 0.9792 1.5 5.85✏2

good agreement with [104] studying unequal mass BH
collisions in GR.

We considered scalar initial data ID1 and ID3 of
Sec. III E, i.e. either starting with an initially vanish-
ing scalar or superposing two hairy solutions. Except for
an early transition or built-up period both setups yield
equivalent results as we illustrate in Fig. 4 for the case
of BHs with a mass ratio q = 1/2. Therefore, in the
following we present results only for initially hairy BHs.

FIG. 4. (Color online) Scalar waveforms sourced by a BH
binary with mass ratio q = 1/2. We compare their evolution
starting from di↵erent initial data, namely an initially zero
scalar field (solid black curves) and scalar hair corresponding
to the solution around each of the BHs (red dashed curves);
cf. ID3 in Sec. III E. We present the scalar’s l = m = 0
(top), l = m = 1 (middle) and l = m = 2 (bottom) modes,
rescaled by the extraction radius Rex = 100M and shifted in
time so that t̂ = 0 indicates the time of merger. After the
initial transient during which the scalar field adjusts itself to
the hairy BH solutions the evolution of both cases coincides.

To simulate these systems we set up a numerical grid
with outer boundary at 256M consisting of 8 refine-
ment levels. For the results presented here we used a
grid spacing of dx= 1.6M in the outermost refinement
level. To validate our results we performed a convergence
analysis of run BBH q1 using additional grid spacings of

FIG. 5. (Color online) Convergence plot for run BBH q1 show-
ing the quadrupole of the gravitational waveform extracted
at Rex = 100M and shifted in time such that t̂ = 0 coin-
cides with the time of merger. We rescale the medium-high
resolution waveform by Q3 = 0.56 (green dashed line) and
Q4 = 0.71 (red dotted line) indicating third- to fourth-order
convergence.

TABLE IV. Postmerger ringdown frequencies of the scalar
field obtained from a two-mode fit (60). We list the scalar-led
mode frequency Mf!

S

lm and the real part of the gravitational-
led mode Mf!

G

lm, rescaled by the final BH mass Mf . We
also denote the relative amplitude �AG = AG/AS. A dash
indicates that the ringdown is dominated by a single mode
and we could not accurately estimate a secondary one.

Run (lm) Mf!
S

lm Mf!
G

R,lm �AG

BBH q1 (22) 0.64� ı0.082 0.53 3.3

(44) 1.15� ı0.082 1.03 0.2

BBH q12 (11) 0.36� ı0.094 0.22 0.2

(22) 0.61� ı0.084 0.50 4.6

(33) 0.79� ı0.094 – –

(44) – 1.09 –

BBH q14 (11) 0.33� ı0.095 – –

(22) 0.57� ı0.089 0.45 0.5

(33) 0.74� ı0.112 0.65 0.7

(44) 0.98� ı0.105 0.92 0.5

FIG. 1. Top: Comparison of the (2,2) mode of the gravita-
tional wave strain between GR (blue) and 4ˆST in retarded
time, u = t ≠ rú, where rú is the tortoise coordinate, for dif-
ferent values of the couplings, namely small (orange dashed),
medium (green) and large (red). Bottom: Zoom in of the
merger region for the small coupling case.

In all our simulations we have used a(x) = 0.2 and
b(x) = 0.4, and f(„) = „, which corresponds to further
imposing that the eoms are invariant under shifts in „. In
this theory stationary black hole solutions possess a non-
trivial scalar field configuration – so called scalar hair.

We have implemented our code as an extension to
GRChombo [47, 48]. We follow the method in [49, 50] of
smoothly switching o� some of the higher derivative terms
in the eoms well inside the apparent horizon by replacing
⁄

GB
æ

⁄GB

1+e≠100(‰≠‰0) with ‰0 = 0.15.5 We superpose the
initial perturbative solution for two GR boosted black
holes in [51] as initial data (and hence with vanishing
scalar field) with equal masses m(1) = m(2) = 0.49M ,
separation 11M and initial velocities v(i) = (0, ±0.09, 0).
These initial conditions have been tuned to have roughly
circular initial orbits in GR such that the two black holes
merge in approximately seven orbits. We use Bowen-
York initial data for the two boosted black holes [52] with
the Hamiltonian constraint solved approximately using a
perturbative expansion in the linear momentum P

i as in
[51, 53]. No further constraint violation arises in the EFT
since the additional non-GR terms in the constraints van-
ish for zero initial scalar field. As the scalar hair grows
and the punctures form, constraint violations become vis-
ible inside the apparent horizon (both due to the punc-
ture and the switching o� of the coupling terms described
above). Outside the apparent horizon and in the weakly
coupled regime they stay small provided that the damping
terms in the eoms are chosen appropriately. For the sim-
ulations shown here, the values of the constraint damping
coe�cients have been set to Ÿ1 = 0.35 and Ÿ2 = ≠0.1.

5
In our coordinates and for non-spinning black holes, the apparent

horizon is accurately tracked by the ‰ ƒ 0.3 contour.

FIG. 2. Top: Waveforms for fixed ⁄GB/M2 = 0.05, with di�er-
ent values of the Horndeski coupling g2. We see that changing
g2 has a small e�ect since the dynamics are mainly controlled
by the Gauss-Bonnet coupling ⁄GB. Bottom: The lower plot
shows the di�erence between the strains for the large couplings
g2/M2 = ±1 compared to the g2 = 0 case.

For each simulation that we have run, we have ex-
tracted the gravitational waves at r = 100M and com-
puted the (¸, m) = (2, 2) mode of the plus polarization
of the strain, h

+
22, for comparison. The results are shown

in Figs. 1, 2. Since in the theory that we consider the
Gauss-Bonnet term sources the scalar field, it is the asso-
ciated coupling constant ⁄

GB that plays the most promi-
nent role and e�ectively controls the regime of validity
of the EFT. For very small values of the couplings, the
waveforms in 4ˆST tend to GR, as expected since the
scalar field is e�ectively perturbative.6 The di�erences
only become noticeable in the merger phase (see the bot-
tom panel in Fig. 1) and they appear as a phase shift
in the waveform. This is expected since the spacetime
curvature outside black holes is largest during this phase.

The situation is drastically di�erent for large values of
the couplings. For ⁄

GB
/M

2 = 0.05, the binary merges in
only 3 orbits as opposed to the 7 orbits that the black
holes describe in GR with the same initial conditions.
In the 4ˆST theory with large couplings the system can
radiate strongly in scalar waves and hence shed energy
and angular momentum more e�ciently than in GR, so
the larger the ⁄

GB
/M

2 coupling, the sooner the binary
merges. Furthermore, the formation of the scalar cloud
from an initial zero state may have an e�ect on the circu-
lar orbits which needs to be carefully quantified. We were
able to increase the coupling to ⁄

GB
/M

2 = 0.1 without
major di�culties where we find that the binary merges
even quicker. It seems possible to increase this coupling
even further, but each increase necessitates a tuning of the
damping parameters Ÿ1 and Ÿ2 to keep the truncation er-
rors under control, and so we leave a full exploration of

6
We emphasize that we still treat the system non-perturbatively,

which allows us to avoid potential issues with secular e�ects.
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Scalar charge

More generally, for shift-symmetric scalars

M. Saravani & T.P.S., Phys. Rev. D 99, 12, 124004 (2019)

P / ↵

Z

H

naGa G = raGa

The scalar configuration is different, but only quantitatively and 
at small radii.

F. Thaalba, G. Antoniou & T.P.S., Class. Quant. Grav. 40, 15, 155002, (2023)

Large (enough) BHs are effectively Kerr BHs!

is the only relevant scale for a BH and the charge per unit mass is M
<latexit sha1_base64="yM8s28Uy5iEropkJ5UOoozTuqrw=">AAACEHicbZDLSsNAFIYnXmu9VV26GSyiq5IUUTdCwY0boYK9QBPLyWTSDp0kw8xELCGP4MZXceNCEbcu3fk2Ti8Lbf1h4Oc753Dm/L7gTGnb/rYWFpeWV1YLa8X1jc2t7dLOblMlqSS0QRKeyLYPinIW04ZmmtO2kBQin9OWP7gc1Vv3VCqWxLd6KKgXQS9mISOgDeqWjoILN5RAsnqeXecuCCGTBzxBLnDRB8Pvqnm3VLYr9lh43jhTU0ZT1bulLzdISBrRWBMOSnUcW2gvA6kZ4TQvuqmiAsgAerRjbAwRVV42PijHh4YEOEykebHGY/p7IoNIqWHkm84IdF/N1kbwv1on1eG5l7FYpJrGZLIoTDnWCR6lgwMmKdF8aAwQycxfMemDCUObDIsmBGf25HnTrFac04pzc1Ku1aZxFNA+OkDHyEFnqIauUB01EEGP6Bm9ojfryXqx3q2PSeuCNZ3ZQ39kff4Ao0qdmA==</latexit>

d =
P

M
⇡ ↵

M2
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Light scalars and GW

BH Binaries EMRIs

❖ dipole emission

❖ additional energy flux, 
i.e. change in orbital 
dynamics

❖ Modified waveform

❖ Small mass ratio

❖ very long inspiral

❖ Precise mapping of  
spacetime of  the 
primary

q = mp/M << 1
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Probes for massless scalars

BH Binaries EMRIs

weaker bounds on charge 
for larger masses

stronger bounds on charge, 
but from scalar emission!

A. Maselli, N. Franchini, L. Gualtieri, and T.P.S, PRL 125, 14, 141101 (2020)
 

Paradigm shift: test GR and SM by probing the secondary of  an EMRI!
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EMRIs beyond GR

Define dimensionless 

Observations already imply

S [g,', ] = S0 [g,'] + ↵Sc [g,'] + Sm [g,', ]

S0 =

Z
d4x

p
�g

16⇡

✓
R� 1

2
@µ'@

µ'

◆

⇣ ⌘ ↵

Mn
= qn

↵

mn
p

↵

mn
p

 1

Assume solutions continuously connected to GR as ↵ ! 0

Then contributions from      are suppressed by at least     Sc qn

A. Maselli, N. Franchini, L. Gualtieri, and T.P.S, PRL 125, 14, 141101 (2020) 
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EMRIs beyond GR

0PA: as expected, point scalar charge sourcing scalar emission 
around Kerr

G↵� = 8⇡mp

Z
�(4) (x� yp(�))p

�g

dy↵p
d�

dy�p
d�

d�

⇤' = �4⇡dmp

Z
�(4) (x� yp(�))p

�g
d�

A. Maselli, N. Franchini, L. Gualtieri, and T.P.S, PRL 125, 14, 141101 (2020) 

1PA: Only one more parameter!

A. Spiers, A. Maselli, T.P.S., Phys. Rev. D 109, 6, 064022 (2024)
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LISA Forecasts
A. Maselli, N. Franchini, L. Gualtieri, T.P.S, S. Barsanti, P. Pani, Nature Astronomy (2022)

L. Speri et al., arXiv:2406.07607 [gr-qc] 
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Perspectives

Eccentric and inclined orbits 

Massive scalars

More work needed on resonances, environmental effects, 
finite-size effects and self-force

Other fields?

S. Barsanti, N. Franchini, L. Gualtieri, A. Maselli , T.P.S, Phys. Rev. D 106, 044029 (2022)
M. della Rocca, S. Barsanti, L. Gualtieri, A. Maselli, Phys. Rev. D 109, 104079 (2024) 

More accurate modelling and data analysis is needed

QNMs for large BHs with the same approach

G. D’Addario, A. Padilla, P. Saffin, T.P.S., and A. Spiers, Phys. Rev. D 109, 8, 084046 (2024)

S. Barsanti, A. Maselli , T.P.S, L. Gualtieri, PRL 131, 051401, (2023)
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Black hole scalarization
No-hair theorem for the action

provided that     , 

That is, for the equation

trivial solutions are unique if  admissible, if  the effective mass 
squared is positive

But if  it is negative then there can be scalarization!

H. O. Silva, J. Sakstein, L. Gualtieri, T.P.S, and E. Berti, PRL 120, 131104 (2018)
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Tachyonic instability

<latexit sha1_base64="Ff066Ggu+d8/2iPpj9xPK/J+iE8="></latexit>
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⇤�� µ2�+NL = 0

Massive scalar 

Perturbation around Schwarzschild

Taken from G. Esposito-Farese, arXiv:gr-cq/0402007

T. Damour and G. Esposito-Farese, PRL 70, 2220 (1993)
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Black hole scalarization

GKerr =
48M2

(r2 + �2)6
�
r6 � 15r4�2 + 15r2�4 � �6

�

For           : Schwarzschild and
 
Scalarization for 

 
For            :     can change sign near the horizon

Spin-induced scalarization when

� = 0 G > 0

H. O. Silva, J. Sakstein, L. Gualtieri, T.P.S, and E. Berti, PRL 120, 131104 (2018)
D. D. Doneva and S. S. Yazadjiev, PRL 120, 131103 (2018)

G� 6= 0

A. Dima, E. Barausse, N. Franchini, and T.P.S, PRL 125, 231101 (2020)
C. A. R. Herdeiro, E. Radu, H. O. Silva, T.P.S., and N. Yunes, PRL 126, 011103 (2021)

E. Berti, L. G. Collodel, B. Kleihaus, and J. Kunz, PRL 126, 011104 (2021)

f 00(�0) > 0

f 00(�0) < 0
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BHs and Ricci coupling
G. Antoniou, A. Lehebel, G. Ventagli, and T.P.S, Phys. Rev. D 104, 044002 (2021)

G.Antoniou, C. F. Macedo, R. McManus, and T.P.S., Phys. Rev. D 106, 2, 024029 (2022)
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Perspectives

Scalarization “screens” new physics at low curvatures

Linear instability in strong field, quenched nonlinearly

Charge controlled by nonlinear interactions, e.g.     , 

Others fields? Vectorisation, tensorization

Other instabilities?

nonlinear terms
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FIG. 2: Scatter plot for ↵/M2 = 0.25 and type-II ID
with r0 = 25, w0 = 6, and a varying amplitude a0. The
end state of the evolution is indicated by green squares
for flat spacetimes, red crosses for NERs, and black dots
for BHs. Orange stars denote cases for which it is
di�cult to conclude if the end state is a BH or a NER
(in polar coordinates). For large enough � the Ricci
coupling “cures” the loss of hyperbolicity for both flat
space and BH end states.

a formation of an apparent horizon or a NER due to the
steep gradients in the metric sector. This is due to the
fact that polar coordinates are not horizon penetrating
and it does not a↵ect our previous conclusions regarding
the e↵ect of the Ricci coupling. We have performed addi-
tional simulations with di↵erent values of ↵/M2 and for
the two di↵erent types of ID that confirm the positive
e↵ect this coupling has on hyperbolicity in the case of
spherical collapse. A summary of the other simulations
performed can be found in table I in the Appendix .

Since for large enough � we can track the evolution,
we delve a bit deeper into the properties of the end state.
We present three representative cases in Fig. 3, where we
show an early and a late snapshot of the evolution of the
scalar field � and the metric combination exp (A�B),
which vanishes on the apparent horizon, for type-II ID
with fixed r0 = 25, and w0 = 6 for three di↵erent cases.
(The fact that exp (A�B) vanishes also at smaller radii,
once an apparent horizon forms, is due to the use of co-
ordinates that are not horizon-penetrating.) For each
of them, the amplitude a0 is chosen such that it would
produce an apparent horizon in GR. From the analysis
of static solutions in Ref. [28], we know that, for large
enough values of �, BHs below some threshold mass and
down to some minimum mass will exhibit hair. BHs over
the threshold mass will have no hair. Below that mini-
mum mass, the Schwarzschild metric is unstable and no
hairy BHs appear to exist either. The parameters of the
three panels of Fig. 3, top to bottom, have been chosen

FIG. 3: Scalar field and eA�B , which vanishes at the
apparent horizon, as a function of radius for two
di↵erent time instances for type-II ID with fixed
r0 = 25, and w0 = 6. �static is the static solution. The
black dotted line in the first two panels is the location
of the apparent horizon. Top panel: is for
↵/M2 = 0.75,� = 1.5 with a0 = 0.015. Snapshots with
{t1, t2}/M = {22, 88} show the formation of an
apparent horizon where the quantity eA�B

! 0, with
the late time behavior maintaining a scalar profile with
a 1/r fall o↵. The blue dashed curve shows the static
solution for the corresponding ↵/M2 at each instance
(as the mass might decrease during the evolution).
Middle panel: is for ↵/M2 = 0.25,� = 1 with
a0 = 0.02 and {t1, t2}/M = {11, 28}. In this case, an
apparent horizon forms but the late-time behavior does
not support a scalar profile. Bottom panel: is for
↵/M2 = 1.25,� = 2 with a0 = 0.01 and
{t1, t2}/M = {39, 97}. Here, the end state is flat
geometry for which the scalar field dissipates to infinity.

such that the mass associated with the ID corresponds to
each of the three cases respectively. As can be seen from
the plots, the end state of evolution is in agreement with
the analysis of the static solutions. When applicable, we
provide a comparison with a static and spherically sym-
metric profile, obtained by integrating numerically the
equations (2)–(4), as described in [28]. Note that the
lack of perfect overlap between the scalar profile and the
static configuration is in part due to the limitations of
using polar coordinates. Remarkably, in the case where
the static limit predicts that no (stable) BH can exist
(bottom panel), we find no impediment in the time evo-
lution and the scalar field dissipates to infinity leaving a
flat background.

Conclusions.— We have investigated the e↵ect of non-
minimally coupling the scalar field quadratically to the
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New physics?

Is there new gravitational physics (much) below the Planck scale?

❖ Cosmological constant problem

❖ BHs and QFT (firewall and friends)

❖ Dark matter
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FIG. 5. Charge-mass diagram for scalarized solutions with a quadratic scalar-Gauss-Bonnet coupling (⇣ = 0) and the scalar potential of Eq. (4).
The threshold mass M̂t corresponds to the dotted vertical line. For M̂ > M̂t scalarized solutions are radially unstable, while the Schwarzschild
solution is stable. When �̂ is large enough, we can have solutions with M̂ < M̂t. In this region there are two branches of scalarized BH
solutions: the upper branch (dashed lines) is unstable to radial perturbations, whereas the lower branch (solid lines) is stable. Blue dots mark
solutions with marginal stability, which correspond to the minimum mass, maximally charged scalarized BH for the given (µ̂, �̂).

IV. SCALARIZED BLACK HOLE SOLUTIONS AND
RADIAL STABILITY

In this section we solve the fully nonlinear equations to
construct scalarized solutions, and check their stability un-
der linear radial scalar and tensor perturbations. This is ac-
complished as follows. First, we integrate the field equations
outwards starting from the horizon, where we impose the con-
ditions (16)–(19). By matching the numerical solutions with
Eqs. (21)–(23) in the far region (r � rh), we can extract the
BH mass M̂ and the scalar charge Q̂. This procedure gives
us the unperturbed solution. Next we check stability. The
linearized field equations for radial perturbations follow from
the ansatz

' = '0 + "
'1
r
, (26)

ds2 = [A + "Ft (t, r)]dt2 + [B�1 + "Fr (t, r)] + r2d⌦2, (27)

where (A, B, '0) are functions of r which satisfy the zeroth-
order (background) field equations. By inserting Eqs. (26)
and (27) into the field equations (10) and (11) and expanding
up to first order, one can show that the equations for the per-
turbation functions reduce to a single second-order equation
of the form

h(r)
@2'1

@t2 �
@2'1

@r2 + k(r)
@'1
@r
+ p(r)'1 = 0, (28)

(see Appendix A and the supplemental M���������� note-
book [54]) where the coe�cients (h, k, p) depend only on the
background quantities and on r (cf. [33, 36, 37]). Eq. (28) can
be further manipulated to reduce it to a Schrödinger-like form,
but since this step is not necessary to analyze the stability of
the system, and generates more complicated coe�cients, we
prefer not to display it here (see [37] for details). A mode
analysis can be performed by looking for solutions of the form
'1(t, r) = '1(r)e�i!t , and by imposing the requirement that
'1(r) vanishes at the horizon and at infinity when searching

for unstable modes. These requirements (as in Sec. III) result
in an eigenvalue problem for !2 < 0.

Before applying this process in general, it is instructive to
perform a preliminary comparative study in order to discern
how self-interactions a�ect the stability of scalarized solutions.
In Fig. 4 we fix µ̂ = 0.05 and we compare the normalized imag-
inary mode for the scalarized solutions with the corresponding
calculation for the Schwarzschild case, as presented in Fig. 3.
When �̂  0.2, both the modes of the scalarized solutions
(dashed red) and the Schwarzschild modes (solid gray) con-
verge to zero when M̂ = M̂t . However, for �̂ > 0.2 the modes
tend to zero when M̂ = M̂min and Q̂ = Q̂max, and we found
no unstable modes for BHs with M̂ > M̂min and Q̂ < Q̂max.
We note also that the unstable mode frequencies typically de-
crease as �̂ increases, implying stability on longer time-scales.
Qualitatively similar conclusions apply to other values of µ̂.

The main results of our integrations are presented in Fig. 5,
where we show scalarized solutions in the (M̂, Q̂) plane for
representative values of µ̂ and �̂. The dotted vertical line
represents the threshold for the stability of the Schwarzschild
solution, M̂ = M̂t. Solid lines correspond to radially stable
solutions, while dashed lines correspond to radially unstable
solutions. Note that we use di�erent conventions for radial
stability with respect to Refs. [36, 37], where solid and dashed
lines have the opposite meaning.

When �̂ = 0, all scalarized solutions are in the region
M̂ > M̂t, where the Schwarzschild solution is stable. These
scalarized solutions are radially unstable, and it is plausible
that Schwarzschild BHs will be the end-state of gravitational
collapse. As �̂ increases, the solutions move into the region
where M̂min < M̂ < M̂t; the minimum mass M̂min corresponds
to the blue dots in Fig. 5. Schwarzschild BHs are unstable
in this region, so the BH can support a nontrivial scalar pro-
vided the scalarized solutions are stable. For M̂ < M̂min, both
Schwarzschild and scalarized BHs are unstable.

Our analysis reveals that the quartic self-interaction can
stabilize scalarized solutions with a quadratic scalar-Gauss-

V (�) =
1

2
µ2�2 +

1

2
��4Potential :

C. F. B. Macedo et al., Phys. Rev. D 99, 104041 (2019)
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Models of scalarization

❖                    and                               lead to DEF model 

❖                                                         trades the

coupling for a disformal coupling with matter

Minimal action for tachyonic instability

Most general up to field redefinition and nonlinear completion:

N. Andreou, N. Franchini, G. Ventagli, and T.P.S, Phys. Rev. D 99, 124022 (2019)
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