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The detection of gravitational waves from the coalescence of compact binaries has opened a new era in physics:

(Bailes+, Nature Review, 2021)

for the first time, the strong-field regime of gravity can be directly observed.
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(black hole, neutron star or white dwarf) by a SMBH 
initiates an EMRI (REF.60). Both classes of sources are of 
capital importance in piecing together the puzzle of cos-
mic structure formation. Today, it is known that virtually 
every massive galaxy hosts a SMBH at its centre, that gal-
axies merge frequently, that protogalaxies were already 
in place at z > 10 and that quasars were already shining 
at z > 7. These pieces of evidence led to the framework 
of hierarchical structure formation, whereby galaxies 
grow by accreting gas cooling along the filaments of the 
cosmic web and by merging with other galaxies. LISA 
has the capability to detect mergers of black holes in the 
mass range 103–107 M⊙ out to their formation redshift, 
including for z > 20 for some mass ranges59. Only GW 
detectors can observe individual objects at such early 
times. SMBBH mergers trace the assembly of their hosts 
from the formation of the first protogalaxies following 
the dark ages, well beyond the epoch of reionization, 
up to now. By inferring the redshifts of these events  
from their luminosity distances, LISA can follow the 
evolution of large- scale structure over time and, by 
exploring the demographics of black hole seeds (includ-
ing their masses and spins), LISA can test models of how 
early black holes grow into the massive and SMBHs we 
see today in galaxies and quasars.

This information is complemented on the one hand 
by the observation of EMRIs up to z ≈ 1 and on the other 
hand by the PTA detection164 of the stochastic GW back-
ground produced by the most massive black hole bina-
ries in the Universe. EMRIs can probe the population 
of inactive (thus, otherwise invisible) SMBHs, provid-
ing invaluable insights into the low- mass end of the 
SMBH mass function down to the mass scales of dwarf 
galaxies. The properties of individual inspirals (such as 
eccentricity and orbital inclination) carry information 
on the dynamical processes governing the evolution of 
dense relativistic systems, offering a unique laboratory 
for testing strong gravity.

At the super- massive end of the mass spectrum, 
PTAs are expected to reveal the cosmic population of 
inspiralling SMBBHs that inhabit the largest galaxies 
in the Universe82,164. These objects are in a frequency 
range inaccessible to LISA and ground- based detectors. 
Outstanding questions such as the precise occupation 
fraction of SMBHs in galaxies, the merger rate of galax-
ies, the relation between galaxy masses and the masses of 
the SMBHs they host, the efficiency of pairing of SMBHs 
and the nature of their dynamical interaction with the 
environments at the cores of galaxies will be answered 
by deciphering the information encoded in the ampli-
tude and shape of the ASGWB spectrum88. The detec-
tion of the ASGWB will definitively resolve the ‘final 
parsec’ problem, proving that SMBHs can merge and 
possibly elucidating their dynamical interactions in the 
cores of galaxies. The dominant dynamical processes are 
expected to be the scattering of stars on orbits that inter-
sect the galactic core or interactions with a circumbinary 
disk. PTAs probe frequencies at the interface between the 
environment- driven regimes (when the SMBHs are far 
apart) and GW- dominated regimes (when the SMBHs 
separations are below a milliparsec). Each dynamical 
mechanism also predicts different inspiral timescales 
compared with estimates that assume GW- driven inspi-
ral, so measuring the ASGWB spectrum can provide 
clear evidence of which dynamical processes dominate 
in these massive galaxy hosts. Individual SMBBH sys-
tems are expected to be detected after the detection of 
the ASGWB. Studies of individual systems, coupled with 
EM observations, will allow probing the astrophysical 
processes driving mergers even further, and determine 
how the importance of various processes depends on the 
properties of the galaxies88.

Multi- messenger astronomy with GWs
Dawn of a new multi- messenger era
The detection of GWs from the inspiral and merger of the  
first BNS system GW170817 (REF.4) marked the start of 
an era of multi- messenger astronomy incorporating 
GW observations5. The extensive multi- wavelength, 
multi- year follow- up campaign of GW170817 ena-
bled the detection of counterparts in almost all the EM 
bands, confirming that the merger of a binary system 
of neutron stars powers high- energy transients, such 
as short gamma- ray bursts29–37 and kilonovae38–46. This 
unique multi- messenger detection5 showed the potential  
of multi- messenger astronomy impacting our know-
ledge of relativistic astrophysics36,37,165,166, radioactively 
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Fig. 9 | Gravitational- wave observations offer a unique ability to test general relativity 
in regions of high curvature and strong gravity. The plot shows the curvature scale κ 
(in km−1) due to the presence of mass M of size R defined as κ GM c R2 3≡ / , where G is  
the gravitational constant, and the compactness, or the dimensionless gravitational 
potential, Φ ≡ GM/c2R probed by different experiments. For example, observation of the 
double binary pulsar (total mass of 2.6 solar masses (M⊙) and orbital separation of ~106 km) 
probes the curvature scale of κ ~ 2 × 10−9 km−1 and compactness of Φ ~ 4 × 10−6. In contrast, 
a black hole binary of total mass 10 M⊙ at the time of merger probes a curvature scale of 
κ ~ 2.4 × 10−2 km−1 and compactness of Φ ~ 0.5. Filled circles represent past experiments that 
have verified general relativity at the corresponding curvature scale and compactness. 
Rectangles and the rhombus represent ongoing or future experiments that will probe 
ever greater scales of curvature and compactness. (LAGEOS stands for the Laser 
Geometric Environmental Observation Survey; NICER stands for Neutron star Interior 
Composition Explorer; EHT stands for Event Horizon Telescope and is represented by the 
blue vertical rectangle; S2 and IR Flare refer to monitoring of the star ‘S2’ and near- infrared 
flaring near Sagittarius A*; GW ground indicates gravitational- wave observations by 
ground- based detectors.) Figure adapted with permission from REF.256, APS.
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Conservative estimate!



The detection of gravitational waves from the coalescence of compact binaries has opened a new era in physics:

The next generation of GW detectors (ET, LISA) will allow for precision measurements in the strong-field gravity regime.

With these instruments, black holes and neutron stars can be turned into fundamental physics laboratories:

• to test general relativity in presence of extreme gravitational fields

• to understand how matter behaves at extreme densities
• to put constraints on dark matter candidates

In this talk I will focus on the first point: understanding the behaviour of the gravitational interaction in the strong-field regime.

(Bailes+, Nature Review, 2021)

for the first time, the strong-field regime of gravity can be directly observed.
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(black hole, neutron star or white dwarf) by a SMBH 
initiates an EMRI (REF.60). Both classes of sources are of 
capital importance in piecing together the puzzle of cos-
mic structure formation. Today, it is known that virtually 
every massive galaxy hosts a SMBH at its centre, that gal-
axies merge frequently, that protogalaxies were already 
in place at z > 10 and that quasars were already shining 
at z > 7. These pieces of evidence led to the framework 
of hierarchical structure formation, whereby galaxies 
grow by accreting gas cooling along the filaments of the 
cosmic web and by merging with other galaxies. LISA 
has the capability to detect mergers of black holes in the 
mass range 103–107 M⊙ out to their formation redshift, 
including for z > 20 for some mass ranges59. Only GW 
detectors can observe individual objects at such early 
times. SMBBH mergers trace the assembly of their hosts 
from the formation of the first protogalaxies following 
the dark ages, well beyond the epoch of reionization, 
up to now. By inferring the redshifts of these events  
from their luminosity distances, LISA can follow the 
evolution of large- scale structure over time and, by 
exploring the demographics of black hole seeds (includ-
ing their masses and spins), LISA can test models of how 
early black holes grow into the massive and SMBHs we 
see today in galaxies and quasars.

This information is complemented on the one hand 
by the observation of EMRIs up to z ≈ 1 and on the other 
hand by the PTA detection164 of the stochastic GW back-
ground produced by the most massive black hole bina-
ries in the Universe. EMRIs can probe the population 
of inactive (thus, otherwise invisible) SMBHs, provid-
ing invaluable insights into the low- mass end of the 
SMBH mass function down to the mass scales of dwarf 
galaxies. The properties of individual inspirals (such as 
eccentricity and orbital inclination) carry information 
on the dynamical processes governing the evolution of 
dense relativistic systems, offering a unique laboratory 
for testing strong gravity.

At the super- massive end of the mass spectrum, 
PTAs are expected to reveal the cosmic population of 
inspiralling SMBBHs that inhabit the largest galaxies 
in the Universe82,164. These objects are in a frequency 
range inaccessible to LISA and ground- based detectors. 
Outstanding questions such as the precise occupation 
fraction of SMBHs in galaxies, the merger rate of galax-
ies, the relation between galaxy masses and the masses of 
the SMBHs they host, the efficiency of pairing of SMBHs 
and the nature of their dynamical interaction with the 
environments at the cores of galaxies will be answered 
by deciphering the information encoded in the ampli-
tude and shape of the ASGWB spectrum88. The detec-
tion of the ASGWB will definitively resolve the ‘final 
parsec’ problem, proving that SMBHs can merge and 
possibly elucidating their dynamical interactions in the 
cores of galaxies. The dominant dynamical processes are 
expected to be the scattering of stars on orbits that inter-
sect the galactic core or interactions with a circumbinary 
disk. PTAs probe frequencies at the interface between the 
environment- driven regimes (when the SMBHs are far 
apart) and GW- dominated regimes (when the SMBHs 
separations are below a milliparsec). Each dynamical 
mechanism also predicts different inspiral timescales 
compared with estimates that assume GW- driven inspi-
ral, so measuring the ASGWB spectrum can provide 
clear evidence of which dynamical processes dominate 
in these massive galaxy hosts. Individual SMBBH sys-
tems are expected to be detected after the detection of 
the ASGWB. Studies of individual systems, coupled with 
EM observations, will allow probing the astrophysical 
processes driving mergers even further, and determine 
how the importance of various processes depends on the 
properties of the galaxies88.

Multi- messenger astronomy with GWs
Dawn of a new multi- messenger era
The detection of GWs from the inspiral and merger of the  
first BNS system GW170817 (REF.4) marked the start of 
an era of multi- messenger astronomy incorporating 
GW observations5. The extensive multi- wavelength, 
multi- year follow- up campaign of GW170817 ena-
bled the detection of counterparts in almost all the EM 
bands, confirming that the merger of a binary system 
of neutron stars powers high- energy transients, such 
as short gamma- ray bursts29–37 and kilonovae38–46. This 
unique multi- messenger detection5 showed the potential  
of multi- messenger astronomy impacting our know-
ledge of relativistic astrophysics36,37,165,166, radioactively 
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probes the curvature scale of κ ~ 2 × 10−9 km−1 and compactness of Φ ~ 4 × 10−6. In contrast, 
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100   —
Bounds can be considerably improved

if a convenient source is detected…
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… and if we build more sensitive detectors

     like ET…



(ii) Theoretical issues (consistency with the quantum world, singularities, BH information paradox)

The gravitational interaction in the weak-field regime is described by GR with great accuracy (solar system & binary pulsar tests).

Credits: Pani, 2015

(i) There is no fundamental reason to believe that gravity behaves in the same way as the weak-field regime

(iii) Observational issues (still misterious nature of dark matter & dark energy, Hubble tension)

Why should we test GR?

strongest bounds are on -1PN corrections


Caution! Theories with detectable astrophysical/GW signature often do not directly address point (ii) [and in most cases point (iii) neither]!

(ii) and (iii) tell us that GR is not the end of the story; expecting deviations in the UV, it is natural to look whether intermediate scales are also affected…
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(Sanger+, 2024)

It is only with GW detectors that we start 

addressing this question in the strong-field regime as well

10

Figure 7. The posteriors for the chirp mass Mc and 0PN deviation parameter �'̂0 for zero-noise injections of the maximum likelihood
waveform from the corresponding GR run (green), compared to the posteriors obtained for GW230529 with the di↵erent waveform models.
Left shows the posteriors obtained with FTI and right shows the results from TIGER. We see that the results from the GR injections are biased
towards higherMc and positive �'̂0 and are similar to the GW230529 results.

Figure 8. The bounds for the di↵erent deviation parameters �'̂n,�'̂n(l) obtained with GW230529 (green stars) compared to previously obtained
bounds. We show the results obtained with the BBH waveforms as a proxy for an NSBH with realistic tides, as discussed in Sec. IV B. The
orange triangles and red diamonds are bounds from GWTC-2 and GWTC-3 respectively, obtained by combining the posteriors for di↵erent
events together (using SEOBNRv4 ROM and IMRPhenomPv2). The blue circles are the bounds obtained with binary NS GW170817 (where
they used SEOBNRv4 ROM NRTidalv2 and IMRPhenomPv2 NRTidalv2). The grey stripes are bounds from individual events in GWTC-2
and GWTC-3. We see that GW230529 gives exceptionally tight bounds for the �1PN, 0.5PN, and 1PN deviation parameters. (Adapted from
Ref. [34].)
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Why Black Holes?
1) They are the ‘hydrogen atom’ of gravity, the simplest gravitating system in the Universe!  

- No-hair theorems: stationary BHs in GR (and in several extensions thereof) are described by the Kerr solution.     

  They only depend on their mass and angular momentum (+ electric charge, non relevant in astrophysical BHs).

- Dynamical BHs are not so simple, but still PN expansions & perturbation theory show that Kerr is still a good approximation. 

(e.g. Cardoso & Gualtieri ’16) 
Matter (ordinary and possibly dark) and non-gravitational fields lead at most to minor modifications on BH processes, 

which can be important when very high precision is required (environmental effects), but don’t spoil the fact that BHs are simple objects.

- Neutron stars are completely different: the GW and EM emission heavily depend on non-gravitational effects.

This can be good for multimessenger astronomy (GW170817 vs. GW150914: coalescing BBHs are clean systems);

not so good for looking for tiny deviations from GR: an observed new physics effect may be concealed by our ignorance on the NS equation of state.
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2) BHs can produce the strongest gravitational fields after the Big Bang!

(Bailes+, Nature Review, 2021)
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(black hole, neutron star or white dwarf) by a SMBH 
initiates an EMRI (REF.60). Both classes of sources are of 
capital importance in piecing together the puzzle of cos-
mic structure formation. Today, it is known that virtually 
every massive galaxy hosts a SMBH at its centre, that gal-
axies merge frequently, that protogalaxies were already 
in place at z > 10 and that quasars were already shining 
at z > 7. These pieces of evidence led to the framework 
of hierarchical structure formation, whereby galaxies 
grow by accreting gas cooling along the filaments of the 
cosmic web and by merging with other galaxies. LISA 
has the capability to detect mergers of black holes in the 
mass range 103–107 M⊙ out to their formation redshift, 
including for z > 20 for some mass ranges59. Only GW 
detectors can observe individual objects at such early 
times. SMBBH mergers trace the assembly of their hosts 
from the formation of the first protogalaxies following 
the dark ages, well beyond the epoch of reionization, 
up to now. By inferring the redshifts of these events  
from their luminosity distances, LISA can follow the 
evolution of large- scale structure over time and, by 
exploring the demographics of black hole seeds (includ-
ing their masses and spins), LISA can test models of how 
early black holes grow into the massive and SMBHs we 
see today in galaxies and quasars.

This information is complemented on the one hand 
by the observation of EMRIs up to z ≈ 1 and on the other 
hand by the PTA detection164 of the stochastic GW back-
ground produced by the most massive black hole bina-
ries in the Universe. EMRIs can probe the population 
of inactive (thus, otherwise invisible) SMBHs, provid-
ing invaluable insights into the low- mass end of the 
SMBH mass function down to the mass scales of dwarf 
galaxies. The properties of individual inspirals (such as 
eccentricity and orbital inclination) carry information 
on the dynamical processes governing the evolution of 
dense relativistic systems, offering a unique laboratory 
for testing strong gravity.

At the super- massive end of the mass spectrum, 
PTAs are expected to reveal the cosmic population of 
inspiralling SMBBHs that inhabit the largest galaxies 
in the Universe82,164. These objects are in a frequency 
range inaccessible to LISA and ground- based detectors. 
Outstanding questions such as the precise occupation 
fraction of SMBHs in galaxies, the merger rate of galax-
ies, the relation between galaxy masses and the masses of 
the SMBHs they host, the efficiency of pairing of SMBHs 
and the nature of their dynamical interaction with the 
environments at the cores of galaxies will be answered 
by deciphering the information encoded in the ampli-
tude and shape of the ASGWB spectrum88. The detec-
tion of the ASGWB will definitively resolve the ‘final 
parsec’ problem, proving that SMBHs can merge and 
possibly elucidating their dynamical interactions in the 
cores of galaxies. The dominant dynamical processes are 
expected to be the scattering of stars on orbits that inter-
sect the galactic core or interactions with a circumbinary 
disk. PTAs probe frequencies at the interface between the 
environment- driven regimes (when the SMBHs are far 
apart) and GW- dominated regimes (when the SMBHs 
separations are below a milliparsec). Each dynamical 
mechanism also predicts different inspiral timescales 
compared with estimates that assume GW- driven inspi-
ral, so measuring the ASGWB spectrum can provide 
clear evidence of which dynamical processes dominate 
in these massive galaxy hosts. Individual SMBBH sys-
tems are expected to be detected after the detection of 
the ASGWB. Studies of individual systems, coupled with 
EM observations, will allow probing the astrophysical 
processes driving mergers even further, and determine 
how the importance of various processes depends on the 
properties of the galaxies88.

Multi- messenger astronomy with GWs
Dawn of a new multi- messenger era
The detection of GWs from the inspiral and merger of the  
first BNS system GW170817 (REF.4) marked the start of 
an era of multi- messenger astronomy incorporating 
GW observations5. The extensive multi- wavelength, 
multi- year follow- up campaign of GW170817 ena-
bled the detection of counterparts in almost all the EM 
bands, confirming that the merger of a binary system 
of neutron stars powers high- energy transients, such 
as short gamma- ray bursts29–37 and kilonovae38–46. This 
unique multi- messenger detection5 showed the potential  
of multi- messenger astronomy impacting our know-
ledge of relativistic astrophysics36,37,165,166, radioactively 
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Fig. 9 | Gravitational- wave observations offer a unique ability to test general relativity 
in regions of high curvature and strong gravity. The plot shows the curvature scale κ 
(in km−1) due to the presence of mass M of size R defined as κ GM c R2 3≡ / , where G is  
the gravitational constant, and the compactness, or the dimensionless gravitational 
potential, Φ ≡ GM/c2R probed by different experiments. For example, observation of the 
double binary pulsar (total mass of 2.6 solar masses (M⊙) and orbital separation of ~106 km) 
probes the curvature scale of κ ~ 2 × 10−9 km−1 and compactness of Φ ~ 4 × 10−6. In contrast, 
a black hole binary of total mass 10 M⊙ at the time of merger probes a curvature scale of 
κ ~ 2.4 × 10−2 km−1 and compactness of Φ ~ 0.5. Filled circles represent past experiments that 
have verified general relativity at the corresponding curvature scale and compactness. 
Rectangles and the rhombus represent ongoing or future experiments that will probe 
ever greater scales of curvature and compactness. (LAGEOS stands for the Laser 
Geometric Environmental Observation Survey; NICER stands for Neutron star Interior 
Composition Explorer; EHT stands for Event Horizon Telescope and is represented by the 
blue vertical rectangle; S2 and IR Flare refer to monitoring of the star ‘S2’ and near- infrared 
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In particular, ground-based detectors are the best probes of 

large-curvature corrections to GR 

The GW signal from coalescing BH binaries (or BH-NS binaries)

probe GR in its highly dynamical, large curvature regime


(complementary to the observations of stationary spacetime from e.g. EHT).

Since the curvature scales with the inverse BH mass,

ground-based detectors probe the largest curvature!

(With some exceptions, see A. Maselli talk for LISA sources which can probe large curvature…)

- A caveat: BH-NS systems are also clean, and can be very useful to probe GR modifications!
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Large Curvature modifications to General Relativity

• These terms appear, in various forms, in several different approaches to the unification of gravity with the quantum world, 
from string theory to effective field theory to asymptotically safe quantum gravity.

This is a wide class of GR modification, in which the Einstein-Hilbert action is extended by including 

additional terms, polynomial in the curvature tensor (with or without extra fields). Note that these are higher-derivative terms.

• This class of theories preserves most of the building blocks of GR: they are metric theories, diffeomorphism-invariant, and Lorentz symmetry is preserved.

• Some of these terms appear in models to address the challenges by cosmology (even though often these models are not those with GW imprint)

• Mostly untested by previous observations, e.g. binary pulsars. The extra terms only show up in the last stages of a compact binary coalescence.

• In several GR modifications, no-hair theorems are still valid, making BHs - our most promising probes - mostly useless. 

Typically, when extra terms polynomial in the curvature are included, no-hair theorems can be violated (see T. Sotiriou talk)

• These are mostly the unique examples of modified theories of gravity for which we have computed, at least in the simplest cases, the main GW observables: 

- PN waveform for the inspiral 

- NR simulations of the merger, 

- QNMs characterizing the ringdown.


For other classes of gravity theories, these are either the same as in GR (no-hair applies), or too complicated to compute.

Why are they interesting?
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Large Curvature modifications to General Relativity
This is a wide class of GR modification, in which the Einstein-Hilbert action is extended by including 


additional terms, polynomial in the curvature tensor (with or without extra fields). Note that these are higher-derivative terms.

- Time-derivatives of order higher than second lead to the Ostrogradsky instability, and thus to unstable solutions

At classical level:

- Ostrogradsky instability corresponds to a ghost, i.e. an Hamiltonian unbounded by below. 

The ghost-like states can be recasted as positive-energy states, but with negative norm; however, in this case the theory loses unitarity.

• Theoretical viability: these theories have higher-derivatives in time and space in the field equations.

- Even without higher-order-in-time derivatives, higher-order-in-space ones can make it challenging to perform fully non-linear numerical simulations.         
(see talks by Areste Salò, Bezares, etc)  In other words: the existence of a well-posed initial-value formulation of the theory is not guaranteed

At quantum level:

Problems:

However, it would be simplistic to conclude that there is no new physics all way through Planck scale (again, remember the lesson of History!)

Now that this new regime is open up to observation, it is sensible to look whether new physical scales are present in the gravitational action.

At quantum level:

• Naturalness challenge: in the region of parameter space we are testing with GW detectors, we can test energy scales (in units of inverse length with    =c=1)


                                                  which is at least 38 orders of magnitude smaller than the inverse Planck length! (we’ll come back to this!)
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Two main classes: 
(we do not include the matter action here)


 (we do not include the matter action here)

 These are the first terms in an EFT expansion, it’s not the full theory! Higher-order terms may cure any problem arising here. What about higher-derivatives

problem?

BH solutions are different from GR: no-hair theorems do not apply!  (see T. Sotirou talk) 

The modifications to GR depend on powers of a dimensionful coupling characterized by a fundamental length-scale,

which is also the inverse of the cut-off energy of the EFT expansion: 
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1) Without scalar fields: EFT Gravity
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(Cardoso+ 2018, Cano & Rupierez 2020)
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(actually, one could also consider quadratic terms, I will discuss them later)
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 (we do not include the matter action here)

2) With scalar fields: Horndeski Gravity including a Gauss-Bonnet term

Horndesky are by definition the scalar-tensor gravity theories which do not have higher-order time derivatives.

Thus, in principle these theories can be considered as full theories, not necessarily within an EFT expansion!!! (modulo well-posedness…)

What about higher-derivatives problem?
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total derivative, 

would be irrelevant without φ

• f’(φ0)≠0: the theory does not admit the Kerr solution: all BH solutions are”hairy”, e.g. f(φ)=eφ, f(φ)=φ  (Kanti et al. 1996, Sotiriou & Zhou 1996)

• f’(φ0)=0: the theory admits both the Kerr solution and a “hairy solution”, e.g.                 ,                         (Doneva+ 2018, Silva+ 2018, Dima & Yazdijev 2020, Herdeiro+ 2021)

                                                                              the so-called spontaneous scalarization can take place.
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Class. Quantum Grav. 40 (2023) 155002 F Thaalba et al

relations between mass and charge and to check whether they affect the minimum size of
black holes.

The first step in this direction has already been made in [33]. It was shown there that, for
the most general shift symmetric action that leads to second-order equations upon variation
(shift-symmetric Horndeski theory) and respects local Lorentz symmetry, the scalar charge
Q for black holes is given by 4πQ= α

´
H naG

a, where H denotes the Killing horizon, na its
normal, Ga in implicitly defined as G =∇aGa, and α is the coupling constant associated with
the φG term. As expected from the discussion above, the charge vanishes if the φG term is
absent. The value of Ga does however depend on any additional couplings, with corrections
with respect to the value Ga would have in GR suppressed by the mass scales that correspond
to these couplings. If one assumes continuity as these couplings are driven to zero and that
their characteristic energy scales are similar to that of α (i.e. no hierarchy of scales), then
one expects corrections to the charge and its scaling with the mass of the black hole to be
subdominant. How much so is a matter of further exploration. Moreover, this expression for
the charge does not give any information on the minimum size of black holes.

The structure of the rest of the paper is as follows: in section 2, we will review the necessary
theoretical background and present the class of theories we will consider. In section 3, we will
lay out the problem in a static, spherically symmetric setup and also consider the behaviour
of a scalar field in a Schwarzschild background (decoupling) as a warm-up. In section 4 we
will derive hairy black hole solutions working perturbatively in the coupling α and analyse
their properties, while in section 5, we will present numerical results and a comparison with
the perturbative ones. Finally, in section 6, we present our conclusions.

2. Theoretical background

2.1. Shift-symmetric Horndeski gravity and black hole hair

Horndeski’s theory is the most general four-dimensional diffeomorphism-invariant theory
involving a metric tensor and a scalar field that leads to second-order field equations upon
variation [34, 35]. We will restrict ourselves to shift symmetric theories. The shift-symmetric
Horndeski action is then [24]

S=
1
2k

5∑

i=2

ˆ
d4x

√
−gLi+ SM, (1)

where each sub-Lagrangian Li is given by

L2 = G2(X), (2)

L3 = −G3(X)!φ, (3)

L4 = G4(X)R+G4X[(!φ)2 − (∇µ∇νφ)
2], (4)

L5 = G5(X)Gµν∇µ∇νφ− G5X

6

[
(!φ)3 − 3!φ(∇µ∇νφ)

2 + 2(∇µ∇νφ)
3
]
,

where we have defined X=−∇µφ∇µφ/2, (∇µ∇νφ)2 =∇µ∇νφ∇µ∇νφ, (∇µ∇νφ)3 =
∇µ∇νφ∇ν∇λφ∇λ∇µφ,GiX = ∂Gi/∂X,R is the Ricci scalar, andGµν is the Einstein tensor.
We have also defined k= 8πG/c4 with SM being the matter action. Matter is assumed to only
couple minimally to the metric, that is, we are working in the so-called Jordan frame.

3

In sGB gravity there are two kinds of possible coupling functions f(φ):
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In both EFT gravity and sGB gravity, there is a dimensionful coupling  
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• shifts of GR QNMs

• EFT gravity 
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by construction!

All deviations of observables in BH processes depend on the dimensionless quantity                               : 
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(Pierini & L.G. 2021, 2022)

• sGB gravity with f’(φ)≠0 (Blasquez Salcedo+ 2016, Pierini & L.G. 2021, 2022, Antoniou+ 2024,  
Chung & Yunes 2024, Blasquez-Salcedo+ 2025)
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FIG. 5. Same as Fig. 4, as a function of ! , with QNMs computed with Pad«e resummation.

TABLE I. Coe! cients of the Þt 47 of " 0l
r for gravitational-led,

polar-led modes, with r = 0 , l = 2 , 3, up to i = 6 . In the last
line we show the relative error of the Þt, #f .

Re (l = 2) Im ( l = 2) Re (l = 3) Im ( l = 3)

C0 0.37367 ! 0.08896 0.59944 ! 0.09270
C2 ! 1.406á10! 2 ! 4.70 á10! 3 ! 5.453á10! 2 ! 7.19 á10! 3

C3 ! 7.53 á10! 3 ! 6.10 á10! 3 ! 3.093á10! 2 ! 1.098á10! 2

C4 1.35 á10! 3 ! 3.22 á10! 3 6.419á10! 2 1.001á10! 2

C5 7.09 á10! 3 ! 1.61 á10! 3 2.417á10! 2 2.158á10! 2

C6 ! 2.03 á10! 3 ! 2.8 á10! 4 ! 5.215á10! 2 ! 3.345á10! 2

#f 2 á10! 9 3 á10! 8 10! 7 2 á10! 7

TABLE II. As in Table I , with r = 1 .

Re (l = 2) Im ( l = 2) Re (l = 3) Im ( l = 3)

C0 0.06289 0.00100 0.06737 0.00065
C2 ! 1.048á10! 2 2 á10! 5 ! 2.156á10! 2 1.18 á10! 3

C3 ! 1.074á10! 2 ! 2.69 á10! 3 ! 2.056á10! 2 ! 3.19 á10! 3

C4 ! 1.53 á10! 3 ! 9.86 á10! 3 4.465á10! 2 3.9 á10! 4

C5 ! 2.40 á10! 3 8.90 á10! 3 2.341á10! 2 ! 1.224á10! 2

C6 1.433á10! 2 ! 3.773á10! 2 ! 6.800á10! 2 1.056á10! 2

#f 5 á10! 8 2 á10! 5 10! 6 10! 4

TABLE III. As in Table I , with r = 2 a. The Þt for l = 3
stops at fourth order in ! .

Re (l = 2) Im ( l = 2) Re (l = 3) Im ( l = 3)

C0 0.03591 0.00638 0.04755 0.00659
C2 1.348á10! 2 6.50 á10! 3 2.941á10! 2 1.857á10! 2

C3 1.051á10! 2 8.48 á10! 3 2.354á10! 2 8.93 á10! 3

C4 1.051á10! 2 5.06 á10! 3 ! 2.391á10! 2 ! 2.78 á10! 3

C5 4.85 á10! 3 1.402á10! 2 ! !
C6 1.037á10! 2 ! 2.24 á10! 3 ! !

#f 7 á10! 7 2 á10! 6 10! 4 10! 3

gravitational-led modes, the Þrst-order contributions
! nl

r (1) identically vanish). The coe! cients of the expan-
sion (48), for the (nl ) = (02) , (03) modes, are given in
Table V.

V. CONCLUSIONS AND OUTLOOK

In this article we have computed the QNMs of a ro-
tating BH in EdGB gravity. Strictly speaking, this is a
slow-rotation computation, since it is based on an expan-
sion in the spin øa up to second order. However, the use
of Pad«e approximants enhances the range of validity of
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Note that when               the mode shifts are different,


but we do not expect the ratio          to be close to 1 (see later)
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partial di ! erential equations for hj

!

! = " =0

7!

j =1

Ck, ! ," ,j (r, ! )" !
r " "

# hj = 0 . (4)

Here, the sum ranges over the positive integers# and $ up
to an upper limit that depends on the gravity theory, while
Ck, ! ," ,j are complex functions of (r, ! ) that also depend
on (M, a, m, %, &), and k ! [1, 11] labels the equations.

Before we can perform a spectral expansion ofhj , we
need to Þrst take care of their divergent behavior at the
event horizon and at spatial inÞnity due to coordinate
singularities. We can derive a controlling factorAj that is
asymptotic to the divergent behavior of hj at the horizon
and at spatial inÞnity by requiring ingoing and outgoing
wave boundary conditions and using the properties of the
Killing horizon for the modiÞed gravity background black
hole [25]. Using Aj , we can representhj as

hj = Aj (r )
N!

p=1

N!

$=1

vj,p, $ ' p,$(r, ! ) , (5)

where ' p,$(r, ! ) is a complete and orthogonal spectral
basis ofr and ! , N is the spectral order (N " 20 in this
work [25]), p and ( label the degree of the spectral basis,
and vj,p, $ are constants. In this work, we use a product
decomposition for the spectral basis' p,$, composed of
Legendre polynomials in! and Chebyshev polynomials
in a compactiÞed radial coordinate [25].

Substituting Eq. (5) into the left-hand side of Eq. (4),
and spectrally expanding, Eq.(5) becomes a linear alge-
braic system for vj,p, $. Using linear algebra notation (in
Euclidean space), we can write this system as

D(%) áv =
"
D(0) (%) + &D(1) (%)

#
áv = 0 , (6)

where D(%) is a rectangular matrix of order 11N 2 # 7N 2,
whose elements are functions of%and (M, a, m ), while v
is a ßattened list or vector composed of allvj,p, $. Since this
equation is only valid to linear order in &, we now search
for solutions that are accurate to this same order [25, 38].
First, we write

%= %(0) + & %(1) and v = v(0) + &v(1) , (7)

and choose a parity to focus on, which can be selected by
appropriately choosing a component ofv (0) and v(1) [25,
38]. Then, we insert these expressions into Eq.(7) and
solve it order by order in &. At zeroth order, corresponding
to metric perturbations in general relativity, we solve
D(0) (%(0) ) áv (0) = 0 for %(0) and all other components of
v (0) [38]. At Þrst order in &, we solve

$
÷D(1) + %(1) " %

÷D(0)
%

%(0)
áv (0) + ÷D(0)

&
&
&
%(0)

áv (1) = 0 (8)

to Þnd

x(1) = $ J! 1 á
$

D(1)
&
&
&
%(0)

áv (0)
%

, (9)
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FIG. 1. Quasinormal mode frequencies of axial (red) and polar
(blue) metric perturbations for the ( n, l, m ) = (0 , 2, 2) mode
of a black hole with a ! [0.005, 0.85] in scalar-Gauss-Bonnet
gravity (with ! = 0 .1) and in general relativity. Observe that
the frequencies computed by solving the Teukolsky equation
with the continued fraction method in general relativity (solid
gray line) agree well with the METRICS results. The solid
red and blue lines are the trajectory of the optimal Þtting
polynomial of the axial and polar frequencies, respectively (see
Table I). Observe that METRICS allows us to accurately and
quantitatively explore isospectrality breaking, with the polar
modes presenting the largest modiÞcations.

where J! 1 is the generalized inverse of the Jacobian ma-
trix of D(0) , namely, J = " x (0) D(0) , and x(1) is a vector
constructed from %(1) and the unknown components of
v (1) [25, 38]. Equation (9) is the black-hole perturbation
theory equivalent of time-independent perturbation the-
ory in quantum mechanics. Comparing Eq.(9) to the
equations for the Þrst-order energy shift in quantum me-
chanics,v (0) plays the role of the modulus square of the
unperturbed eigenstate wave function,D(1) the role of a
time-independent perturbation to the Hamiltonian, and
the dot product the role of the volume integral.

Quasinormal mode frequencies in scalar Gauss-Bonnet
gravity for black holes with any subextremal spin. To illus-
trate the above modiÞed-gravity extension of METRICS,
we compute the complex frequencies for black holes with
a ! [0.005, 0.85] in scalar-Gauss-Bonnet gravity. This the-
ory is a member of the modiÞed gravity class of Eq.(1),
deÞned byf (" ) = " , V (" ) = 0, A & = G and [30, 31],

A µ
' % ) '(!"

µ )*+ R*+
!" & ) & ( * $

1
2

)µ
' ) ,(!"

,)*+ R*+
!" & ) & ( * ,

where ) '(!"
µ )*+ is the generalized Kronecker delta. We im-

plement METRICS using N " 20 spectral basis functions,
and background deformations to 40th order ina [31]. We
solve D(0) (%(0) ) áv (0) = 0 via Newton-Raphson iterations
for (%(0) , v (0) ) [38], which we then use to computex(1)

via Eq. (9) with a generalized inverse to double precision.

(Blasquez-Salcedo+ 2025) (Chung & Yunes 2024)

V. CONCLUSIONS

We have studied the polar quasinormal modes on the
fundamental branch of spontaneously scalarized black hole
solutions of the EsGB theory proposed and studied in[29].
These scalarized black holes are thermodynamically pre-
ferred over the GR ones. However, they should also be
dynamically stable or at least sufficiently long-lived to be of
astrophysical interest. Here the analysis of their quasinor-
mal modes is an important tool, since it reveals either linear
(mode) stability or instability of the black holes, and in case
that the black holes are unstable the analysis also provides
the timescale of the instability.

The quasinormal modes consist of polar and axial
modes, where the polar modes are composed of radial
and nonradial modes. The radial modes were investigated
before, where the analysis was focused on the detection
of potential instabilities[33]. This analysis revealed the loss
of hyperbolicity of the perturbation equations at a critical
upper sizerS1 (for a given coupling constant) for the

scalarized black holes. However, for scalarized black holes
with sizes in the range between this critical value and the
bifurcation pointrB from the Schwarzschild branch, no
instabilities were detected, making scalarized black holes in
this range potentially stable physically interesting objects.

Subsequent investigation of the axial modes of these
black holes revealed the loss of hyperbolicity of the
perturbation equations at a critical upper sizerS2, slightly
larger thanrS1. Again, no instabilities were detected in the
rangerS2 < r H < r B, retaining a slightly smaller interval of
potentially stable physically interesting scalarized black
holes[46].

In the present study we have investigated the nonradial
polar modes of the black holes in this interval
rS2 < r H < r B. We have calculated the monopole (l ! 0)
modes, the dipole (l ! 1) modes and the quadrupole
(l ! 2) modes, where the quadrupole modes consist of
grav-led and scalar-led modes. Since we did not find any
instabilities, we conclude that the scalarized black holes on
the fundamental branch are linearly (mode) stable in the
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In both EFT gravity and sGB gravity, there is a dimensionful coupling  
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Note: would be a 5PN (or 8PN) term, but the order can raise due to cancellations (see L. Bernard talk)

All deviations of observables in BH processes depend on the dimensionless quantity                               : 
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dephasing (relative to the quadrupole term):
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GW170817 [31] and the NSBH GW200115042309 [34].
Those two events also show the shift away from GR towards
positive ! ö" 0, however, not as strong as for GW230529 and
they still have support for GR. This is most likely due to those
events being observed in three detectors, so there are less de-
generacies with extrinsic parameters.

V. TESTS OF ESGB GRAVITY

To illustrate the importance of the! 1PN bounds from
GW230529 for constraints on speciÞc alternative theories of
gravity, we have here a look at ESGB [41, 42]. ESGB is a
modiÞed gravity theory where a scalar Þeld is coupled to the
Gauss-Bonnet density. It is described by the action

S =
1

16#

!
dx4 "

! g
"
R! 2($%)2 + &2

GB f (%)G
#
. (7)

Here,g is the metric determinant,R is the Ricci scalar,%is a
scalar Þeld with kinetic term ($%)2 = gµ' $µ%$' %, andG is the
Gauss-Bonnet invariant

G = Rµ'() Rµ'() ! 4Rµ' Rµ' + R2, (8)

whereRµ'() is the Riemann tensor andRµ' the Ricci tensor.
The integral over a four-dimensional spacetime

$
d4x

"
! gG

is a boundary term [117]. The function f (%), thus deÞned
modulo a constant, speciÞes the theory. As for&GB, it is
the Gauss-Bonnet coupling strength with dimension of length.
We assume that matter Þelds are minimally coupled togµ' .

In this paper, we consider the class of theories such that
f #(0) ! 0. Without loss of generality, the functionf (%) can be
expanded as follows:

f (%) = 2%+ O(%2). (9)

At leading order in%, the action (7) reduces to that of shift-
symmetric ESGB theories [89], which is invariant under the
shift %$ %+ ! %, where! %is a constant. This is equivalent to
the small-%approximation of Einstein-dilaton-Gauss-Bonnet
for which f (%) = e*% with a constant* (the value of* can
be absorbed into the coupling constant). Here, we use the
convention of Refs. [89, 93, 94]. Another convention denotes
the Gauss-Bonnet coupling by+GB [47], which is related to
our&GB as+2

GB = &4
GB/ (16#).

It is possible to Þnd the ESGB corrections to the GW phase
during inspiral using the PN formalism. The leading-order
correction to the frequency domain phase in ESGB appears
at ! 1PN due to scalar dipole radiation. In the class of ESGB
theories (9) and atO

"
&4

GB

#
, it reads [47]

! ö" ! 2 = ! 5&4
GB

"
m2

1s2 ! m2
2s1

#2

168m4
1m4

2

, (10)

wherem1,2 are the masses of the compact objects, whiles1,2
were introduced in Refs. [46, 47]. Here, s is deÞned as the
scalar monopole of a body atO(&2

GB), divided by that of a
nonspinning BHs with the same mass [89]. The higher-order

corrections have been fully computed up to 1PN (2PN relative
order) for nonspinning binaries in the past [87Ð91, 93, 94].
These higher-order corrections are given in AppendixC. We
also provide the full 1.5PN correction in Eq. (C1e), which is
new to this paper.

In the class of ESGB theories (9), NSs cannot carry scalar
monopoles atO(&2

GB) so s= 0 [47, 87, 118], and for nonspin-
ning BHs,s= 1 [89]. So for a binary consisting of a NS and a
nonspinning BH, Eq. (10) can be simpliÞed to

! ö" ! 2 =
! 5&4

GB

168m4
1

, (11)

wherem1 is the mass of the BH. When computing the ESGB
corrections for GW230529, we assume the secondary to be
a NS independently of the waveform model used (remember
that we use the BBH results as a proxy for the NSBH results
with realistic tides).

A. Constraints on ESGB by mapping agnostic results

It is possible to get approximate constraints on the ESGB
coupling from theory-agnostic tests. This is done by mapping
the! 1PN agnostic constraints to the ESGB coupling using the
leading order correction. Inverting Eq. (11) gives

&GB =

%
&&&&&'
! 168m4

1! ö" ! 2

5

(
)))))*

1/ 4

(12)

Note that we need to restrict ourselves to negative values of
! ö" ! 2. When mapping posteriors, we also need to reweight the
samples to account for di" ering priors. To map from a prior
uniform in ! ö" ! 2 to a prior uniform in&GB, the new sample
weightsw become

w=
$&GB

$(! ö" ! 2)
=

&GB

4! ö" ! 2
. (13)

The posteriors obtained by mapping the agnostic posteri-
ors for ! ö" ! 2 to &GB are shown in the top panel in Fig.9. We
see that the posteriors for results obtained with SEOBHM (or-
ange), SEOBNSBH (red), and PhenomXPHM (blue) do not
signiÞcantly di" er. The gap between&GB %0.1 and 0 is not
due to lack of support for GR. It is rather an e" ect of the
sampling and reweighting due to the&4

GB dependence of! ö" ! 2.
Values of&GB ! 0.1 in this case require!" ! 2 ! 10! 8, which is
four orders of magnitude smaller than the bound found. The
limited number of samples is therefore causing a gap for small
values. This is also the reason why the lower end of the pos-
terior looks so ragged; there is only a few samples that have
a relatively large weight. We would need many more samples
to close this gap and make the posterior smooth for small&GB.

The 90% upper bound on the ESGB coupling (indicated
with dashed lines in Fig.9) is &GB ! 0.67 M& or

"
+GB !

0.37 km (for SEOBHM and SEOBNSBH, for PhenomXPHM
the bound is&GB ! 0.72 M& or

"
+GB ! 0.40 km). This

bound can be improved by including higher PN order e" ects
in ESGB. In the next section, we include these e" ects in a
theory-speciÞc inspiral test for ESGB.

•  si=0 for NSs, si=1 for BHs
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(Accettulli+ 2021, Liu & Yunes 2024, L. Bernard to appear)
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2)   Since the deviations depend to the inverse BH mass at a large power, the detectability of these deviations crucially depend on the BH mass! 

• It is difficult to devise a scenario (consistent with observations) in which SMBHs can be used to probe these deviations (e.g. D’Addario+ 2023; but see Eichhorn+ 2023)

• The distribution of masses in BH populations limits the possibility of improving the sensistivity using stacking  (Maselli+ 2024) 

• On the other hand, when a BH lighter than expected is detected, the results can be much better than predictions based on larger expected masses! 

This was the case of  GW230529, which allowed to the most accurate bound on sGB gravity to date!

Some  considerations of what we have seen up to now:

1) Inspiral may be  more promising than gravitational spectroscopy for sGB gravity:  

• we observe it with larger SNR 

• dipolar radiation enhanced (it’s a “smoking gun effect”)…

even though…

• it could be more promising to look at new QNMs, rather than at shifts in the old ones: a generic prediction of these theories, it is also a “smoking gun effect”
(Crescimbeni+ 2024, Lestingi+ 2025)

• if the theory to be tested is EFT gravity without scalar field, no dipolar radiation, 5PN effect at most: in this case QNMs may be more interesting
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(Liu & Yunes 2024)
• GW170608 gives the best bound on the dipolar phase for EFT gravity: 

GW230529:

• BH-NS system, so no cancellations between the sensitivities of the two bodies
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GW170817 [31] and the NSBH GW200115042309 [34].
Those two events also show the shift away from GR towards
positive ! ö" 0, however, not as strong as for GW230529 and
they still have support for GR. This is most likely due to those
events being observed in three detectors, so there are less de-
generacies with extrinsic parameters.

V. TESTS OF ESGB GRAVITY

To illustrate the importance of the! 1PN bounds from
GW230529 for constraints on speciÞc alternative theories of
gravity, we have here a look at ESGB [41, 42]. ESGB is a
modiÞed gravity theory where a scalar Þeld is coupled to the
Gauss-Bonnet density. It is described by the action

S =
1

16#

!
dx4 "

! g
"
R! 2($%)2 + &2

GB f (%)G
#
. (7)

Here,g is the metric determinant,R is the Ricci scalar,%is a
scalar Þeld with kinetic term ($%)2 = gµ' $µ%$' %, andG is the
Gauss-Bonnet invariant

G = Rµ'() Rµ'() ! 4Rµ' Rµ' + R2, (8)

whereRµ'() is the Riemann tensor andRµ' the Ricci tensor.
The integral over a four-dimensional spacetime

$
d4x

"
! gG

is a boundary term [117]. The function f (%), thus deÞned
modulo a constant, speciÞes the theory. As for&GB, it is
the Gauss-Bonnet coupling strength with dimension of length.
We assume that matter Þelds are minimally coupled togµ' .

In this paper, we consider the class of theories such that
f #(0) ! 0. Without loss of generality, the functionf (%) can be
expanded as follows:

f (%) = 2%+ O(%2). (9)

At leading order in%, the action (7) reduces to that of shift-
symmetric ESGB theories [89], which is invariant under the
shift %$ %+ ! %, where! %is a constant. This is equivalent to
the small-%approximation of Einstein-dilaton-Gauss-Bonnet
for which f (%) = e*% with a constant* (the value of* can
be absorbed into the coupling constant). Here, we use the
convention of Refs. [89, 93, 94]. Another convention denotes
the Gauss-Bonnet coupling by+GB [47], which is related to
our&GB as+2

GB = &4
GB/ (16#).

It is possible to Þnd the ESGB corrections to the GW phase
during inspiral using the PN formalism. The leading-order
correction to the frequency domain phase in ESGB appears
at ! 1PN due to scalar dipole radiation. In the class of ESGB
theories (9) and atO

"
&4

GB

#
, it reads [47]

! ö" ! 2 = ! 5&4
GB
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1s2 ! m2
2s1
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168m4
1m4

2

, (10)

wherem1,2 are the masses of the compact objects, whiles1,2
were introduced in Refs. [46, 47]. Here, s is deÞned as the
scalar monopole of a body atO(&2

GB), divided by that of a
nonspinning BHs with the same mass [89]. The higher-order

corrections have been fully computed up to 1PN (2PN relative
order) for nonspinning binaries in the past [87Ð91, 93, 94].
These higher-order corrections are given in AppendixC. We
also provide the full 1.5PN correction in Eq. (C1e), which is
new to this paper.

In the class of ESGB theories (9), NSs cannot carry scalar
monopoles atO(&2

GB) so s= 0 [47, 87, 118], and for nonspin-
ning BHs,s= 1 [89]. So for a binary consisting of a NS and a
nonspinning BH, Eq. (10) can be simpliÞed to

! ö" ! 2 =
! 5&4

GB

168m4
1

, (11)

wherem1 is the mass of the BH. When computing the ESGB
corrections for GW230529, we assume the secondary to be
a NS independently of the waveform model used (remember
that we use the BBH results as a proxy for the NSBH results
with realistic tides).

A. Constraints on ESGB by mapping agnostic results

It is possible to get approximate constraints on the ESGB
coupling from theory-agnostic tests. This is done by mapping
the! 1PN agnostic constraints to the ESGB coupling using the
leading order correction. Inverting Eq. (11) gives

&GB =
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(
)))))*

1/ 4

(12)

Note that we need to restrict ourselves to negative values of
! ö" ! 2. When mapping posteriors, we also need to reweight the
samples to account for di" ering priors. To map from a prior
uniform in ! ö" ! 2 to a prior uniform in&GB, the new sample
weightsw become

w=
$&GB

$(! ö" ! 2)
=

&GB

4! ö" ! 2
. (13)

The posteriors obtained by mapping the agnostic posteri-
ors for ! ö" ! 2 to &GB are shown in the top panel in Fig.9. We
see that the posteriors for results obtained with SEOBHM (or-
ange), SEOBNSBH (red), and PhenomXPHM (blue) do not
signiÞcantly di" er. The gap between&GB %0.1 and 0 is not
due to lack of support for GR. It is rather an e" ect of the
sampling and reweighting due to the&4

GB dependence of! ö" ! 2.
Values of&GB ! 0.1 in this case require!" ! 2 ! 10! 8, which is
four orders of magnitude smaller than the bound found. The
limited number of samples is therefore causing a gap for small
values. This is also the reason why the lower end of the pos-
terior looks so ragged; there is only a few samples that have
a relatively large weight. We would need many more samples
to close this gap and make the posterior smooth for small&GB.

The 90% upper bound on the ESGB coupling (indicated
with dashed lines in Fig.9) is &GB ! 0.67 M& or

"
+GB !

0.37 km (for SEOBHM and SEOBNSBH, for PhenomXPHM
the bound is&GB ! 0.72 M& or

"
+GB ! 0.40 km). This

bound can be improved by including higher PN order e" ects
in ESGB. In the next section, we include these e" ects in a
theory-speciÞc inspiral test for ESGB.

(Sanger+ 2024, Julie+ 2024)

       With 3G detectors we expect to improve the bound (measure?) of         by a factor 10-20

! ö" !
#4

r 4
h

v" 2 ! ö" !
#4

r 4
h

v6+ !
#6

r 6
h

v8

|! ö" " 2| =
10
21

#4

r 2
h

< 8 á10" 5 #
#
rh

! 0.1, # ! 0.7 km

$ < $max ! 1

GMmin ! #=
$

%GB

1
rh

! ! 1/
$

%GB

& = &% +
Q
r

Q ! # # $ !
Q
rh

#=
$

%GB

v" 2

#
rh

!" = !" quad

!

n

! ö" nvn

! ö" " 2

2

and the bound/measure of    by a factor ~ 2
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• Low BH mass: 3.6M! , by far the lightest observed!

GW170608, the ligthest BH-BH system observed

 (7M!  - 12M! ) has a better dipolar phase bound,


but a weaker bound on sGB gravity!
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Other relevant bounds on    :
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• Bounds on ringdown using LIGO data also, for both sGB gravity (with f’≠0) and EFT gravity, of the order of (Carullo 2021, Silva+ 2023 )
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Again, with 3G detectors we expect to improve the bound on the QNM relative shift by an order of magnitude, and then the bound on     by a factor - 2 (Abac+ 2025)

10

Figure 7. The posteriors for the chirp mass Mc and 0PN deviation parameter �'̂0 for zero-noise injections of the maximum likelihood
waveform from the corresponding GR run (green), compared to the posteriors obtained for GW230529 with the di↵erent waveform models.
Left shows the posteriors obtained with FTI and right shows the results from TIGER. We see that the results from the GR injections are biased
towards higherMc and positive �'̂0 and are similar to the GW230529 results.

Figure 8. The bounds for the di↵erent deviation parameters �'̂n,�'̂n(l) obtained with GW230529 (green stars) compared to previously obtained
bounds. We show the results obtained with the BBH waveforms as a proxy for an NSBH with realistic tides, as discussed in Sec. IV B. The
orange triangles and red diamonds are bounds from GWTC-2 and GWTC-3 respectively, obtained by combining the posteriors for di↵erent
events together (using SEOBNRv4 ROM and IMRPhenomPv2). The blue circles are the bounds obtained with binary NS GW170817 (where
they used SEOBNRv4 ROM NRTidalv2 and IMRPhenomPv2 NRTidalv2). The grey stripes are bounds from individual events in GWTC-2
and GWTC-3. We see that GW230529 gives exceptionally tight bounds for the �1PN, 0.5PN, and 1PN deviation parameters. (Adapted from
Ref. [34].)
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(Sanger+ 2024)
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(other sources included in the analysis)

Just before the analysis of this source, the bounds were one order of magnitude weaker.

This bound is close to those previously expected from 3G detectors!
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We have seen that we can probe, in the most optimistic case, length scales as small as few hundred meters / around ten km depending on the theory, 


corresponding to                        for sGB gravity,                      for EFT gravity.
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How large can we expect     to be? Is there a theoretical maximal bound of the coupling length?
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Let us consider EFT gravity (without scalar field):
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We can write in the same way sGB gravity, interpreted as an EFT:  
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These theories have dimensionful coupling constant      with caracteristic length  corresponding to  a cut-off energy of the EFT of the order of 
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(e.g. Serra+ 2022)

Thus, if a black hole process (e.g. a coalescence), which has an intrinsic energy scale              (with of course                               ) takes place, 


the EFT is appropriate for its description as long as                 , and accurate as long as                  .      
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Therefore, a BH with horizon rh can probe deviations with characteristic energies larger than a minimum value ! ! ! min !
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…or, equivalently, with a coupling length-scale smaller than a maximum value
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Note that this reasoning applies to EFTs, which have an intrinsic cut-off. 

What about the scalar Gauss-Bonnet theories, which do not have obvious instabilities and thus do not necessarily require an EFT cut-off?

How wide is the range of coupling lengths which we can really probe with GW detectors?
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                            In other words: do BHs in these theories always have a minimum mass, M>Mmin, such that                                        ?


        This would be equivalent to a maximum value of the dimensionless constant that can be probed by a given BH, 
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• For theories with  f’(φ0)≠0, like  f(φ)=eφ, f(φ)=φ  (Kanti et al. 1996, Sotiriou & Zhou 2014)

Do sGB gravity theories also have an intrinsic cut-off scale                      ? 
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How wide is the range of coupling lengths which we can really probe with GW detectors?
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FIG. 3: The red, solid line is the radius of the Þnite singu-
larity surface as a (numerical) function of the Gauss-Bonnet
coupling ! , computed from the full numerical solution. r h is
the horizon radius (black, long-dashed horizontal line). The
green, dot-dashed vertical line is the largest value ! /r 2

h can
take without the solution having a naked singularity. The
blue, dotted line is the radius where the perturbation solution
in Section III E breaks down, i.e., where the O(! 2) correction
in Eq. (65) becomes comparable with the leading order.

The ISCO angular frequency is given by
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!
eA A!

2r

"
"
"
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. (68)

A photon emitted by a source at the ISCO is redshifted
when observed at inÞnity. The maximum redshift for a
photo emitted from the ISCO is given by
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A photon can also have a circular orbit, which occurs at

" 2 + rA ! = 0 . (70)

The impact parameter for the photon circular orbit is
given by

bph =
r

!
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"
"
"
"
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, (71)

and its angular frequency is simply! ph = 1 /bph .
In Figs. (4) and (5) we show the fractional deviation

of the gravitational radius r g and the ISCO radius from
the horizon radius r h and the GR ISCO radius r = 3 r h
respectively. Figs. (6), (7) and (8) are plots of the frac-
tional deviations of a certain quantity from the value it
would have for a Schwarzschild black hole for di! erent
values of the coupling" . Fig. (6) is for the dimensionless

FIG. 4: Comparison between the gravitational radius r g =
2M , where M is the ADM mass of the black hole and the
horizon radius r h . The green, dot-dashed vertical line is the
largest value ! /r 2

h can take without the solution having a
naked singularity.

FIG. 5: Comparison between the ISCO radius r ISCO and the
GR ISCO radius 3r h . The green, dot-dashed vertical line is
the largest value ! /r 2

h can take without the solution having a
naked singularity.

quantity ! ISCO r g, Fig. (7) for zM and Fig. (8) for the
dimensionless quantitybph /r g. From these plots, one can
clearly see that for the spherical black hole solution the
deviations from GR induced by the scalar Gauss-Bonnet
coupling is negligibly small, as long as we impose that
the Þnite radius singularity be cloaked by the horizon.
For the extreme case where the Þnite radius singularity
is barely cloaked by the horizon, the deviations from GR
for ! ISCO rg, zM and bph /r g are less than# 5%.

It is worth pointing out that in the latter 3 Þgures,
those for ! ISCO rg, zM and bph /r g, we do not consider

It can be shown that there exists a 𝜁 max (always ~ 1):  stationary BH solutions only exist for 𝜁 <𝜁 max  (beyond that, naked singularities)

• (Sotiriou & Zhou 2014)

This instability is actually due to the loss of hyperbolicity of the perturbation equations:

In the present paper we will concentrate mainly on the following coupling function

f (! ) =
1
12

!
1 ! e! 6! 2

"
, (11)

since it was shown in [1] that it can produce non-negligible deviations from pure GR. In addi-
tion, eq. (11) is quite similar to the coupling function employed in the studies of spontaneous
scalarization of neutron stars [8].

In the last part of the paper we will also present results for the case of the quadratic
potential previously considered in [2]

f (! ) =
1
2

! 2. (12)

It is worth noting that in the case of small scalar Þeld, the coupling (12) is the leading term

of the coupling (11), f (! ) = 1
12

!
1 ! e! 6! 2

"
" 1

2! 2 + O(! 4), and both couplings will share
many features in the small! domain.

3 Radial Perturbations

3.1 Ansatz and equations

We consider time dependent radial perturbations over the spherically symmetric and static
background black holes obtained after solving the reduced systemof equations (3)Ð(6)

ds2 = ! e2! (r )+ "Ft (r,t )dt2 + e2" (r )+ "Fr (r,t )dr2 + r 2(d" 2 + sin2 "d#2),

! = ! 0(r ) + $! 1(r, t ), (13)

with $ being the control parameter of the perturbations. The Þeld equations result in three
second order di! erential equations and two algebraic constraintson the Þrst derivatives [26].
However, the system can be simpliÞed into a single second order di! erential equation

g2(r )
%2! 1

%t2
!

%2! 1

%r 2
+ C1(r )

%!1
%r

+ U(r )! 1 = 0, (14)

where the functionsU(r ), g(r ) and C1(r ) depend only on the background metric and scalar
Þeld. Their expressions are given in the appendix A.

In order to study the mode stability of the background conÞguration, we decompose the
perturbation function ! 1 as

! 1(r, t ) = ! 1(r )ei # t (15)

and we obtain the master equation for the eigenvalue problem, namely

d2! 1

dr2
= C1(r )

d! 1

dr
+

#
U(r ) ! &2g2(r )

$
! 1(r ). (16)

5

 0

 1

 2

 3

 0  0.2  0.4  0.6  0.8  1

! =1, n=0

(1
-r

H
/r

)2  g
2

1-rH/r

Schwarzschild
rH=1

rH=0.3
rH=0.191605

rH=0.1
rH=0.07

Figure 6: The function (1! r H
r )2g2 vs 1! rH /r for black holes on the fundamental branch

for ! = 1 and several values ofrH .

becomes negative in the rangerH " r " r ! whereg(r ! ) = 0. As a consequence, the potential
becomes singular forM/ ! ! 0.171.

The more fundamental reason for this strange behavior is that for M/ ! ! 0.171 equation
(14) is not hyperbolic for rH " r " r ! . This is an interesting and highly nontrivial phe-
nomenon and we leave its investigation to future work. What is immediately clear from this
fact is that the study of the linear stability as a Cauchy problem is ill-posed. Nevertheless,
we can formally study the stability on the level of the eigenvalue problem. It is possible to
analyze the mode stability by using the standard coordinater and integrating eq. (16). Then
it is possible to Þnd that indeed, black holes of the fundamental branch with M/ ! ! 0.171
possess an unstable mode. In Fig. 3, this unstable mode is shown in orange. The mode
extends fromM/ ! = 0 up to M/ ! # 0.171, where the mode diverges. (This limit is marked
by a vertical dashed line in orange in Fig. 3 (left).) Interestingly, thisunstable mode does
not bifurcate from any Schwarzschild mode (although in the Figure itcrosses the sets of
unstable Schwarzschild modes for small values ofM/ ! , it is not connected with them). The
perturbation function " 1 of this family of modes always presents zero nodes.

Marking consequently this part of the fundamental branch extending from M/ ! = 0 to
M/ ! = 0.171 with a solid orange line in Fig. 2 we note, thatblack holes belonging to the
fundamental branch are not always radially stable, i.e., for arbitrary values ofM/ ! (despite
them having always the larger value of the entropy, as it shown in [1]), and even worse,
for small enough black holes (as compared to the coupling parameter) the theory is not
hyperbolic. Stability is only found for su! ciently large values ofM/ ! .

We remark that the structure found is to some extent reminiscent(although much more
complicated) to the radial instability observed in the dilatonic EGB black holes in [26, 29].
This theory corresponds tof (" ) = e2!" and ! 2 = #

4 (following the conventions of [28, 29]).
For certain values of the coupling constant#, one secondary branch of solutions is present
in a small region of the parameter space, in addition to the main branch of dilatonic black
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(Blasquez-Salcedo+ 2018)

In other words, in these theories there is a minimum mass 
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Figure 2: (left) The scalar chargeD vs the massM , both quantities scaled with! . In red
we show the Schwarzschild solution, in orange the fundamental branch and in blue, green,
violet, brown and black the branchesn = 1, 2, 3, 4 and 5, respectively. Solid curves represent
radially unstable solutions, dashed curves solutions without unstable modes, and dotted
curves solutions with a strictly positive potential. (right) A zoom of the n = 1...5 branches.
All the solutions shown in this region are unstable.

solutions without nodes (n = 0), the Þrst excited branch has solutions with one node (n = 1),
etc. Here we present results for the Þrst six branches (n = 0...5), although branches with
higher number of nodes exist, presenting similar features.

The Þrst few branches can also be seen in Fig. 2, where we exhibit thescalar charge
D/ ! vs the massM/ ! . The Schwarzschild solution exists for arbitrary values ofM/ ! , while
the scalarized branches exist only in certain intervals. The fundamental branch (shown in
orange) exists betweenM/ ! = 0 and the upper boundM/ ! = 0.587, where the scalar hair
disappears and the branch merges with the Schwarzschild branch.

The radially excited branches exist only in very small intervals ofM/ ! since the condition
(8) is quickly violated. All these branches have the same structure, as seen in Figure 2. The
n ! 1 branches bifurcate from the Schwarzschild branch at certain values of M/ ! , which
decrease with increasing node number. Along these scalarized branches, the scalar charge
increases with increasingM . The branches then end at some critical value ofM/ ! , where
the scalarized solution becomes singular [1]. The branches rapidly decrease in size as the
node number increases.

Figure 2 also indicates the radial stability of each branch, discussedin detail below. Solid
curves correspond to radially unstable solutions (i.e., on solid curvesthe solutions possess at
least one unstable radial mode). The dotted curves correspond to solutions that are radially
stable (i.e., the e! ective potential is everywhere positive). The dashed curves correspond to
solutions that do not seem to possess unstable modes although thepotential is not strictly
positive.
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(Blasquez-Salcedo+ 2018)

… but still there is a minimum mass (again,                         ) under which the stationary solutions are unstable!

• For theories with  f’(φ0)=0, for appropriate choices of f(φ), like                               there is no minimum mass for the existence of the solutions…
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It has been suggested that these hyperbolicity losses mean that the theory is actually not consistent as a full theory: 

it should always be considered as an EFT


and when the cut-off is reached, the theory loses consistency (even though this is still matter of debate - see later).
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How wide is the range of coupling lengths which we can really probe with GW detectors?

Remarkably, hyperbolicity loss is also what is found in fully relativistic simulations, when the curvature becomes too large (again, scales are governed by      )!

(see Areste Salò talk)
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FIG. 3. The phase space of gravitational collapse from GB-
CIC (see Table I) with r l = 8 and r u = 12 for the shift
symmetric theory a. We see that the phase space consists of
three possible end states: (1) dispersion of the scalar Þeld to
ßat spacetime (light blue shaded region), (2) collapse and for-
mation of NERs, where the theory loses hyperbolicity (green
shaded region), and (3) collapse to scalarized BHs (yellow
shaded region). The black shaded regions represent cases for
which a BH is already present in the initial data due to the
high ADM mass of the scalar Þeld. The red, dash-dotted line
is given by Eq. (82) and it represents the existence line for
static BH solutions. Note that the bottom half of the Þgure
is plotted in a log scale. Observe that although static BHs
exist above the red, dash-dotted line, such BHs do not result
from scalar Þeld collapse for a range ofM 0 and all ! , due to
the emergence of NERs.
a We remind the reader that the length scales in all the Þgures

are scaled by a Þducial length scale M !

data (characterized by M 0) increases, the collapse leads
to the formation of NERs, and the theory loses hyper-
bolicity (light green shaded region).

We determine the existence of NERs through various
diagnostics, shown in Fig.4 for one example run. In par-
ticular, the Þgure presents the determinant of principal
symbol det P discussed in Eq. (34) (blue line), the outgo-
ing characteristic speedc+ (bold green line), the ingoing
characteristic speedc! (dashed orange line), the ingo-
ing (dashed red line) and outgoing (dashed purple line)
null convergence conditions, and the radial coordinate of
the NER region (vertical black line) on a time slice when
the NER Þrst appears. As we discussed in Sec.II C , the
breakdown of hyperbolicity is related to strong focusing
of null-geodesics, at least in spherical symmetry. This is
visible in the Þgure, as we see thatdet P is zero around
the peak of the outgoing convergence condition. Observe,
in particular, that the emergence of NERs does not occur
when the NCC is violated.

Before we describe Fig.3 further, we recall the exis-
tence condition for the shift symmetric theory that we

FIG. 4. Di ! erent diagnostics for the emergence of NERs and
the breakdown of hyperbolicity with GBICIC for the shift-
symmetric theory with ! = 1 and A = 0 .06. Observe that
the NCC is violated at around r = 3 while a NER forms at
r = 2 .3 (shown as a dotted black line). We also plot the val-
ues of ! det P (34) and the values of the outgoing and ingoing
characteristic speedsc± (74). As we see from the Þgure detP
goes to zero atr = 2 .3 signalling the breakdown of hyperbol-
icity.

presented in Eq. (79), which reduces to

rH > (194)1/ 4! ! 3.73! , (81)

approximating r H ! 2M BH . This inequality can then be
rewritten to Þnd approximately

M BH > 1.87! . (82)

This approximate existence line for static BH solutions
tells us that BHs below a certain mass cannot exist in
the shift symmetric theory if one treats the equations of
motion as exact. Equation (82) is shown in Fig. 3 as a
dash-dotted red line.

We now continue discussing Fig.3. For su! ciently
strong initial data (i.e. for su ! ciently large M 0, given a
Þxed! ), the evolution leads to the formation of a trapped
surface, which ÒhidesÓ the elliptic region. The end state
in this case is the formation of a scalarized BH (shaded
yellow region)4. The dividing line (shown in green) be-
tween the formation of NER and the formation of a sta-
ble scalarized BH liesabovethe existence line of Eq. (82),
shown as a dash-dotted red line in the Þgure. This means
that although static scalarized BH exist, dynamical col-
lapse does not allow for their formation. As we continue
to increase the strength of the initial data, then the data

4 Since, our initial data is ingoing, we Þnd the initial mass M 0 is
close to the Þnal BH mass M BH .

(Ripley & Pretorius  2019, 2020, Hegade+ 2023) 

 (Hegade+ 2023) 
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Are we missing something?  Can we constrain a wider range of theories?

G

How wide is the range of coupling lengths which we can really probe with GW detectors?

•  it should satisfy.                    , otherwise the theory seems to break down


• we can expect to measure at most                     for sGB gravity,             for EFT gravity.                                          
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… probably yes! 

There are different ways to address this problem
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It seems we are left to quite a narrow band of possible values of the coupling scale      :
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How wide is the range of coupling lengths which we can really probe with GW detectors?

1) Look for f(φ) with smaller minimum mass (Rossi, L.G., Sotiriou, in preparation)

If β>1.16, stationary solutions exist for all masses (they are scalarized below a certain value, Schwarzschild above that) 

but…

[ β in the denominator

to make it disappear 


from the field equations,

which depend on f’(φ) ]

Remarkably, the minimum mass (normalized with        ) has a inverse linear dependence on β!       
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FIG. 3. Best-Þt line in red for the threshold mass öM thr as a
function of parameter 1 / ! .

By plotting the threshold masses öM thr (! ) as a func-
tion of ! we observe a monotonic decreasing trend, which
can be approximately described by a negative power law
(in logarithmic scale it is a straight decreasing line). To
quantify this dependence, we perform a best-Þt proce-
dure using the model function

f f it (! ) = b! ! k . (14)

We obtain the following results

b = 0 .248± 0.005 k = 1 .032± 0.009, (15)

with k being compatible with 1 within 4 standard
deviations. Fig.(3) represents the best-Þt curve and
data.

However, as the value of! increases, the theory ap-
proaches GR, since the coupling function (9) tends to a
constant in the limit ! ! " . In four dimensions, the GB
term is a total divergence, so, with a trivial coupling, it
would not modify the EoMs of GR, nor their solutions
[2],[4].

IV. RICCI SCALAR COUPLING

As illustrated in article [ 10], introducing a coupling
between the scalar Þeld" and the Ricci scalar can
address some of the problems of pure sGB gravity. This
coupling, for example, plays a crucial role in stabilizing
branches of scalarized solutions that are unstable when
coupled only to the GB term1. Notable examples include
the cases of the quadratic coupling function [1] and the
combination of quadratic and quartic coupling functions

1 We refer to stability under radial perturbations, following the
analysis of [9] and [7]

FIG. 4. Dimensionless charge öQ of scalarized BHs as a func-
tion of öM for two di ! erent values of the coupling constant " of
coupling (17). " = 0 stands for pure sGB solutions. The only
stable scalarized branches are those lying in the yellow side,
where GR solutions are unstable; conversely, the lilac area
hosts unstable scalarized solutions and stable Schwarzschild
ones.

[7]. Concerning the Gaussian coupling (9), the scalarized
branches obtained in sGB theory with ! < 0.8 are fully
unstable, while the presence of the coupling mentioned
above reduces this limit.

Let us consider the action

S =
1
2

!
d4x

"
|g|

#
R #

1
2

$ µ " $ µ " + J (" )R + F (" )G
$

,

(16)
with the term J (" )R representing the only variation with
respect to the action in Eq.(1) of pure sGB gravity. For
simplicity and in continuity with paper [ 10] we take into
account the function

J (" ) = #
#
4

" 2, (17)

where # is a dimensionless coupling constant.
In Fig.( 4) we demonstrate that for ! % 0.6 scalarized

solutions are stable when# = 0 .5, with J of Eq.(17),
di! ering from the pure sGB case, i.e. for# = 0, as
previously mentioned.

Hyperbolicity loss Warning: this part has to
be checked, since our results for the threshold
masses seem to have di ! erencies with those of
[10]. We are trying to check with the source of
that; George told us that this part was done by
Caio, so we going to talk with him to understand
the reason of the di ! erencies.

Now, we analyze the e! ects of the Ricci scalar coupling
in the strong-Þeld regime, focusing on the threshold mass
öM thr related to the loss of hyperbolicity.

First, from Fig.( 5) we observe that for a Þxed! , as
the value of # increases, the correspondingöM thr grows
as well. Fig.(5) depicts the normalized scalar charge

(Rossi, L.G., Sotiriou, in preparation)

Thus, increasing β it is possible to push the minimum mass to smaller values! 

If we define the coupling length as 
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this increases the range of values of the coupling length which can be probed! 

 i.e., preserving hyperbolicity on a wider range of couplings 

Let’s consider a recently proposed Gaussian coupling function 

(Fernandes+ 2022)(for β=3/2 one recovers the coupling of Doneva+ 2018)
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there is a minimum mass Mthr, below which the BH solution is unstable (i.e., the perturbation equations are not hyperbolic)
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relations between mass and charge and to check whether they affect the minimum size of
black holes.

The first step in this direction has already been made in [33]. It was shown there that, for
the most general shift symmetric action that leads to second-order equations upon variation
(shift-symmetric Horndeski theory) and respects local Lorentz symmetry, the scalar charge
Q for black holes is given by 4πQ= α

´
H naG

a, where H denotes the Killing horizon, na its
normal, Ga in implicitly defined as G =∇aGa, and α is the coupling constant associated with
the φG term. As expected from the discussion above, the charge vanishes if the φG term is
absent. The value of Ga does however depend on any additional couplings, with corrections
with respect to the value Ga would have in GR suppressed by the mass scales that correspond
to these couplings. If one assumes continuity as these couplings are driven to zero and that
their characteristic energy scales are similar to that of α (i.e. no hierarchy of scales), then
one expects corrections to the charge and its scaling with the mass of the black hole to be
subdominant. How much so is a matter of further exploration. Moreover, this expression for
the charge does not give any information on the minimum size of black holes.

The structure of the rest of the paper is as follows: in section 2, we will review the necessary
theoretical background and present the class of theories we will consider. In section 3, we will
lay out the problem in a static, spherically symmetric setup and also consider the behaviour
of a scalar field in a Schwarzschild background (decoupling) as a warm-up. In section 4 we
will derive hairy black hole solutions working perturbatively in the coupling α and analyse
their properties, while in section 5, we will present numerical results and a comparison with
the perturbative ones. Finally, in section 6, we present our conclusions.

2. Theoretical background

2.1. Shift-symmetric Horndeski gravity and black hole hair

Horndeski’s theory is the most general four-dimensional diffeomorphism-invariant theory
involving a metric tensor and a scalar field that leads to second-order field equations upon
variation [34, 35]. We will restrict ourselves to shift symmetric theories. The shift-symmetric
Horndeski action is then [24]

S=
1
2k

5∑

i=2

ˆ
d4x

√
−gLi+ SM, (1)

where each sub-Lagrangian Li is given by

L2 = G2(X), (2)

L3 = −G3(X)!φ, (3)

L4 = G4(X)R+G4X[(!φ)2 − (∇µ∇νφ)
2], (4)

L5 = G5(X)Gµν∇µ∇νφ− G5X

6

[
(!φ)3 − 3!φ(∇µ∇νφ)

2 + 2(∇µ∇νφ)
3
]
,

where we have defined X=−∇µφ∇µφ/2, (∇µ∇νφ)2 =∇µ∇νφ∇µ∇νφ, (∇µ∇νφ)3 =
∇µ∇νφ∇ν∇λφ∇λ∇µφ,GiX = ∂Gi/∂X,R is the Ricci scalar, andGµν is the Einstein tensor.
We have also defined k= 8πG/c4 with SM being the matter action. Matter is assumed to only
couple minimally to the metric, that is, we are working in the so-called Jordan frame.

3

see F. Thaalba talk

The improvement can be substantial if other interactions are included, like those (EFT-inspired) from the Honrndesky action:
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(Thaalba+ 2023)

-> … possibly with different length-scales!

(Thaalba, L.G., Trincherini, Sotiriou, in preparation)

If some terms in this action have a coupling scale much larger,  would not affect the BHs due to no-hair theorem, 

but may significantly change the cut-off scale of the sGB term!  (…work in progress…)

Other models have been suggested with two very different length-scales, involving more than one scalar field (e.g.Eichhorn+ 2023; see also De Rham & Melville 2018).

In our case, the terms naturally arise in an EFT expansion

2) Introducing additional couplings
Is has been shown that if a coupling of the scalar field with the Ricci scalar is included in the action, the hyperbolicity properties improve!

(see T. Sotiriou talk)
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FIG. 3. Best-Þt line in red for the threshold mass öM thr as a
function of parameter 1 / ! .

By plotting the threshold masses öM thr (! ) as a func-
tion of ! we observe a monotonic decreasing trend, which
can be approximately described by a negative power law
(in logarithmic scale it is a straight decreasing line). To
quantify this dependence, we perform a best-Þt proce-
dure using the model function

f f it (! ) = b! ! k . (14)

We obtain the following results

b = 0 .248± 0.005 k = 1 .032± 0.009, (15)

with k being compatible with 1 within 4 standard
deviations. Fig.(3) represents the best-Þt curve and
data.

However, as the value of! increases, the theory ap-
proaches GR, since the coupling function (9) tends to a
constant in the limit ! ! " . In four dimensions, the GB
term is a total divergence, so, with a trivial coupling, it
would not modify the EoMs of GR, nor their solutions
[2],[4].

IV. RICCI SCALAR COUPLING

As illustrated in article [ 10], introducing a coupling
between the scalar Þeld" and the Ricci scalar can
address some of the problems of pure sGB gravity. This
coupling, for example, plays a crucial role in stabilizing
branches of scalarized solutions that are unstable when
coupled only to the GB term1. Notable examples include
the cases of the quadratic coupling function [1] and the
combination of quadratic and quartic coupling functions

1 We refer to stability under radial perturbations, following the
analysis of [9] and [7]

FIG. 4. Dimensionless charge öQ of scalarized BHs as a func-
tion of öM for two di ! erent values of the coupling constant " of
coupling (17). " = 0 stands for pure sGB solutions. The only
stable scalarized branches are those lying in the yellow side,
where GR solutions are unstable; conversely, the lilac area
hosts unstable scalarized solutions and stable Schwarzschild
ones.

[7]. Concerning the Gaussian coupling (9), the scalarized
branches obtained in sGB theory with ! < 0.8 are fully
unstable, while the presence of the coupling mentioned
above reduces this limit.

Let us consider the action

S =
1
2

!
d4x

"
|g|

#
R #

1
2

$ µ " $ µ " + J (" )R + F (" )G
$

,

(16)
with the term J (" )R representing the only variation with
respect to the action in Eq.(1) of pure sGB gravity. For
simplicity and in continuity with paper [ 10] we take into
account the function

J (" ) = #
#
4

" 2, (17)

where # is a dimensionless coupling constant.
In Fig.( 4) we demonstrate that for ! % 0.6 scalarized

solutions are stable when# = 0 .5, with J of Eq.(17),
di! ering from the pure sGB case, i.e. for# = 0, as
previously mentioned.

Hyperbolicity loss Warning: this part has to
be checked, since our results for the threshold
masses seem to have di ! erencies with those of
[10]. We are trying to check with the source of
that; George told us that this part was done by
Caio, so we going to talk with him to understand
the reason of the di ! erencies.

Now, we analyze the e! ects of the Ricci scalar coupling
in the strong-Þeld regime, focusing on the threshold mass
öM thr related to the loss of hyperbolicity.

First, from Fig.( 5) we observe that for a Þxed! , as
the value of # increases, the correspondingöM thr grows
as well. Fig.(5) depicts the normalized scalar charge

(Ventagli+ 2021, Antoniou+ 2022, Kleihaus+ 2023, Thaalba+ 2025 )

4

FIG. 1. Left: The shaded part corresponds to the region in the parameter space (! , " /r 2
h ) where scalarized, and asymptotically

ßat black hole solutions exist. Centre: The mass and charge for scalarized black holes. The blue, green and red regions
correspond to the upper, middle and lower regions of the left-panel plot respectively. The contours shown are of constant !
with separation of #! = 0 .04, 0.01, 0.24 in the blue, green and red regions respectively.Right: Same as the centre plot but for
mass and charge normalised with respect to" .

!!
!"!#$ !"!%& !"!%' !"!%( !"!%# !"!%$ !"!$&
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FIG. 2. Charge-mass diagram for scalarized BHs with the Ricci term. The blue part of the curves corresponds to stable
solutions while the red to unstable ones (as veriÞed by the stability analysis in Sec. III ). The dotted vertical line represents
öM = öM c. Left : Sample of solutions for di! erent values of ! . Solutions on the left part of the dotted vertical line on the

diagram are stable against radial perturbations. Right: Zoom on the stability threshold region. We see that for ! ! 1.15 stable
solutions appear in the theory. For ! > ! c ! 1.2 unstable solutions are no longer present.

we can still examine the mode structure of the spacetime
by looking into the frequencies! .

To perform a mode analysis of the spacetime, we search
for the natural frequencies of the system! , such that
" 1(t, r ) = " 1(r )e! i ! t . The perturbation equation (14)
can be manipulated to the more familiar Schr¬odinger
form:

!
!

d2

dr2
"

+ Ve!

"
# = ! 2# , (15)

where " 1(r ) = F (r )# (r ) and the tortoise coordinate is
deÞned throughdr" = g(r ) dr . We also deÞne

2F #

F
= C !

g#

g
, (16)

Ve! =
1
g2

#
U +

C2

4
!

C#

2
!

3g#2

4g2 +
g##

2g

$
. (17)

The real part of the frequency ! describes the reso-
nant modes of the system, i.e., for which frequencies an
initial perturbation would respond. The imaginary part
of the frequency indicates the systemÕs (modal) stability.
For modes with a negative imaginary part, an initial per-
turbation decays exponentially, while when positive the
perturbation grows and the system is rendered unstable.
Generally, the e! ective potential identiÞed from Eq. (16)
is useful when one attempts to verify the presence of un-
stable modes as a negative value for the integral of the
e! ective potential with respect to the tortoise coordinate
indicates the existence of unstable modes [32], namely

%+ $

!$
Ve! (r " ) dr" < 0 " unstable modes. (18)

It is worth noting that while the condition ( 18) is su" -
cient in indicating the presence of unstable modes, it is
not a necessary condition.

In what follows we will be making use of the compact-

(Antoniou+ 2022)
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How wide is the range of coupling lengths which we can really probe with GW detectors?

3) Are we sure that the observables have  to scale with       ?
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A. Q/M vs ! /M 2

At Þrst I have performed a Þt of Q/M as a function of
! /M 2 around the onset of scalarization using the function

Q/M = a(ö! ! öø! )p (29)

as a model, with a, öø! , and p parameters of the Þt. Re-
ducing the distance from the onset of scalarization for
data, the parameter p approaches value 0.5, as shown in
Tab. VII A and demonstrated with a linear Þt of those
data that gives an intercept of the line of 0.499007.

ö! ! öø! a öø! p

0.137811 0.73857 2.90252 0.479687

0.122360 0.74298 2.90251 0.481684

0.106906 0.747704 2.90250 0.483733

0.0914492 0.752792 2.90249 0.485835

0.0759902 0.758308 2.90249 0.487996

0.0605293 0.764333 2.90248 0.490216

0.0450652 0.770986 2.90247 0.492497

0.0295984 0.778489 2.90246 0.494850

0.0141283 0.787364 2.90246 0.497315

TABLE II. Valori dei parametri di Þt in funzione di ö ! ! öø!

Then Þxing the parameter p to 0.5, we perform again
the Þt, yielding the result in Fig. 11

FIG. 11. Data and Þt curve of |Q|/M as a function of ö! =
! /M 2 around the bifurcation point, for " = 1 .5, using the
function 29 as a model, with Þxed p = 0 .5.
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: onset of scalarization

Consider the curve of Q(𝛼 ) at constant M.
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Near the onset of scalarization, it is perfectly fitted by 
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while we recall that in theories with f’(φ)≠0,                   (quite general: T. Sotiriou talk!) 
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If we consider our length-scale as                          ,
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the PN phase correction due to dipolar emission is 
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while in the case of theories with f’(φ)≠0,  the same formula gives  
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Thus, the same observational bound on          can give a stronger bound on    !
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This was just an example; the point is that for a generic coupling function, and most importantly, in presence of other couplings, the dependence of

 on the different coupling parameters may be not trivial. (Lalus, Trestini, Ventagli, Sotiriou, L.G., in preparation) 

Extracting a bound on the coupling from the measurement of a            is not sufficient, even to constrain the length-scale of the deviation!            
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Bottom line:

• we should improve our theoretical modelling
• we should try to measure different PN components, in order to extract more parameters, reconstructing a more complete information on the possible deviation
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Quadratic GravityAnother example of large curvature corrections: (Antoniou, L.G., Pani, 2025; ibid., in preparation)

• higher-order time derivatives in the field equations => Ostrogradski ghost => instability (i.e, by redefinition of quantum space, it is not unitary!) 

The bad:

The good:

• as a quantum theory, it is renormalizable


• as a classical theory, despite the ghost it admits a well-posed initial value formulation (Noakes, 1984) 

• there is debate in the quantum gravity community: the ghost may not be fatal to the quantum theory (Smilga 2014, Donoghue & Menezes 2019) 


• Quadratic curvature corrections arise generically in approaches to quantum gravity (e.g. string theory)


A possible point of view (e.g. Lu+ 2015): look at the classical theory, not focussing on potential quantum problem, since

whatever emerges as an acceptable quantum theory of gravity, these terms may be a dominant part of the action, at least for some scale of energies. 

(Stelle, 1977)
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• The theory admits a non-Kerr BH solution  (Lu+ 2015) 
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Quadratic Gravity (Antoniou, L.G., Pani, 2025; ibid., in preparation)

(Stele, 1977)

What is one considers it as an EFT? This may look promising but…

…this theory can not be an EFT, since by field redefinitions the quadratic curvature corrections can be trasformed to higher-order terms in 𝛼  (and then again…):
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IV. EQUIVALENCE WITH VACUUM GR
WITHIN EFT

LG: just a sketch of what we will write As men-
tioned above, quadratic gravity can not be considered as
an EFT, as least for vacuum spacetimes. Indeed, since
the quadratic interaction vanishes on-shell in GR, if it is
a Þrst-order correction in an EFT framework, it can be
removed Ð modulo higher-order terms Ð with a Þeld redef-
inition; in order words, the quadratic terms in the action
are redundant[5]. This is a general feature of EFTs: an
EFT term vanishing on-shell at leading order can be re-
arranged as a term proportional to the leading-order Þeld
equation, say # Gµ$Y µ$ ; be deÞninggµ$ $ gµ$ + Yµ$ ,
the change in the action removes the interaction at Þrst
order in the EFT expansion, yielding higher-order terms.
Then, following the same procedure, these terms can be
removed by appropriate Þeld redeÞnitions.

In the case of EW gravity, the Þeld redeÞnition
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removes, to O(%), the Weyl term %Cµ$&' Cµ$&' =
! 2%Rµ$Rµ$ + 2

3 %R2.
LG: to be expanded

V. QUASINORMAL MODES

The results agree with those of [17, 18].

A. Time domain

For the time evolution it is useful to cast the equa-
tions for axial perturbations in terms of a single master
equation for h1:
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where the coe! cient functioons gi (r ) with i = [1 , 4], de-
pend only on the background solution.

We study the time evolution of such equation adopting
a set of lightcone coordinatesu = t ! r " and v = t + r " ,
where we have introduced the tortoise coordinate. In
these coordinates the previous equation can be re-written
as:
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#u #v
+ Va(u, v)

*
&(u, v) = 0 , (23)

where Va reduces to the Regge-Wheeler potential in GR
in the appropriate limit, and the subscript a stands for
axial. As initial conditions we consider a static Gaussian
pulse, i.e.,

&(0, v) = e! v 2

2! 2 , &(u, 0) = 0 . (24)

We Þx the width of the Gaussian pulse to' = 5M , check-
ing that our results are independent of these choices.
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• perturbations Linearized theory corresponds to GR coupled to an additional massive spin-2 degree of freedom, with mass 
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therefore, this should be treated as a full theory!

indeed, it can be rewritten in terms of an auxiliary field as (Held & Zhang 2023, Held & Lim 2023) 
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non-GR branch of solutions in Sec.IV B. In Sec.V we
discuss the phenomenological perspectives of EW gravity.
Finally, we draw our conclusions in Sec.VI.

II. FRAMEWORK

In four-dimensional gravity, the most general theory
involving only the Einstein-Hilbert term and quadratic
curvature invariants is given by[15,66,67]

I !
Z

d4x
!!!!!!
! g

p
"R ! ! C"#$%C"#$%# &R2$; "1$

where
!!!!!!
! g

p
is the determinant of the metric tensor,R is the

Ricci tensor andC"#$%C"#$% is the square of the Weyl
tensor. The latter can be expressed in terms of the Ricci and
Gauss-Bonnet (GB) invariants in the following way

C"#$%C"#$%! 2R"#R"# !
2
3

R2 # G; "2$

where the GB invariant is defined asG! R2 !
4R"#R"# # R"#$%R"#$%. The dimensionful parameters!
and & are associated with additional massive degrees of
freedom. Specifically, in addition to the massless spin-2
graviton, this theory predicts a massive spin-0 mode with
massm2 ! 1="6&$, and a massive spin-2 mode with mass
" 2 ! 1="2! $. Remarkably, the sign of the kinetic term of
the massive spin-2 mode is the opposite than those of the
other kinetic terms, i.e., it is a ghostlike degree of freedom.
This suggests that quadratic gravity is nonunitary as a full
quantum theory (however, see[16] for different interpre-
tations); this problem is avoided by considering quadratic
gravity as a low-energy EFT, as long as the energy scale is
lower than a cutoff scale which is of the order of! ! 1=2 " " .
However, in this framework the actual deviations from GR
are expected to occur at higher order in the EFT expansion,
since the quadratic corrections can be transformed by a
field redefinition to higher-order terms[17,18].

Note that the existence of the hairy BH solution,
occurring forp ! rh" " 1 and then at energy scales close
to " , is questionable in an EFT framework. For complete-
ness, in this work we will compute the QNMs of both the
Schwarzschild BH solution (which clearly exists also in
the EFT) and of the hairy BH solution (which instead
exists only in the full theory). We also remark that the
existence of an Ostrogradsky ghost does not prevent the
theory from having a well-posed initial value formulation
at a classical level[19,27].

As discussed in[20,30], static, asymptotically flat
solutions of quadratic gravity have vanishing Ricci scalar,
and thus the term&R2 does not affect the linear perturba-
tions of such solutions. Therefore, without loss of general-
ity we may neglect the&R2 term in our analysis, setting
& ! 0, and focussing on the pure EW gravity.

Variation of the action with respect to the metric tensor
yields the field equations

G"# # ! %! 4R"
$R#$ # g"#"R$%$2 # " 2=3$"R"#

# g"# ! 2 # ! " ! #$R # 4! $! "" R#$
$ ! 2! 2R"#

! g"#R2=6 ! 2g"# ! %! $R$%# 2R"
$%'R#$%'

! g"#"R$%'$2=2 # 4! "$! %$R"
$

#
%& ! 0; "3$

where beyond-GR contributions are proportional to a factor
! . Despite not being obvious at first glance, the field
equations for spherically symmetric configurations yield
second-order equations. We will go over that in the
following subsections.

A. Auxiliary field

Here we introduce an additional massive auxiliary field.
This allows us to write the Lagrangian in a form leading to
second-order field equations.

To begin with, we take advantage of the fact that the
Weyl tensor can be expressed in terms of the GB invariant,
which does not contribute to the action in 4 dimensions.
Then, setting& ! 0 as discussed above, Eq.(1) reads

I !
Z

d4x
!!!!!!
! g

p
"
R !

1
2" 2

#
2R"#R"# !

2
3

R2

$%
: "4$

Following [25,33,59,68,69], we introduce an auxiliary
tensor fieldf "# , rewriting the action as follows:

I 0 !
Z

d4x
!!!!!!
! g

p
%R # 2f "#G"# # " 2"f "# f "# ! f 2$& "5$

The equations of motion forg"# can be found by taking
variations of the action with respect tof "#

E"g$
"# " G"# # " 2"f "# ! fg "#$ ! 0; "6$

from which we find that

R"# ! ! " 2

#
f "# #

1
2

fg "#

$
; R ! ! 3" 2f; "7$

or equivalently

f "# ! !
1
" 2

#
R"# !

1
6

Rg"#

$
: "8$

It is straightforward to confirm that substitution of the
above into(5) leads us back to(4). Furthermore, from the
Bianchi identity we have! " G"# ! 0 which, by making use
of (6), results in the constraint

E" " ! #f "# ! ! " f ! 0: "9$
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Schwarzschild BH solution (which clearly exists also in
the EFT) and of the hairy BH solution (which instead
exists only in the full theory). We also remark that the
existence of an Ostrogradsky ghost does not prevent the
theory from having a well-posed initial value formulation
at a classical level[19,27].

As discussed in[20,30], static, asymptotically flat
solutions of quadratic gravity have vanishing Ricci scalar,
and thus the term&R2 does not affect the linear perturba-
tions of such solutions. Therefore, without loss of general-
ity we may neglect the&R2 term in our analysis, setting
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! . Despite not being obvious at first glance, the field
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second-order equations. We will go over that in the
following subsections.
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Here we introduce an additional massive auxiliary field.
This allows us to write the Lagrangian in a form leading to
second-order field equations.

To begin with, we take advantage of the fact that the
Weyl tensor can be expressed in terms of the GB invariant,
which does not contribute to the action in 4 dimensions.
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It is straightforward to confirm that substitution of the
above into(5) leads us back to(4). Furthermore, from the
Bianchi identity we have! " G"# ! 0 which, by making use
of (6), results in the constraint
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Therefore, the equations of motion forf !" read

E!f "
!" ! G!" # G!!

#f " "# ! g!" G#$f #$ ! fR !"

# Rf !" # ! f !" # ! " ! " " ! g!" "f ! 2" #" ! ! f " "
#

# g!" " #" $f #$ # ! 2$!f 2 ! f #$f #$"=2

# 2! f !
#f "# ! ff !" "% &0: !10"

We remark that the GR limit corresponds to! ! " , i.e.,
%! 0. In this limit, the auxiliary fieldf !" [Eq. (8)]
vanishes, and Eq.(10) reduce to EinsteinÕs equations
in vacuum. Conversely, in the! ! 0 limit the theory
becomes strongly coupled, the action only has quadratic
curvature terms, and EW gravity reduces to the pure Weyl
gravity [70].

III. BACKGROUND SOLUTIONS

In this section we review the background solutions found
in EW gravity, including those of the non-GR branch. We
are interested in static and spherically symmetric solutions,
so we consider the following metric element (following the
notation of[20,22])

ds2 & ! A!r"dt2 #
1

B!r"
dr2 # r2!d&2 # sin2&d' 2": !11"

In order to derive the background equations we first take
the trace of Eq.(10) which yields

2!" ! " " f !" ! ! f " ! R & 0: !12"

From Eq. (9), using the symmetry off !" , we find
" ! " " f !" & " ! " " f "! & ! f . From the trace of(10) we
find then R & 0: the spherically symmetric solutions (in
vacuum) of EW gravity are necessarilyRicci-scalar flat.
This also means that from(7) the trace of the auxiliary field
vanishes, i.e.,f & 0. From this property we derive the first
equation for the metric functions, i.e.,

2r2ABA00& ! rAA0!rB0# 4B" # r2BA02

! 4A2!rB0# B ! 1": !13"

The next step is to consider Eq.(10) which allows us
to express the components off !" in terms of the
metric functionsA, B. We simplify the expressions by
substituting(13). Finally, we substitutef !" and(13)into (6)
and from the!rr " component we find

2r2A2B!rA0! 2A"B00! B0$4rA3 ! rAB!r2A02

# 2rAA0# 4A2"%! 4A2B$! 2r3A0# A!! 2r2 # 2"%

! B2!r3A03 ! 3r2AA02 ! 8A3" # 3r2A3B02

# 4! 2r2A3 & 0: !14"

Alternatively we could have used the higher-order equa-
tions(3). First we eliminateA!4" by making use of the! tt"
component. We substituteA!4" in the radial derivative of the
!rr " equation and solve forA!3". We then substituteA!3" in
the!rr " equation and retrieve(14)which allows us to solve
for A00. We may then substituteA00; A!3"; A!4" in the radial
derivative of the!rr " equation to retrieve(14).

Given that the static and spherically symmetric solutions
have necessarilyR & 0 & f , we will divide the analysis of
BH solutions in the following two cases:

(1) Ricci-tensor flat solutionsfor whichR!" & 0 [which
of course impliesR & 0 and alsof !" & 0 through
Eq. (8)]. Since the equations coincide with GR
equations in vacuum, in this case the BH background
is simply the Schwarzschild metric.

(2) Ricci-scalar flat solutionsfor which R & 0 but
R!" # 0. In this casef !" # 0, the background
solution is not Schwarzschild, and we will refer to
it as hairy BH.

Obviously in the first case the solution can be written in
analytical form, while the in the second case it has to
be found numerically, by solving the system of ordinary
differential equations with suitable boundary conditions.

A. Expansions at the horizon

We expand the metric functions according to the follow-
ing ansatz, where we denote the location of the BH horizon
asr & rh

A!r" & c
!
! r ! rh" #

X

n&2

an! r ! rh"n

"
; !15"

B!r" &
X

n&1

bn! r ! rh"n: !16"

To find the coefficients in the expansions we substitute
them in the background equations, which we then solve
order by order. We show here the first few coefficients

a2 & !
2
rh

#
! 2

4rhb2
1

#
1

r2
hb1

!
! 2

4b1
; !17"

a3 &
7! 4

72b2
1

#
! 2

3b3
1r

3
h

!
20

9b1r3
h

#
! 4

8b4
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2
h
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13! 2
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2
h
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2! 4
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36b1rh
#

29
9r2

h
; !18"

b2 &
1
r2

h
#

3! 2

4
!
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4rhb1
!

2b1
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; !19"

b3 &
! 4

72b1
#
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3b2
1r3

h
!
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8b3
1r2
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!
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h

#
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h

#
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h
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field

equations: which, linearized, become those of GR for h𝜇𝜈 + massive gravity for f𝜇𝜈  (Brito+ 2013)
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(Stele, 1977)
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• non-Kerr (“hairy”) BH solution

The coefficients above are determined in terms ofb1
which serves as the parameter quantifying the deviation
from GR. In the limit ! ! ! (" ! 0), the GR sector
decouples and we formally recover the GR near-horizon
expansion coefficients.

B. Expansions at infinity

The solutions we are interested in are asymptotically flat.
Therefore, we solve Eqs.(13)and(14)as a series expansion
in 1=r, with A!r"; B!r" ! 1 for r ! ! , finding

A # 1 "
2M
r

$ ÷c
e" " r

r
% % %; !21"

B # 1 "
2M
r

$ ÷c!1 $ " r"
e" " r

r
% % %: !22"

wherec andM are free parameters.

C. Semianalytical background

In [22], using the parametrization introduced in[71],
the authors derived a semianalytical approximation of the
static BH solutions in EW gravity, in terms of continued
fractions. If we definex ! !1 " rh=r", then

A!r" ! xf !x"; !23"

A!r"
B!r"

! h!x"2; !24"

where the functionsf andh are given in AppendixA in
terms of continued fractions.

In Fig. 1 we present, as an example, the! tt" and !rr "
metric components as functions ofr=r h, for the hairy BH
solution with p # 1.1. We show both the solution com-
puted solving numerically the field equations, and the
semianalytical approximation up to fourth order in terms of
continued fractions. For the numerical solution the process
we follow is a shooting approach with respect to the non-
GR parameterb1, integrating from the horizon outward, so
that at asymptotic infinity the exponentially diverging
solution vanishes. For comparison, we also show the
Schwarzschild solution.

In the following we will use the semianalytical back-
ground instead of the fully numerical one. This allows
us to perform computations significantly faster, which
is important considering the complexity of the perturba-
tion equations in the gravitational sector, discussed in the
next section.

D. Domain of existence

The branch of non-GR BH solutions can be found
for [22]

0.876" p " 1.143; !25"

where we remind the reader that the dimensionless param-
eterp is defined asp ! rh=

!!!!!!
2!

p
! rh" . In Fig.2 we show

the domain of existence and of radial stability of hairy BHs
in EW gravity, corresponding to the decreasing curve. The
vertical dashed line highlights the allowed range, which
starts at the bifurcation point from the Schwarzschild
branch, and ends at the point where solutions have
vanishing mass. The straight line, instead, corresponds to
the solutions of the Schwarzschild branch.

Note that hairy BHs only exist below a critical mass

Mc # 0.438=" ; !26"

2 4 6 8
0.0

0.5

1.0

1.5

2.0

2.5

FIG. 1. The metric components for a Schwarzschild BH and a
hairy BH, withp ! rh" # 1.1, and with the same horizon radius.

FIG. 2. Domain of existence of BHs in EW gravity. The
bifurcation point from the GR solution is found at
pmin # 0.876, while the upper value of the positive mass range
is located atpmax # 1.143. The dashed part of the curves
corresponds to solutions either radially unstable, or having
negative mass.
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branch, and the hairy BH branch, in whichrh > 2M.
Therefore, as long as static (or stationary, see[34]) BHs are
concerned, the deviations from GR are only visible for BHs
with masses smaller than the critical massMc.

In Fig. 9 we show the BH compactness, i.e., the ratio
rh=2M, as a function ofM! ! M=

!!!!!!
2"

p
, i.e., of the BH

mass normalized with the coupling constant. We can see
that whenM is significantly smaller thanMc, the horizon
radius is much larger than the GR value. The same applies
for stationary, rotating BHs[34]. Moreover, as noted
in [22], the decrease of the innermost stable circular orbit
(ISCO) frequency is even larger than what could be
inferred from the increase of the horizon radius: the
product ! ISCOM is smaller than the value1="6

!!!
6

p
#

predicted by GR.
This indicates that the astrophysical BHs observed

through their electromagnetic and GW emission have
masses larger than the critical massMc (in principle, the
lightest observed BH may have a mass smaller thanMc as
long as it is very close to that value). Indeed, the ISCO
frequency characterizes theX-ray emission from accretion
disks around BHs[76], and the frequency of the last stable
orbit of a BH binaryÑ related to the ISCO frequencyÑ can
be directly constrained from the gravitational waveforms
observed in BH binary coalescences, since it cannot be
larger than the observed merger frequency[1]. Therefore,
unless lighter BHs are observed in the future, it is unlikely
that observations of the stationary BH spacetime will probe
quadratic gravity.

Current GW observations suggest that the lightest BH
candidate observed may have masses in the rangeMmin !
"2.5Ð4.5#M" [77]. This sets a bound on the coupling
constant of quadratic gravity of

!!!
"

p
! "1.1Ð2.0# km.

B. BH spectroscopy and extra modes

BH spectroscopy, the study of BHs from the observation
of their QNMs of oscillation measured from the GW signal
emitted in the ringdown stage of a binary BH coalescence
[35], is a promising way to probe GR deviations such as
those predicted by quadratic gravity. Although the accuracy
of present measurements of QNMs is probably not suffi-
cient to provide strong constraints[6,78], the situation will
improve with future observations, especially with future
detectors[79Ð81]. In particular, third-generation ground-
based detectors such as the Einstein Telescope
[9Ð11,82Ð84] and Cosmic Explorer[85Ð87] are expected
to measureO"103# ringdowns=yr with O"10#% precision
for deviations of the subdominant frequencies from the GR
predictions, whereasO"10# ringdowns=yr are expected
to haveO"1#% precision. The future space-based LISA
detector [14] will measure at least three independent
QNM parameters within 1% error inO"100# events
(actual numbers depend on the massive BH formation
scenarios)[80].

In the case of quadratic gravity, as discussed in Sec.IV
(i) the QNMs of GR are modified, in the case of hairy

BH background;
(ii) new classes of QNMs are present in the spectrum,

associated to the new massive degrees of freedom, in
both cases of Schwarzschild background and of
hairy BH background.

Although we limited our study to the axial sector, we
expect similar deviations of the QNMs with respect to the
GR prediction in the polar sector as well.

It is also worth noting that the massless modes in the
Schwarzschild background coincide with those of GR, and
all other modes shown in Sec.IV do not converge to GR
modes as" ! 0. Thus, from an EFT perspective there are
no corrections to the QNM spectrum at the leading order in
" , but the new non-GR modes might be excited with
amplitudes that vanish in the" ! 0 limit.

Concerning shifts in the GR QNMs, in the range shown
in Figs. 5Ð8, deviations with respect to the ordinary
massless GR mode can be as large as a few percent and
thus in principle measurable by third-generation detectors.
However, as discussed in Sec.VA, these shifts are only
expected if the final BH of the coalescence hasM < M c,
and this is disfavored since the modified background would
significantly affect the inspiral waveform.

A more promising possibility it that of finding new
QNMs in the ringdown of a BH withM > M c, i.e., in the
case of Schwarzschild background. In this case (see Figs.3
and4) in addition to the ordinary QNMs of Schwarzschild,
the spectrum contains also the modes of a massive spin-2
field [59].

The existence of these extra QNMs is by itself not
sufficient to guarantee that they will be excited in the
ringdown, since the latter involves ordinary gravitational
perturbations. Therefore, one needs to check if the massive

FIG. 9. BH compactness as function of the BH mass, normal-
ized with ! , in GR and in EW gravity. The vertical dotted line
correspond to the critical massMc. The other dashed lines
correspond, to radially unstable branches. Note that forM > M c,
EW gravity and GR share the same (radially stable) Schwarzs-
child solution.
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 (Lu+ 2015)

The “hairy” solution is unlikely to be relevant for phenomenological purposes, since it leads to larger rh/M, difficult to reconcile with observations!

On the other hand, for M>Mc, the background is Schwarzschild but the perturbations are different: QNMs  could probe the deviations!
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r h

" O(1)
!
rh

! 0.05
!
rh

! 1

! =
1
!

!
r h

=
1

! rh

1/r h rh = (1 Ö 2) GM

1/r h " ! 1/r h % !

f ($) = $2 f ($) = 1 " e" %2

%BG = ! 2 =
1

! 2

&=
%GB

r 2
h

=
! 2

r 2
h

< &max ! 1

1

The new degree of freedom leads to new series of QNMs!7

+ Br 2A!2 + Ar (! 2BrA !! ! rA !B ! + 6BA !

+ 4 r ! 2)
!
(4r 2A)" 1 , (41)

öV12 = ! r " 2 (! ! 2)
"

AB (2A ! rA !) , (42)

öV21 = ! 2r " 2
"

AB , (43)

öV22 = ! Aµ 2 +
"
r (2r ! 2 ! BA !) ! A(rB !

+ 2( µ2r 2 + ! ! 2))(2r 2)" 1!
. (44)

The terms ! Aµ 2 in öV11 and öV22 are an indication that
Q and Z correspond to massive modes propagating with
massµ2. Notice that with these redeÞnitions for F1 and
F2 we cannot simultaneously describe all three perturba-
tion functions (F1, F2, h1) in a Schr¬odinger-type system
due to the presence of theF !

2 term in ( 39).
In order to study the full QNM spectrum, we solved the

following system describing both massless and massive
degrees of freedom:

d2

dr2 ! + P
d
dr

! + V " = 0 (45)

where ! =
#
" (1) , " (2) , " (3)

$
# (h1, F1, F2), and

P =

%

&
P11 0 P13
0 P22 0
0 0 P33

'

( , V =

%

&
V11 V23 V13
0 V22 V23
0 V32 V33

'

( , (46)

where the matrix elements ofP and V are functions of
the background solution. In order to solve this system
of equations numerically we need to impose appropriate
boundary conditions at the horizon and at inÞnity.

For ingoing waves at the horizon, " ( j ) (r ) $ e" i ! r ! .
Therefore, we expand

h1(r ) = e" i ! r (r ! 2M )" 2iM !
)

n =0

÷h(n )
1 (r ! 2M )n " 1 ,

(47)

F1(r ) = e" i ! r (r ! 2M )" 2iM !
)

n =0

f (n )
1 (r ! 2M )n " 1 ,

(48)

F2(r ) = e" i ! r (r ! 2M )" 2iM !
)

n =0

f (n )
2 (r ! 2M )n . (49)

By substituting ( 47)-(48) into ( 40) we solve forf (n )
1,2 with

n % 1 in terms of f (0)
1,2 . Substitution of ( 49) in ( 29)

yields another free parameter, namely÷h(0)
1 . Therefore,

we have three free parameters in total at the horizon,
namely (h(0)

1 , f (0)
1 , f (0)

2 ).
For QNMs, we impose outgoing wave boundary condi-

tion at r & ' . This leads to:

h1(r ) = eikr r x
)

n =0

H (n )
1a

r n " 1 + ei ! r r 2iM !
)

n =0

H (n )
1b

r n " 1 , (50)

F1(r ) = eikr r x
)

n =0

F (n )
1

r n , (51)
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FIG. 3. Real (upper panel) and imaginary (lower panel) parts
of the fundamental axial, ! = 2 massive vector mode, nor-
malized with r h , as a function of p = r h µ, in the case of
Schwarzschild background. We show the results obtained
with the DI method (with nmax = 4 , 8) and with the CF
method (performed with N = 500 steps). The inset shows
a detail of the comparison between di! erent methods. The
Schwarzschild background is stable for p larger than the
threshold value denoted by the vertical dotted line.

F2(r ) = eikr r x
)

n =0

F (n )
2

r n " 1 , (52)

where k =
*

! 2 ! µ2 and x = M (µ2 ! 2! 2)/ (ik ). Since
we are studying QNMs, we look for solutions with! > µ ;
we note that the equation for " f µ " also admits quasi-
bound state solutions with ! < µ [59].

We also note that the perturbation function h1 has
two contributions at asymptotic inÞnity (Eq. ( 52)), corre-
sponding to the massless and massive degrees of freedom.
This is a consequence of the fact that"gµ" is coupled
with " f µ " through (6). By substituting Eqs. ( 50)-(52) in
Eqs. (6)-(10) we Þnd the coe# cients F (n )

1,2 with n % 1

in terms of F (0)
1,2 , while H (n )

1a is determined in terms of

(F (0)
1 , F (0)

2 ) for n % 0. Additionally, H (n )
1b is found in

terms of H (0)
1b for n % 1. Therefore, we have three free

parameters at inÞnity, namely (H (0)
1b , F (0)

1 , F (0)
2 ).
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FIG. 4. Same as Fig. 3, for tensor modes. The horizontal
dashed line corresponds to the massless mode, which coincides
with that of GR BHs.

The forward direct integration (DI) method we use
here is presented in AppendixC. The asymptotic ex-
pansion at the horizon, Eqs. (47)-(49), is performed up
to n = 4. Our convergence tests show that increasing
the order of this expansion does not signiÞcantly a! ect
the accuracy of our results, leading to truncation errors
smaller than 1%. The asymptotic expansion at inÞnity,
Eqs. (50)-(52), is performed up to n = nmax . The value
of nmax required to have a good accuracy of the results
depends on the value of the mass of the spin-2 mode, and
of the BH mass: larger values ofµr h require more terms
in the asymptotic expansion at inÞnity.

Since we are considering the case of Schwarzschild
background, it is also possible to employ a continued frac-
tion (CF) approach, which does not have the numerical
problems of the DI method [74, 75]. We found that con-
sidering N = 500 steps in the CF approach is su" cient,
since increasing that number by even an order of mag-
nitude does not a! ect the results signiÞcantly. For each
! ! 2, we Þnd two independent classes of axial QNMs,
corresponding to vector and tensor modes of the massive
spin-2 Þeld [59].

Summarizing, for each value of the BH mass (i.e. of
the horizon radius), for each ! , we Þnd three series of

modes with axial parity, parametrized as customarily by
the principal number n: (i) the massless modes, which
coincide with those of GR; (ii) the massive vector modes;
(ii) the massive tensor modes.

We present our results in Figs.3 4, where we show the
fundamental (n = 0) ! = 2 massive vector and tensor
modes, respectively, computed using the DI approach
with nmax = 4 , 8, and the CF approach. We Þnd that
the DI results, increasing nmax , converge towards the
CF results, which we use as a benchmark. The vector
mode computed using the DI approach withnmax = 4 is
a very good approximation, within 1%, of the CF result
for p ! 0.6, while for larger values ofp we neednmax = 8
to reach the same level of accuracy.For the tensor
mode, the DI approach with nmax = 4 is accurate
within 1% for p ! 0.6, while that with nmax = 8 has
the same accuracy for p ! 0.75. For larger p the
error increases but is smaller than 5% for p ! 0.95.
In Fig. 4 we also show the fundamental massless mode,
which also belongs to the spectrum, and is the same as
in GR. It coincides with the µ " 0 limit of the massive
tensor mode, while we remind that the massive vector
mode is not dynamical in this limit (see AppendixB).

We remark that in Figs. 3, 4, the Schwarzschild back-
ground is stable for p larger than the threshold value
denoted by the vertical dotted line. The unstable region
is shown to clarify how the agreement between DI and
CF approaches improves by increasingnmax .

B. Hairy BH background

In this case the analysis is more complicated since we
have to solve the full system of coupled equations (29),
(30). As we have shown, static, spherically symmet-
ric, and asymptotically ßat BHs in quadratic gravity are
Ricci-scalar ßat. Therefore øR = øf = 0 and (9) yields
ø# ! øf µ ! = 0. The constraint equation is # µ f µ ! = 0.

From (29) we have three nontrivial components. Below
we show their schematic form (note that the coe" cients
depend on the background coordinates and on" ):

(t#) : c( t " )
1 h!!

0 + c(t " )
2 h!

0 + c(t " )
3 h!

1 + c(t " )
4 h0

+ c(t " )
5 h1 + c(t " )

6 F0 = 0 ,
(53)

(r #) : c(r " )
1 h!

0 + c(r " )
2 h0 + c(r " )

3 h1 + c(r " )
4 F1 = 0 , (54)

($#) : c(#" )
1 h!

1 + c(#" )
2 h0 + c(#" )

3 h1 + c(#" )
4 F2 = 0 . (55)

From (30)

(t#) : d(t " )
1 F !!

0 + d(t " )
2 h!!

0 + d(t " )
3 F !

0 + d(t " )
4 F !

1

+ d(t " )
5 h!

0 + d(t " )
6 h!

1 + d(t " )
7 F0 + d(t " )

8 F1

+ d(t " )
9 F2 + d(t " )

11 h0 + d(t " )
12 h1 = 0 ,

(56)

The analysis of the spectrum is not sufficient to address the most important question:

which are the phenomenological imprint of this GR modifications? Which are the prospects of testing this theory with LVK and, later, with ET?

Indeed, the existence of the new modes in the spectrum is not a guarantee that they are excited (with significant amplitude) in an actual ringdown!

The lack of a well-defined expansion in 𝛼  makes it difficult to understand a priori the magnitude of these amplitudes.

4

FIG. 1. Time domain proÞle of the monopolar perturbation
for Mµ = 0 .2, 0.3, 0.35, 0.4, 0.5.

!"! !"# !"$ !"% !"& '"! '"#

! !"#!

! !"'(

! !"'!

! !"!(

FIG. 2. Quasinormal modes for µ ! [0, 0.5]. The results have
been obtained using a CF approach.

B. Frequency domain

1. Monopole ! = 0

The monopolar mode will be of particular focus as is
known to contain a long-wavelength instability.

Now let us examine this in further detail. As shown
in Fig. 2 when we consider the massive perturbations on
their own, and unlike what happens in GR, a monopole
QNM exists. It is important to notice now, that if we
want to consider quadratic gravity altogether, we must
consider both perturbation equations (11)-(12) simulta-
neously, namely

ø! ! f µ ! + 2 øR" µ#! ! f "# ! µ2! f µ ! = 0 , (25)

ø" $ ø" µ ! g!$ + ø" $ ø" ! ! gµ$ ! ø! ! gµ ! ! ø" ! ø" µ ! g

! (øgµ! + ! gµ ! )( ø" $ ø" %! g%$ ! ø! ! g)

+ 2µ2 (! f µ ! ! øgµ ! ! f ) = 0 .

(26)

We may retrieve the massive quasinormal modes (includ-

ing the monopolar and dipolar ones) by treating (25).
However considering (26) in conjunction, highlights an
issue regarding the monopole/dipole modes. In particu-
lar, let us take a look at speciÞc perturbation equations
in the monopolar scenario. In this case gauge invariance
allows us choose a di! erent gauge than the RW one in
which we may eliminateH1 and H , since the components
! gt &, ! gt ' etc. vanish for " = 0. Then, the components
of (26) in the frequency domain yield

(tt ) fH !
2 +

H2

r
+ rµ 2 [2K + F2] = 0 , (27)

(tr ) µ2F1 +
i#H2

r
= 0 , (28)

(rr ) fH !
0 +

H2

r
+ rµ 2 [2K ! F0] = 0 , (29)

we derive a Þrst order equation forH0
1

#fH !
0 + µ2 [2#rK ! #rF 0 ! iF 1] = 0 . (30)

We notice therefore, that unlike what happens in GR
there is a monopolar mode present originating from the
massive sector of the theory.

For the study of the monopolar waveforms it is su" -
cient to eliminate all perturbation functions in terms of
K (r ). After some algebra we are able to derive a single
master perturbation equation of the following form

f 2 d2K 00

dr2 +
2f
rQ

!
4µ2rf 2 + µ4r 2(r ! M )

+ 4#2(2r ! 3M )
"

dK 00

dr
+

1
Qr 3

!
! f (µ6r 6

+ 6µ2r 4#2) + 4 #2 #
! 12M 2 + 6Mr + r 4#2$

+ µ4r 2 #
r 4#2 ! 4

#
8M 2 ! 6Mr + r 2$$

"
K 00

= 0 ,

(31)

where we deÞned

Q00 = r
#
2µ2f + µ4r 2 + 4#2$

(32)

Alternatively, we may deÞne

K 00 #
$

Q00

r 5/ 2
K (

00 , (33)

in which case we may re-write the perturbation equation
in a Schr¬odinger type equation

d2K (
00

dr2
(

+
#
#2 ! VK !

00

$
K (

00 = 0 (34)

1 Notice that for µ = 0 which in this case yields the GR limit,
leads to H 0, H 2 ! 1/ (r " 2M ) and ! = 0, denoting a static mass
shift at inÞnity.
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Quadratic Gravity

To address these problems, we have studied the excitations of the new modes by a physical process, i.e. the radial fall of a particle:

(Antoniou, L.G., Pani, in preparation)

For large 𝜇, i.e. small 𝛼 , the energy flux behave as:

! ! ! min !
1
rh

! 1km" 1
!

M#

M

"

! !
1
rh

! 1km" 1
!

M#

M

"

!

! " ! max ! r h ! 1km
!

M
M#

"

I =
#

d4x
$

" g
$
R + 2f µ! Gµ! + µ2 %

f µ! f µ! " f 2&'

µ =
1

$
2"

!
rh

" O(1)
!
rh

! 0.05
!
rh

! 1

! =
1
!

!
r h

=
1

! rh

1/r h rh = (1 Ö 2) GM

1/r h " ! 1/r h % !

f (#) = #2 f (#) = 1 " e" " 2

" BG = ! 2 =
1

! 2

$ =
" GB

r 2
h

=
! 2

r 2
h

< $max ! 1

úE & e" µM = e" M/
$

2#

" %
%

!
! 4

r 4
h

1

no Taylor expansion around  𝛼 =0!

(all derivatives vanish)

This shows what does it mean to have a theory which is trival as an EFT expansion, but it is not as a full theory: 

if we do not expand in 𝛼 , there are in principle observable deviations…

…however, they are exponentially suppresed, negligible except close to the boundary of the allowed region 
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FIG. 4. Waveforms for the ! = 0 monopolar perturbations
in the highly relativistic limit ( " ! 1). The left column is
produced for an extraction radius of rµ = 10 while the right
one for rµ = 100. Each color corresponds to a di! erent mass
Mµ = 0 .01, 0.05, 0.1.

is K 00 ! µ2K !
00/r . The source of the perturbations ap-

pears on the RHS of Eqs. (31) and (34), and for highly
relativistic particles it takes the simple form

SK 00 = "
8!

#
" f

!
µ2r + 2 i#

"
ei " Tp

r 2Q00
(58)

For massive gravity, in the monopole case, the coe! cient
Ctr appearing in the emission formula is given by:

Cm
tr = |F0|2 " 2|F1|2 + |F2|2 + 2 |K |2 (59)

while in quadratic gravity its derivation is in principle
more involved. 2 For the monopolar case we need to

2 Notice that this equation agrees with Eq. (51) of the supplemen-
tary material of [ 27]. However, Eq. (52) in that work seems in-
consistent since ! 0 (K !

00 in our notation) is approaching rK 00 /µ 2

at asymptotic inÞnity, which means that there is a factor of r 2

missing. Moreover here we Þnd that at inÞnity, and combining
these we fail to recover the rest of Eq. (52) even if we ignore the
absence of r 2 .

FIG. 5.
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FIG. 6.

explicitly evaluate

TGW
tr $

#
$L

$(%g#$,t )
%g#$

,r

$
(60)

where

L =
%

d4x
&
&µ%R(2)

µ% " %gµ%R(1)
µ% +

1
2

%g R(1)
'

(61)

Since the amplitudes of the various perturbation func-
tions appear in the coe! cient Ctr we shall determine the
relationship between them at inÞnity. To do that we need
Þrst to determine what the asymptotic behavior of the
perturbation functions will be there. By making use of
(11)-(12), we Þnd that

(F0, F1, F2, K ) $ r M (µ 2 ! 2" 2 ) / ( ik ) eikr /r ,

(H0, H2) $ r M (µ 2 ! 2" 2 ) / ( ik ) eikr
(62)

At inÞnity the source terms do not contribute and it is
easy to deduce thatF (out)

0 $ " (2k2
" /µ 2)K (out) , F (out)

1 $
(2#k" /µ 2)K (out) , F (out)

2 $ " 2
(
(k2

" /µ 2) + 1
)

K, H 2 $
" 2ik " K (out) .

As expected, since the scalar degree of freedom is mas-
sive, emission at inÞnity is possible only for frequencies
# > µ .

PP: add ßux at the horizon
In Fig. 5 we show our main results for the monopolar
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Forbidden region: 

Schwwarzschild BHs are unstable!


These are preliiminary results (we need to check with circular orbits, in particular looking at the flux at the horizon)

but the indications are that the new modes in this theory are difficult to excite in astrophysical settings.



Conclusions:

 BHs, observed through GW detectors, are the best probes for GR deviations in the strong field regime. 

 Gravity theories with large curvature corrections can in principle leave a signature observable by present and next-generation GW detectors

 At leading order, these observations can test the length-scale of the coupling, i.e. the new fundamental scale of the theory

 We still have to study a lot: trying to better understand theories with curvature corrections and improving our  phenomenological tests, 

  in order to probe more than just one fundamental length

Leonardo Gualtieri                                                            Black Holes, Neutron Stars and Gravitational Waves @ Black Sea                                                            Varna, 20/06/2025 

 The range of values of this scale which can actually be probed may be narrow, due to observational limitations + theoretical constraints 

 The situation may change, at least in the case of scalar Gauss-Bonnet gravity, if one considers more general couplings…

… or including additional terms in the action, even with different scales

 Quadratic gravity could be a potentially interesting theory, but it turns out that phenomenological implications are unlikely 

 We should not only look for deviations to GR observables, but also to new features of the theories, such as new classes of QNMs


