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Motivation

- Astrophysical scenarios containing compact objects (in particular BHs) 
are currently the main source of GWs detections.

- Core-collapse supernovae are among the potential candidates.
 
- Numerical simulations needed to obtain accurate templates:

· Excision + Generalized Harmonic Gauge
· Puncture method + BSSN formulation

- Excision technique in constrained formulations:
· Reduction of computational time: avoidance of restriction in 

time-step due to strong gradients and cell size in spherical coordinates.
· Wrong boundary conditions (BC) invalidate the solution of elliptic 

equations in the whole numerical domain.
· Used to generate initial data.

Free evolution 
schemes



  

Motivation

- Excision technique in constrained formulations for dynamical 
evolutions:

· Previous geometrical approach (isolated horizon paradigm / 
trapping horizon): quite complex and difficult to implement in 
numerical codes.

· Some approaches fixing the excision surface at the AH / 
remapping of coordinates: computationally expensive and maybe too 
rigid.

     · Alternative approach having in mind collapsar scenarios, where 
the AH is found before the appearance of the physical singularity.
 → Easy implementation.
 → Stability and convergence to stationary values.
 → Capability to locate/move excision surface.



  

Fully Constrained Formulation:

- Spacetime metric:

- Conformal decomposition:

- Difference between conformal and flat fiducial metrics:

- Gauge choice: maximal slicing + generalized Dirac gauge

- Conformal extrinsic curvature:



  

 Fully Constrained Formulation:

- Resulting elliptic 
equations (or their 

corresponding 
log versions):

- Resulting evolution 
equations (some 
simplifications 

can be included):

- Spherical symmetry:



  

Excision technique: spherically symmetric spacetimes

- Horizon geometry:

     topological 2-sphere.       induced 2-metric.      unit outward 
directed spacelike vector normal to     .

 Outward and inward directed vectors:

 Evolution vector:

 Outward expansion:

 Shear:

- Schwarzschild BH:

 AH is a null hypertube:

 Vanishing expansion on the AH:

 Setting            . Arbitrary value of the lapse for initial data.



  

- Dynamical approach:

 Collapsar scenario:                     

Excision technique: spherically symmetric spacetimes

formation of 
trapped region

AH might be stretched or deformed in 3D models. We choose instead 
a coordinate sphere located strictly inside the AH as excision surface:  
                

Boundary conditions for solving elliptic equations:

 

  
                         value of the lapse according to time independent 
equation for conformal extrinsic curvature

Spherically symmetric spacetimes: adapted coordinates:



  

Numerical results:

- Set up:

· Spherical coordinates.

· Excision sphere located at the coordinate radius r=1.

· Initial data:

Choose                                         and solve the corresponding 
elliptic equation for the conformal factor with this von Neumann 
boundary condition (BC).

Choose a boundary value for the lapse at the excised surface and 
solve the corresponding elliptic equation with this Dirichlet condition.

Choose a boundary value for                  from which a Dirichlet BC 
for      is deduced, the other two components of the shift vector 
being zero (spherical symmetry). Solve the corresponding elliptic 
(vector) equation.

· Geometric units.



  

Numerical results and comparisons:

- Schwarzschild BH:

Initial boundary values:

                          and AH located at                          . 

Stable evolution

Mass conservation 
similar to conservation 
of the AH surface 
(error              )

Second-order 
convergence

Exponential 
convergence to 
stationary spacetime



  

Numerical results:

- Accretion of a massless scalar field:

Klein-Gordon equation rewritten as a first order system.
Sommerfeld-like condition for the outer boundary. No BC needed at the 

excision surface (all characteristic directed out of the computational domain 
(as long as                   ). 

Initial data given by a Gaussian profile (for r>1):



  

Numerical results:

- Collapse of a NS to a BH:

· CoCoNuT's code.
· Initial static neutron star, 
polytropic EoS, unstable branch.



  

Excision technique: spherically symmetric spacetimes

- Convergence to stationary solutions:
No evolution equations.
Elliptic equations: analysis of values at the excision surface:
                         , lapse given by consistency with            , and 

evolution equation for the conformal factor.
Exponential convergence to a constant value in numerical 
simulations (spherical symmetry).

- Generalized boundary conditions: introduction new parameter l:

                    value of the lapse according to time independent 
equation for conformal extrinsic curvature



  

Generalization: introduction of a new parameter

- Collapse of a NS to a BH:

· CoCoNuT's code.
· Initial static neutron star, polytropic EoS, unstable branch.

Value conformal factor 
at excision surface:

- Stable simulations.

- Exponential 
convergence.

- New parameter 
moves physical 
location of excision 
surface.



  

Generalization: general relativistic core-collapse 
supernovae simulations

- Original scheme (l=2) implementation in CoCoNuT-FMT SN code: 
development of some numerical instabilities, AH becomes very large 
and matter accretion (extremely relativistic flows) makes the problem 
more difficult.

- Modified BC at excision surface (control of outgoing characteristics):

- Outer BC consistent with ADM mass conservation (instead of BC at 
excision surface) for the conformal factor:

- Ghost cells for excision BC for hydro quantities: constant values in 
general, 4-velocity extrapolation with proper radial decay.



  

Generalization: general relativistic core-collapse 
supernovae simulations

· 85 solar mass progenitor, 
1D simulation, LS EoS, 
neutrinos with fast 
multigroup transport 
scheme.

· More general simulations 
with excision also 
performed: 
2D supernova explosion 
model (2D hydro, CFC 
spacetime metric). 



  

Conclusions and future steps:

- Excision technique in dynamical simulations using constrained 
formulations in the case of spherically symmetric spacetimes.

- Successful simulations in the case of Schwarzschild BH and 
accretion of a massless scalar field.

- Valid approach for collapsar models, where excision is used once 
the AH has been formed.

- Generalized boundary conditions:
·· New parameter in simplified configurations.
·· New BC in general relativistic core-collapse SN simulations.

- Future steps:
·· Explore combination of previous BC in simplified and more 

dynamical simulations.
·· Go beyond CFC → FCF formulation.
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