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The evolution of a compressible fluid is described by a nonlinear hyperbolic 
system of conservation laws
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The behavior of the nonlinear characteristic wavefields is determined by the 
scalar quantity known as nonlinearity factor
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where        and        are the kth characteristic field eigenvalue and right 
eigenvector of the Jacobian 

Lax (1973): depending on the sign of      the wave structure of the Euler 
equations can be classical or complex (non-classical or non-convex).
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  Classical vs non-classical wave structure Lax (1973)
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1)                   :  
Genuine nonlinearity of wavefields and classical nonlinear wave structure. 
Expansive rarefaction waves and compressive shocks.
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A receding shock wave. 

  

“Supersonic Flow and Shock Waves”, 
R Courant and K O Friedrichs  

(Interscience Publishers, Inc., New 
York, 1948).
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1)                   :  
Genuine nonlinearity of wavefields and classical nonlinear wave structure. 
Expansive rarefaction waves and compressive shocks.
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Sod’s shock tube problem
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2) A change of sign in              induces non-genuinely nonlinearity of wavefields. 
 Formation of complex (non-classical) wave structure of two types:  

• splits a shock in two parts, connected by a progressive wave. 
• it splits a progressive wave and introduces a shock.
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Guardone & Vigevano 
(2001)
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van der Waals EoS
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In classical hydrodynamics described by Euler equations the nonlinearity factor                
is proportional to the fundamental derivative

   specific volume
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defined through an EoS
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G

All derivatives computed at constant specific entropy

Hence, changes of sign of    (thermodynamically, 
the non-convex region) determine the complexity 
of the wave structure.  

The thermodynamical magnitude    measures the 
convexity of isentropes in the p–V plane.  

(Menikoff & Plohr 1989, Godlewski & Raviart 1996)

  The fundamental derivative

<latexit sha1_base64="IH4ExLoieVlI/quvOd0usGijJ78=">AAAB83icbZDLSsNAFIYnXmu9RV26GSxC3ZREvC2LblxWsBdoQphMT9qhkwtzKZSQJ9GVqDvfxBfwbZzWLLT1X31z/n/gnD/MOJPKcb6sldW19Y3NylZ1e2d3b98+OOzIVAsKbZryVPRCIoGzBNqKKQ69TACJQw7dcHw387sTEJKlyaOaZuDHZJiwiFGizCiwbS/RQT4u6rkXRlgXZ4FdcxrOXHgZ3BJqqFQrsD+9QUp1DIminEjZd51M+TkRilEORdXTEjJCx2QIfYMJiUH6+XzzAp9GqcBqBHj+/p3NSSzlNA5NJiZqJBe92fA/r69VdOPnLMm0goSaiPEizbFK8awAPGACqOJTA4QKZrbEdEQEocrUVDXnu4vHLkPnvOFeNS4fLmrN27KICjpGJ6iOXHSNmugetVAbUTRBz+gNvVvaerJerNef6IpV/jlCf2R9fAP1LZDt</latexit>

⌫k(u)
<latexit sha1_base64="hgo07J7ogZTqRdDYoRhRUv4FEH4=">AAAB6HicbZDLTgIxFIbPeEW8oS7dNBITV2TGeFsS3bjERC4JTEinnIFKZ9q0HRNCeAddGXXn8/gCvo0FZ6Hgv/p6/r/J+U+kBDfW97+8peWV1bX1wkZxc2t7Z7e0t98wMtMM60wKqVsRNSh4inXLrcCW0kiTSGAzGt5M/eYjasNlem9HCsOE9lMec0atGzU7SktlZbdU9iv+TGQRghzKkKvWLX12epJlCaaWCWpMO/CVDcdUW84EToqdzKCibEj72HaY0gRNOJ6tOyHHsdTEDpDM3r+zY5oYM0oil0moHZh5bzr8z2tnNr4KxzxVmcWUuYjz4kwQK8m0NelxjcyKkQPKNHdbEjagmjLrblN09YP5sovQOK0EF5Xzu7Ny9To/RAEO4QhOIIBLqMIt1KAODIbwDG/w7j14T96L9/oTXfLyPwfwR97HN4vHjV8=</latexit>/

<latexit sha1_base64="q4mxY/qSP4xYVCwR0XpV0PAbit0=">AAACRnicbZDLSgMxFIbP1Hu9VV26CRbBjWWmeFuKLnSpYFuhU0smnrHBzMUkI5Qh76fgC/gSuhJ1Z9oOotWzCP85/5eQ8wep4Eq77rNTmpicmp6ZnSvPLywuLVdWVpsqySTDBktEIi8DqlDwGBuaa4GXqUQaBQJbwe3xwG/do1Q8iS90P8VORG9iHnJGtR11Kyz3GRXkxPh4l/F7su2HkrLcM3ndNEe6OFMqNafiqk5S892R5lXdmDHkN2BMt1J1a+6wyF/hFaIKRZ11K0/+dcKyCGPNBFWq7bmp7uSDF5lAU/YzhSllt/QG21bGNELVyYdhGLIZJpLoHpJh/5PNaaRUPwosE1HdU+PeYPif1850eNDJeZxmGmNmEeuFmSA6IYNMyTWXyLToW0GZ5PaXhPWojUTb5Mt2fW982b+iWa95e7Xd853q4VERxCyswwZsgQf7cAincAYNYPAIr/ABn86D8+K8Oe8jtOQUd9bgV5XgC4FYs5A=</latexit>

G ⌘ �1

2
V

@2p
@V 2

@p
@V

J. Antonio Font                     BH, NS & GW @ Black Sea, Varna (Bulgaria)   —   Jun 16-20 (2025)                     |  6



Bethe-Zel’dovich-Thompson (BZT) fluids

Pioneer work on non-convex thermodynamics made by Bethe (1942), Zel’dovich (1946), 
and Thompson (1971).  

Thompson introduced the concept of the fundamental derivative.  

Fluids attaining negative values of the fundamental derivative are called Bethe-Zel’dovich-
Thompson fluids, or BZT fluids (e.g. van der Waals EoS; see Voss 2005).

The fundamental derivative measures the convexity of the isentropes in the           plane.  

• If          , isentropes in the           plane are convex, leading to expansive rarefaction 
waves and compressive shocks (Thompson 1971).  

This is the usual regime in which many astrophysical scenarios develop.  

• However, some EoS may display regimes in which            and the EoS is non-convex.  

The non-convexity of isentropes in the          plane yield e.g. compressive rarefaction 
waves and expansive shocks. 
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<latexit sha1_base64="UHko7M+vAebBxt1tlNOL7uFoTuI=">AAAB53icbZDLTsMwEEUn5VXKq8CSjUWFxIYqQbyWFWxYFok+pDaqHHfSmjpxZDtIVdRvgBUCdvwPP8Df4JYsoOWujudeS3MnSATXxnW/nMLS8srqWnG9tLG5tb1T3t1rapkqhg0mhVTtgGoUPMaG4UZgO1FIo0BgKxjdTP3WIyrNZXxvxgn6ER3EPOSMGjtqJiddNZS9csWtujORRfByqECueq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOxZhGqP1stu2EHIVSETNEMnv/zmY00nocBTYTUTPU8950+J/XSU145Wc8TlKDMbMR64WpIEaSaWnS5wqZEWMLlClutyRsSBVlxp6mZOt782UXoXla9S6q53dnldp1fogiHMAhHIMHl1CDW6hDAxg8wDO8wbvDnSfnxXn9iRac/M8+/JHz8Q1Hz4yX</latexit>p� ⇢

<latexit sha1_base64="rSvf1Aa1oo2mcOviUIjxJr+sY9k=">AAAB63icbZDLTsMwEEUn5VXKq8CSjUWFxKpKEK8VqmAByyLRh2ijynEnrVU7iWwHqYr6FbBCwI6/4Qf4G9ySBRTu6njutTR3gkRwbVz30yksLC4trxRXS2vrG5tb5e2dpo5TxbDBYhGrdkA1Ch5hw3AjsJ0opDIQ2ApGV1O/9YBK8zi6M+MEfUkHEQ85o8aO7rMuo4JcTy7cXrniVt2ZyF/wcqhArnqv/NHtxyyVGBkmqNYdz02Mn1FlOBM4KXVTjQllIzrAjsWIStR+Ntt4Qg7CWBEzRDJ7/8xmVGo9loHNSGqGet6bDv/zOqkJz/2MR0lqMGI2Yr0wFcTEZFqc9LlCZsTYAmWK2y0JG1JFmbHnKdn63nzZv9A8qnqn1ZPb40rtMj9EEfZgHw7BgzOowQ3UoQEMIniCV3hzpPPoPDsv39GCk//ZhV9y3r8Ah36N1g==</latexit>

G > 0

<latexit sha1_base64="pnbHUlcZNwK7ikv5vUzJzKywWMk=">AAAB63icbZC7TsMwFIZPyq2UW4GRxaJCYqoSxG1gqGCAsUj0ItqoctyT1qqdRLaDVEV9CpgQsPE2vABvg1syQOGfPp//t3T+EySCa+O6n05hYXFpeaW4Wlpb39jcKm/vNHWcKoYNFotYtQOqUfAIG4Ybge1EIZWBwFYwupr6rQdUmsfRnRkn6Es6iHjIGTV2dJ91GRXkenLh9soVt+rORP6Cl0MFctV75Y9uP2apxMgwQbXueG5i/Iwqw5nASambakwoG9EBdixGVKL2s9nGE3IQxoqYIZLZ+2c2o1LrsQxsRlIz1PPedPif10lNeO5nPEpSgxGzEeuFqSAmJtPipM8VMiPGFihT3G5J2JAqyow9T8nW9+bL/oXmUdU7rZ7cHldql/khirAH+3AIHpxBDW6gDg1gEMETvMKbI51H59l5+Y4WnPzPLvyS8/4FhICN1A==</latexit>

G < 0
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These “exotic” phenomena have been observed in CFD experiments. 
A BZT fluid past an airfoil (Cinnella & Congedo (2007), Cinnella+ (2011)).

  “Exotic” fluid dynamics
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  “Exotic” fluid dynamics

No experimental evidence of rarefaction shocks is currently available.

To prove their existence, shock tube facility built 
in 2004 at the Process & Energy Department of 
the Delft University of Technology.  

CFD simulations, employing a real gas EoS, 
performed to understand the complex unsteady 
phenomena occuring inside the shock tube 
during experimental runs.

 VDM Verlag (2009)

First experimental generation of a RSW seems to 
have been observed very recently (in silicon oil; 
siloxane D6). 

Prof. Piero Colonna (private communication)

J. Antonio Font                     BH, NS & GW @ Black Sea, Varna (Bulgaria)   —   Jun 16-20 (2025)                     |  9

From google AI: Siloxane D6, also known as dodecamethylcyclohexasiloxane, is a clear, colorless 
liquid primarily used in cosmetics and personal care products, as well as in some industrial applications.



It has been shown in non-classical hydrodynamics and MHD that in order to capture 
the complex wave structure numerical schemes require an “appropriate level of 
dissipation”:

However, prescribing too large numerical dissipation might prevent the formation 
of complex waves (Marquina+ 2019).

The existence of complex waves does not allow a direct use of standard 
numerical techniques for solving the compressible Euler equations, which were 
developed to deal with classical wave structures. 

• Brio & Wu (1988) 
• Argrow (1996) 
• Müller & Voss (1999): exact Riemann solver taking into account nonclassical gas 

behavior (extending Godunov’s method). 
• Rider & Bates (2001): Riemann solver with an explicit treatment of the non-

convexity of the isentropic curves. 
• Guardone & Vigevano (2002):  Roe’s Riemann solver for general dense gas 

models and for the polytropic van der Waals gas in particular. 
• Heuze+ (2009) 
• Serna & Marquina (2005, 2014), Serna (2009)

   Potential numerical issues …
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Complex waves do also exist in the characteristic structure of the relativitic Euler 
equations and MHD when the EoS is non-convex. 

Investigations conducted by the Valencia group (with Prof. Ibáñez playing a 
fundamental role in driving those efforts).

• Ibáñez, Cordero-Carrión, Martí & Miralles (2013): “On the convexity of relativistic 
hydrodynamics”. 

• Ibáñez, Cordero-Carrión, Aloy, Martí & Miralles (2015): “On the convexity of relativistic 
ideal magnetohydrodynamics”. 

• Ibáñez, Marquina, Serna & Aloy (2018): “Anomalous dynamics triggered by a non-
convex EoS in relativistic flows”. 

• Aloy, Ibáñez, Sanchis-Gual, Obergaulinger, JAF, Serna & Marquina (2019): “Neutron 
star collapse and gravitational waves with a non-convex EoS”. 

• Berbel, Serna & Marquina (2023): “Exact Riemann solver for non-convex relativistic 
hydrodynamics”. 

• Rivieccio, Guerra, Ruiz & JAF (2024): “Gravitational wave imprints of non-convex 
dynamics in binary neutron star mergers”.

  What about relativistic hydro and MHD?
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Non-convex dynamics 
(GGL EoS)

Convex dynamics 
(Ideal gas EoS)

  1D Riemann problem: relativistic blast wave collision

Ibáñez+ 2018
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Non-convex dynamics 
(toy model EoS)

Convex dynamics 
(Ideal gas EoS)

  1D Riemann problem: relativistic blast wave collision

Ibáñez+ 2018
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<latexit sha1_base64="/Zlw1XYGR95XxCQBa6QHBTMbDQE=">AAAB6XicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIt2XRhS4r2Au0oZxMT9qhM0mYmQil9CF0JerO1/EFfBunNQtt/VffnP8fOP8JU8G18bwvZ2l5ZXVtvbBR3Nza3tkt7e03dJIpRnWWiES1QtQkeEx1w42gVqoIZSioGQ5vpn7zkZTmSfxgRikFEvsxjzhDY0etzi1KiV2/Wyp7FW8mdxH8HMqQq9YtfXZ6CcskxYYJ1Lrte6kJxqgMZ4ImxU6mKUU2xD61LcYoSQfj2b4T9zhKlGsG5M7ev7NjlFqPZGgzEs1Az3vT4X9eOzPRVTDmcZoZipmNWC/KhGsSd1rb7XFFzIiRBWSK2y1dNkCFzNjjFG19f77sIjROK/5F5fz+rFy9zg9RgEM4ghPw4RKqcAc1qAMDAc/wBu/O0HlyXpzXn+iSk/85gD9yPr4BaQGNOA==</latexit>

�1 Adiabatic index.  
Characterizes stiffness of EoS at a given density. 
Shows a local maximum above nuclear matter saturation 
density. 

<latexit sha1_base64="Wh+aK4jrueJ33hwF7fK5TAZG4K0="></latexit>

G(C) ⌘ �1

2
V

@2p
@V 2

@p
@V

<latexit sha1_base64="1TDKyM8+lw++QldExsyqgKNgzRU="></latexit>

G(C) = 1 +
@ log cs
@ log ⇢

=
1

2

✓
1 + �1 +

@ log�1

@ log ⇢

◆

(all derivatives computed 
at constant entropy)

  The fundamental derivative (again)

Shen+ (2011)  

non-monotonic behaviour of adiabatic 
index for various EoS broadly used in 
numerical simulations (e.g. CCSNe and 
BNS mergers). 
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Non-monotonic sound speed (Haensel & Potekhin 2004).non-monotonic behaviour 
of adiabatic index across 
various EoS.

  Non-monotonic sound speed

The non-monotonicity of the adiabatic index (sound speed) is a genuine feature of 
matter at a few times nuclear saturation density. 

Ibáñez+ 2018

toy 
model

toy 
model

Negative fundamental derivative
Non-classical (non-convex) dynamics

Relativistic version of the fundamental derivative Ibáñez+ 2013

<latexit sha1_base64="3UcCsYzadS7oDlexRlGJcbeFPBw=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZ42tJdOMSjTwSIKSnqYEOPY9015iQCV+gK6Pu/CN/wL+xwVkoelen695O6pafKGnIdT+dwtLyyupacb20sbm1vVPe3WuaONUCGyJWsW773KCSETZIksJ2opGHvsKWP76e+a0H1EbG0T1NEuyFfBjJQApOdnTXzfrlilt152J/wcuhArnq/fJHdxCLNMSIhOLGdDw3oV7GNUmhcFrqpgYTLsZ8iB2LEQ/R9LL5plN2FMSa0QjZ/P0zm/HQmEno20zIaWQWvdnwP6+TUnDZy2SUpISRsBHrBaliFLNZYTaQGgWpiQUutLRbMjHimguyZynZ+t5i2b/QPKl659Wz29NK7So/RBEO4BCOwYMLqMEN1KEBAgJ4gld4c9B5dJ6dl+9owcn/7MMvOe9fkYSLBA==</latexit>

{
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If there are phase transitions to exotic components, the fundamental derivative could be 
negative, and the EoS be non-convex. This would lead to non-convex dynamics.

Above n0 nuclear/hadronic 
matter undergoes a phase 
transition into a quark-gluon 
plasma. 

The EoS energy density in the crossover region is about 1.2−3.1n0  
Within this temperature range                                       the sound speed is non-monotonic. 

HotQCD Coll. (Bazavov+ 2014), Wuppertal-Budapest Coll. (Borsányi+ 2014) Badaque & Steiner (2015).

<latexit sha1_base64="DlYP9GOLb4CwWRrDLtsJCxlsv6c=">AAACAXicbVDNSgMxGMz6W+tf1aMgwSLUS9nVtnosevEiVOgfdJeSTb9tQ5PdJckKZelJX0ZPot58BV/AtzGtPWjrnCYzE/hm/JgzpW37y1paXlldW89sZDe3tnd2c3v7TRUlkkKDRjySbZ8o4CyEhmaaQzuWQITPoeUPryd+6x6kYlFY16MYPEH6IQsYJdpI3dxRxymVXQ64jgupKwW+heb4FE8Up3LudXN5u2hPgReJMyN5NEOtm/t0exFNBISacqJUx7Fj7aVEakY5jLNuoiAmdEj60DE0JAKUl057jPFJEEmsB4Cn79/ZlAilRsI3GUH0QM17E/E/r5Po4NJLWRgnGkJqIsYLEo51hCdz4B6TQDUfGUKoZOZKTAdEEqrNaFlT35kvu0iaZ0WnUizflfLVq9kQGXSIjlEBOegCVdENqqEGougRPaM39G49WE/Wi/X6E12yZn8O0B9YH99tQ5Q8</latexit>

[145  T (MeV)  163]

(Credit: GSI Helmholtzzentrum für Schwerionenforschung GmbH, Darmstadt/Germany)

  QCD phase diagram
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                or             : this is the question ….

As non-monotonic behaviour of sound 
speed can yield negative values of the 

fundamental derivative … 

 … can it affect the dynamics of 
astrophysical compact objects and 

associated observables?

<latexit sha1_base64="rSvf1Aa1oo2mcOviUIjxJr+sY9k=">AAAB63icbZDLTsMwEEUn5VXKq8CSjUWFxKpKEK8VqmAByyLRh2ijynEnrVU7iWwHqYr6FbBCwI6/4Qf4G9ySBRTu6njutTR3gkRwbVz30yksLC4trxRXS2vrG5tb5e2dpo5TxbDBYhGrdkA1Ch5hw3AjsJ0opDIQ2ApGV1O/9YBK8zi6M+MEfUkHEQ85o8aO7rMuo4JcTy7cXrniVt2ZyF/wcqhArnqv/NHtxyyVGBkmqNYdz02Mn1FlOBM4KXVTjQllIzrAjsWIStR+Ntt4Qg7CWBEzRDJ7/8xmVGo9loHNSGqGet6bDv/zOqkJz/2MR0lqMGI2Yr0wFcTEZFqc9LlCZsTYAmWK2y0JG1JFmbHnKdn63nzZv9A8qnqn1ZPb40rtMj9EEfZgHw7BgzOowQ3UoQEMIniCV3hzpPPoPDsv39GCk//ZhV9y3r8Ah36N1g==</latexit>

G > 0
<latexit sha1_base64="pnbHUlcZNwK7ikv5vUzJzKywWMk=">AAAB63icbZC7TsMwFIZPyq2UW4GRxaJCYqoSxG1gqGCAsUj0ItqoctyT1qqdRLaDVEV9CpgQsPE2vABvg1syQOGfPp//t3T+EySCa+O6n05hYXFpeaW4Wlpb39jcKm/vNHWcKoYNFotYtQOqUfAIG4Ybge1EIZWBwFYwupr6rQdUmsfRnRkn6Es6iHjIGTV2dJ91GRXkenLh9soVt+rORP6Cl0MFctV75Y9uP2apxMgwQbXueG5i/Iwqw5nASambakwoG9EBdixGVKL2s9nGE3IQxoqYIZLZ+2c2o1LrsQxsRlIz1PPedPif10lNeO5nPEpSgxGzEeuFqSAmJtPipM8VMiPGFihT3G5J2JAqyow9T8nW9+bL/oXmUdU7rZ7cHldql/khirAH+3AIHpxBDW6gDg1gEMETvMKbI51H59l5+Y4WnPzPLvyS8/4FhICN1A==</latexit>

G < 0
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Following Ibáñez+ 2018 we illustrate the effects a non-convex EoS may produce on 
the dynamics of NS collapse and BNS mergers with a phenomenological EoS.  
This toy-model EoS mimics the loss of convexity resulting from a non-monotonic 
behavior of the adiabatic index with density.

<latexit sha1_base64="GvoRie8Hab8/p8I8DC/izE7PZt8=">AAAB+3icbVDLSsNAFJ3UV62vqhvBTbAIdWFJxNdGKLrQZQX7gCaUyfSmGTqTCTMToYT6M7oSdedf+AP+jZPahVbP6tx7zoV7TpAwqrTjfFqFufmFxaXicmlldW19o7y51VIilQSaRDAhOwFWwGgMTU01g04iAfOAQTsYXuV6+x6koiK+06MEfI4HMQ0pwdqseuWd5KLqXWPO8aF74MlIeJAoynKp4tScCey/xJ2SCpqi0St/eH1BUg6xJgwr1XWdRPsZlpoSBuOSlypIMBniAXQNjTEH5WeTBGN7PxTS1hHYk/mnN8NcqREPjIdjHalZLV/+p3VTHZ77GY2TVENMjMVoYcpsLey8CLtPJRDNRoZgIqn50iYRlphoU1fJxHdnw/4lraOae1o7uT2u1C+nRRTRLtpDVeSiM1RHN6iBmoigB/SEXtGbNbYerWfr5dtasKY32+gXrPcvIZqT0A==</latexit>

p = (�� 1)⇢✏

<latexit sha1_base64="RjDiRaqbvXu0pWxkr1vbC4pgRU8="></latexit>

� = �0 + (�1 � �0)e
� (⇢�⇢1)2

�2

4 free parameters: <latexit sha1_base64="/LZA6amfdDeVzVI8otP1ehKxeFo=">AAACBXicbZC7TsMwGIWdcivlFmBksVohMaAqQdzGChbGItGL1EbRH9dJrdpJZDtIVdQZXgYmBGy8AC/A2+CWDNByFn/+z7Hk8wcpZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvbZKMkloiyQ8kd0AFOUspi3NNKfdVFIQAaedYHQ99Tv3VCqWxHd6nFJPQBSzkBHQZuTb1X4EQoDvHOOCXEOKRQLMKYeJ7/p2zak7M+FFcAuooUJN3/7sDxKSCRprwkGpnuuk2stBakY4nVT6maIpkBFEtGcwBkGVl8+6TPBhmEishxTP7r+zOQilxiIwGQF6qOa96fA/r5fp8NLLWZxmmsbERIwXZhzrBE9XggdMUqL52AAQycwvMRmCBKLN4iqmvjtfdhHaJ3X3vH52e1prXBWLKKMDVEVHyEUXqIFuUBO1EEGP6Bm9oXfrwXqyXqzXn2jJKt7soz+yPr4BJo+XAQ==</latexit>�0, �1,�, ⇢1
Ibáñez+ 2018

toy 
model

toy 
model

  A phenomenological non-convex EoS (toy model)
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  Neutron star collapse

Models D1 and D4 from Baiotti+ (2005)
Dynamically unstable uniformly rotating NS; collapse to BH on a dynamical timescale.

Aloy+ 2019
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Signature of non-classical dynamics: a shock develops at the edge between the 
homologous inner core of the NS and the outer core, which falls supersonically.
Collapse has no memory of non-convex dynamics: for all models considered and GLL EoS 
parameters shock always engulfed by the growing BH.

   Non-classical dynamics does not alter the final outcome

<latexit sha1_base64="FTjWaE1RwJfYozMUK/rtUqlujgY=">AAACEHicbZC7TsMwGIUdrqXcAowsFhWoSKVKELeBoaIDjAXRi9REkeO6rVXnIttBqqK8BLwMTAjYEC/A2+CEDKXlLD7+v2PJ53dDRoU0jG9tbn5hcWm5sFJcXVvf2NS3tlsiiDgmTRywgHdcJAijPmlKKhnphJwgz2Wk7Y7qKW8/EC5o4N/LcUhsDw182qcYSTVy9KPYwojB68SJy/XD5NKAVsWqQOsgOyfgXQodvWRUjUxw1pi5KYFcDUf/snoBjjziS8yQEF3TCKUdIy4pZiQpWpEgIcIjNCBdZX3kEWHHWa0E7vcDDuWQwOw+mY2RJ8TYc1XGQ3Ioplk6/I91I9m/sGPqh5EkPlYRxfoRgzKA6XZgj3KCJRsrgzCn6pcQDxFHWKodFlV9c7rsrGkdV82z6untSal2lS+iAHbBHigDE5yDGrgBDdAEGDyBF/AOPrRH7Vl71d5+o3Na/mYH/JH2+QN6bpmh</latexit>

G(C) < 0 & G(R) < 0

<latexit sha1_base64="v7RQ76kabvOa6kDAycUjGNLPo4A=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VpoZZEfC1Eil3osop9QBPKZJy0QycPZiZCCfkJ/RldiboTf8C/cRqzqK1nc8+95wzMOU7IqJCG8a3l5uYXFpfyy4WV1bX1DX1zqyWCiGPSxAELeMdBgjDqk6akkpFOyAnyHEbazrA+1tsPhAsa+HdyFBLbQ32fuhQjqU49/SC2MGLwKunFpXo5uTCgVbEq0NpP54R4W07OjZ5eNKpGCjhLzIwUQYZGT/+y7gMcecSXmCEhuqYRSjtGXFLMSFKwIkFChIeoT7qK+sgjwo7TWAnccwMO5YDAdJ/0xsgTYuQ5yuMhORDT2vj4n9aNpHtmx9QPI0l8rCxKcyMGZQDH7cB7ygmWbKQIwpyqX0I8QBxhqTosqPjmdNhZ0jqsmifV45ujYu0yKyIPdsAuKAETnIIauAYN0AQYPIEX8A4+tEftWXvV3n6tOS17sw3+QPv8AX2mmaM=</latexit>

G(C) > 0 & G(R) < 0

Final Kerr BH spin 
independent of <latexit sha1_base64="FKa8SWxkbkARRVd+mP3gB9+pPnE=">AAAB6XicbZDLTsMwEEUn5VXKq8CSjUWFxKpKEK9lBRuWRaIPqY0qx500Vp04sh2kKupHwAoBO36HH+BvcEsW0HJXx3OvpbkTpIJr47pfTmlldW19o7xZ2dre2d2r7h+0tcwUwxaTQqpuQDUKnmDLcCOwmyqkcSCwE4xvZ37nEZXmMnkwkxT9mI4SHnJGjR11+yqSg9ybDqo1t+7ORZbBK6AGhZqD6md/KFkWY2KYoFr3PDc1fk6V4UzgtNLPNKaUjekIexYTGqP28/m+U3ISSkVMhGT+/p3Naaz1JA5sJqYm0ovebPif18tMeO3nPEkzgwmzEeuFmSBGklltMuQKmRETC5QpbrckLKKKMmOPU7H1vcWyy9A+q3uX9Yv781rjpjhEGY7gGE7BgytowB00oQUMBDzDG7w7Y+fJeXFef6Ilp/hzCH/kfHwD9k6Nlg==</latexit>⇢1

<latexit sha1_base64="3vbk0JcMoeTlByyTPYwPkj40Gys=">AAAB7XicbZC7TsMwFIZPyq2UW4GRxaJCYioJlMuCVMHCWCR6kZqoclyntWrHke0gVVEfAyYEbLwML8Db4JYM0PJPn8//Wzr/CRPOtHHdL6ewtLyyulZcL21sbm3vlHf3WlqmitAmkVyqTog15SymTcMMp51EUSxCTtvh6Hbqtx+p0kzGD2ac0EDgQcwiRrCxI98fYCFwz72unZz1yhW36s6EFsHLoQK5Gr3yp9+XJBU0NoRjrbuem5ggw8owwumk5KeaJpiM8IB2LcZYUB1ks50n6CiSCpkhRbP372yGhdZjEdqMwGao573p8D+vm5roKshYnKSGxsRGrBelHBmJptVRnylKDB9bwEQxuyUiQ6wwMfZAJVvfmy+7CK3TqndRPb+vVeo3+SGKcACHcAweXEId7qABTSCQwDO8wbsjnSfnxXn9iRac/M8+/JHz8Q1zvY5S</latexit>

�0 = 4/3
<latexit sha1_base64="YsXDaFVc3rtlR0ySS4unFL+Z9n0=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuBpmxOtCKLpxWcFeoDOUTJppQ5PJkGSEMvQxdCXqzpfxBXwb0zoLbf1XX87/B85/opQzbTzvyyktLa+srpXXKxubW9s71d29lpaZIrRJJJeqE2FNOUto0zDDaSdVFIuI03Y0up367UeqNJPJgxmnNBR4kLCYEWzsKAgGWAjc869996pXrXmuNxNaBL+AGhRq9KqfQV+STNDEEI617vpeasIcK8MIp5NKkGmaYjLCA9q1mGBBdZjPdp6go1gqZIYUzd6/szkWWo9FZDMCm6Ge96bD/7xuZuLLMGdJmhmaEBuxXpxxZCSaVkd9pigxfGwBE8XslogMscLE2ANVbH1/vuwitE5c/9w9uz+t1W+KQ5ThAA7hGHy4gDrcQQOaQCCFZ3iDd0c6T86L8/oTLTnFn334I+fjG3g0jlU=</latexit>

�1 = 1.9
<latexit sha1_base64="57EsUn4PMKFc4KvoCXk40I8TXd8=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm2ARXIVEvG2EohuXFewF21Am09N26MwkzEyEEvoUuhJ159v4Ar6N05qFtv6rb87/D5z/RAln2vj+l1NYWl5ZXSuulzY2t7Z3yrt7DR2nimKdxjxWrYho5Exi3TDDsZUoJCLi2IxGN1O/+YhKs1jem3GCoSADyfqMEmNHDx3NBoJcBV7QLVd8z5/JXYQghwrkqnXLn51eTFOB0lBOtG4HfmLCjCjDKMdJqZNqTAgdkQG2LUoiUIfZbOOJe9SPlWuG6M7ev7MZEVqPRWQzgpihnvemw/+8dmr6l2HGZJIalNRGrNdPuWtid1rc7TGF1PCxBUIVs1u6dEgUocaep2TrB/NlF6Fx4gXn3tndaaV6nR+iCAdwCMcQwAVU4RZqUAcKEp7hDd4d4Tw5L87rT7Tg5H/24Y+cj29Zbo23</latexit>

� = 1.1

Aloy+ 2019
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   NS collapse: waveforms

Non-convex dynamics leaves an imprint in the gravitational waveforms.

Smallest amplitudes at BH formation are obtained for the polytropic EoS.
Non-convex model D1 attains about twice maximum amplitude than (convex) polytropic 
counterpart. Differences smaller for more rapidly rotating model D4.
Largest discrepancies in pre-collapse phase, fingerprint of convexity loss during collapse 
(increasing spectral power and amplitude).

Aloy+ 2019
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  Tidal deformability and measurability of NS properties
Quasi-universal relation found between peak GW frequency at merger and tidal deformability.

⇤ =
2

3
k2

✓
R

M

◆5

With a single source at ~100 Mpc, the 
NS radius or Λ could be constrained 
to about 10%.

fGW and component masses measured 
from inspiral GW signal.

1. the GW frequency at merger (e.g. Read+ 2013; Bernuzzi+ 2014; Takami+ 2015; Rezzolla & Takami 2016; 
Most+ 2019; Bauswein+ 2019; Weih+ 2020; Gonzalez+ 2022; Topolski+ 2024; Guerra+ 2024) 

2. the dominant peak frequency in the postmerger spectrum (e.g. Oechslin & Janka 2007; 
Bauswein & Janka 2012; Read+ 2013; Rezzolla & Takami 2016; Gonzalez+ 2022; Topolski+ 2024, Guerra+ 2024) 

3. other frequencies identifiable in the transient period right after the merger (Bauswein & 
Stergioulas 2015; Takami+ 2015; Rezzolla & Takami 2016)

Further relations suggested for:
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Read+ 2013



(Bauswein+ 2019)

Bauswein+ (2019) identified an observable imprint of a first-order hadron-quark PT at 
supranuclear densities on the GW emission of BNS mergers.  

Dominant postmerger GW frequency fpeak may exhibit a significant deviation from an 
empirical relation between fpeak and tidal deformability if a first-order PT leads to the 
formation of a stable extended quark matter core in the postmerger remnant.

Green + : DD2F-SF EoS (PT to deconfined quarks) 
Black markers: purely hadronic EoS

  BNS mergers with hadron-quark phase transitions

EoS from Wroclaw group (Fischer+ 2018, Bastian+ 2018)
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Q1: Could this shift in frequency be explained by a different reason?
Q2: Could the anomalous dynamics be triggered by a non-convex EoS?

P (⇢, ") = Pcold(⇢) + Pth(⇢, ")

Cold part: Piecewise-polytropic EOS (Read et al 2009)

Thermal part: <latexit sha1_base64="3nlnWsHZc5k7Oesi7YOakQj07gk=">AAACIHicbVDLSgMxFM34rPVVdelmsAh1YZkRXxuh6EKXFawWOqXcSW9taDIZkoxQhv6M/oyCIOpKv8a0nUW1ntXJPSfce04Yc6aN5305M7Nz8wuLuaX88srq2nphY/NWy0RRrFHJpaqHoJGzCGuGGY71WCGIkONd2LsY6ncPqDST0Y3px9gUcB+xDqNg7KhVOKu20kAJ13QHZ6XgEoSAfX8vUF1ZCh5AYawZl9H+BB/77eb2YK9VKHplbwR3mvgZKZIM1VbhNWhLmgiMDOWgdcP3YtNMQRlGOQ7yQaIxBtqDe2xYGoFA3UxHMQfubkcqeyi6o/ekNwWhdV+E1iPAdPVfbTj8T2skpnPaTFkUJwYjai1W6yTcNdIdtuW2mUJqeN8SoIrZK13aBQXU2E7zNr7/N+w0uT0o+8flo+vDYuU8KyJHtskOKRGfnJAKuSJVUiOUPJEX8kE+nUfn2Xlz3sfWGSf7s0V+wfn+AeXLo2o=</latexit>

Pth = (�� 1)⇢("� "cold)

<latexit sha1_base64="RjDiRaqbvXu0pWxkr1vbC4pgRU8="></latexit>

� = �0 + (�1 � �0)e
� (⇢�⇢1)2

�2
<latexit sha1_base64="3qWFsVWg88yrwcXQMIUbdM9/1KM=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIroYZ8dKNUHTjsoK9QGcomfRMG5pMhiQjlKGPoStRd76ML+DbmNZZaOu/+nL+P3D+E6WcaeN5X05pZXVtfaO8Wdna3tndq+4ftLXMFIUWlVyqbkQ0cJZAyzDDoZsqICLi0InGtzO/8whKM5k8mEkKoSDDhMWMEmNHQTAkQpC+d+279X615rneXHgZ/AJqqFCzX/0MBpJmAhJDOdG653upCXOiDKMcppUg05ASOiZD6FlMiAAd5vOdp/gklgqbEeD5+3c2J0LriYhsRhAz0ovebPif18tMXA9zlqSZgYTaiPXijGMj8aw6HjAF1PCJBUIVs1tiOiKKUGMPVLH1/cWyy9A+c/1L9+L+vNa4KQ5RRkfoGJ0iH12hBrpDTdRCFKXoGb2hd0c6T86L8/oTLTnFn0P0R87HN3U0jlM=</latexit>

�0 = 1.8

EoS is smooth at all densities. No phase transition.

<latexit sha1_base64="UfaOfMpDjCp7gruxjImqw+81lm4=">AAACF3icbVDLSgMxFM34rPVVdekmWIQKWmekPjZC0Y3LCvYBnVIy6Z1OaDIzJJlCGfoh+jO6EhU3Lv0b09pFbT2rc885ueQeL+ZMadv+thYWl5ZXVjNr2fWNza3t3M5uTUWJpFClEY9kwyMKOAuhqpnm0IglEOFxqHu925Ff74NULAof9CCGliDdkPmMEm2kdq7k9omEWDFuptSVApudneH1ictCjStTknvcKTinrgyio3YubxftMfA8cSYkjyaotHOfbieiiYBQU06Uajp2rFspkZpRDsOsmyiICe2RLjQNDYkA1UrH1w3xoR9JrAPA43k6mxKh1EB4JiOIDtSsNxL/85qJ9q9aKQvjRENITcR4fsKxjvCoJNxhEqjmA0MIlcz8EtOASEK1qTJrzndmj50ntbOic1E8vy/lyzeTIjJoHx2gAnLQJSqjO1RBVUTRE3pB7+jDerSerVfr7Te6YE3e7KE/sL5+AHN3n1w=</latexit>

"cold = �
Z

Pcold d(1/⇢)

  Alternative explanation Rivieccio+ 2024

<latexit sha1_base64="xYh4VV6+hKT8Q5325ukGmLw08Qw=">AAACCHicbVC7TsMwFHXKq5RXgZHFoqrEVCWI14JUwQBjkehDakJ04zqtVTuJbAepivID8DMwIWBj5gf4G9zSAVrOdO49x1c+J0g4U9q2v6zCwuLS8kpxtbS2vrG5Vd7eaak4lYQ2Scxj2QlAUc4i2tRMc9pJJAURcNoOhpdjvX1PpWJxdKtHCfUE9CMWMgLarPxyteFnrhTYXOrl5+4QkgR8hl05iO8y9wqEMGPulyt2zZ4AzxNnSipoioZf/nR7MUkFjTThoFTXsRPtZSA1I5zmJTdVNAEyhD7tGhqBoMrLJnFyXA1jifWA4sn825uBUGokAuMRoAdqVhsv/9O6qQ7PvIxFSappRIzFaGHKsY7xuBXcY5ISzUeGAJHM/BKTAUgg2nRXMvGd2bDzpHVYc05qxzdHlfrFtIgi2kP76AA56BTV0TVqoCYi6BE9ozf0bj1YT9aL9fpjLVjTN7voD6yPbwicmfA=</latexit>

Pcold = i⇢
�i
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<latexit sha1_base64="UHko7M+vAebBxt1tlNOL7uFoTuI=">AAAB53icbZDLTsMwEEUn5VXKq8CSjUWFxIYqQbyWFWxYFok+pDaqHHfSmjpxZDtIVdRvgBUCdvwPP8Df4JYsoOWujudeS3MnSATXxnW/nMLS8srqWnG9tLG5tb1T3t1rapkqhg0mhVTtgGoUPMaG4UZgO1FIo0BgKxjdTP3WIyrNZXxvxgn6ER3EPOSMGjtqJiddNZS9csWtujORRfByqECueq/82e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOxZhGqP1stu2EHIVSETNEMnv/zmY00nocBTYTUTPU8950+J/XSU145Wc8TlKDMbMR64WpIEaSaWnS5wqZEWMLlClutyRsSBVlxp6mZOt782UXoXla9S6q53dnldp1fogiHMAhHIMHl1CDW6hDAxg8wDO8wbvDnSfnxXn9iRac/M8+/JHz8Q1Hz4yX</latexit>p� ⇢

<latexit sha1_base64="ZnBiMoNS8jgvdZuXHhc0AU8c2io=">AAAB7XicbZC7TsMwFIadcivlVmBksaiQmKKE+4JUwcJYJHqRmqhy3JPWqh1HtoNURX0MmBCw8TK8AG+DWzJAyz99Pv9v6fwnSjnTxvO+nNLS8srqWnm9srG5tb1T3d1raZkpCk0quVSdiGjgLIGmYYZDJ1VARMShHY1up377EZRmMnkw4xRCQQYJixklxo6CYECEID3/+tT1etWa53oz4UXwC6ihQo1e9TPoS5oJSAzlROuu76UmzIkyjHKYVIJMQ0roiAygazEhAnSYz3ae4KNYKmyGgGfv39mcCK3HIrIZQcxQz3vT4X9eNzPxVZizJM0MJNRGrBdnHBuJp9Vxnymgho8tEKqY3RLTIVGEGnugiq3vz5ddhNaJ61+45/dntfpNcYgyOkCH6Bj56BLV0R1qoCaiKEXP6A29O9J5cl6c159oySn+7KM/cj6+AW3Gjk4=</latexit>

�1 = 3.0
<latexit sha1_base64="WYnDvKuBsbLg26CT6PFdPDp9OmQ=">AAACCHicbVDJTsMwFHRYS9kCHLlYVJXKJYoRZTkgVXDhWCS6SE2IHNdprTqLbAepivID8DNwQsCNMz/A3+CWHKBlTvPezJM94yecSWXbX8bC4tLyympprby+sbm1be7stmWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHH11N9M49FZLF0a0aJ9QN8SBiASNY6ZVnVh0xjD10YVvnyFEspBIi+y5D9RzWMkeEkAxkfuiZFduyp4DzBBWkAgo0PfPT6cckDWmkCMdS9pCdKDfDQjHCaV52UkkTTEZ4QHuaRlg/7GbTODmsBrGAakjhdP7tzXAo5Tj0tSfEaihntcnyP62XquDMzViUpIpGRFu0FqQcqhhOWoF9JihRfKwJJoLpX0IyxAITpbsr6/hoNuw8aR9Z6MSq3xxXGpdFESWwDw5ADSBwChrgGjRBCxDwCJ7BG3g3Hown48V4/bEuGMXNHvgD4+MbiJCXsg==</latexit>

⇢1 = 0.91⇥ 1015(cgs)
<latexit sha1_base64="UeHn2n8BuZjWHaQenb7cz62Ld2w=">AAAB9HicbZC7TsMwGIWdcivllsLIYlEhMUUJUGBBqmBhLBK9SE0UOa7TWrXjyHaKqqhvAhMCNp6EF+BtcEsGaDnT5/8cS/9/opRRpV33yyqtrK6tb5Q3K1vbO7t7dnW/rUQmMWlhwYTsRkgRRhPS0lQz0k0lQTxipBONbmd+Z0ykoiJ50JOUBBwNEhpTjLQZhXbVV3TA0bXrnNV9ORShF9o113HngsvgFVADhZqh/en3Bc44STRmSKme56Y6yJHUFDMyrfiZIinCIzQgPYMJ4kQF+Xz1KTyOhYR6SOD8/TubI67UhEcmw5EeqkVvNvzP62U6vgpymqSZJgk2EePFGYNawFkDsE8lwZpNDCAsqdkS4iGSCGvTU8Wc7y0euwztU8e7cOr357XGTVFEGRyCI3ACPHAJGuAONEELYPAInsEbeLfG1pP1Yr3+REtW8ecA/JH18Q2NOJCZ</latexit>

� = 0.35⇢1

<latexit sha1_base64="GvoRie8Hab8/p8I8DC/izE7PZt8=">AAAB+3icbVDLSsNAFJ3UV62vqhvBTbAIdWFJxNdGKLrQZQX7gCaUyfSmGTqTCTMToYT6M7oSdedf+AP+jZPahVbP6tx7zoV7TpAwqrTjfFqFufmFxaXicmlldW19o7y51VIilQSaRDAhOwFWwGgMTU01g04iAfOAQTsYXuV6+x6koiK+06MEfI4HMQ0pwdqseuWd5KLqXWPO8aF74MlIeJAoynKp4tScCey/xJ2SCpqi0St/eH1BUg6xJgwr1XWdRPsZlpoSBuOSlypIMBniAXQNjTEH5WeTBGN7PxTS1hHYk/mnN8NcqREPjIdjHalZLV/+p3VTHZ77GY2TVENMjMVoYcpsLey8CLtPJRDNRoZgIqn50iYRlphoU1fJxHdnw/4lraOae1o7uT2u1C+nRRTRLtpDVeSiM1RHN6iBmoigB/SEXtGbNbYerWfr5dtasKY32+gXrPcvIZqT0A==</latexit>

p = (�� 1)⇢✏
<latexit sha1_base64="RjDiRaqbvXu0pWxkr1vbC4pgRU8="></latexit>

� = �0 + (�1 � �0)e
� (⇢�⇢1)2

�2

<latexit sha1_base64="3qWFsVWg88yrwcXQMIUbdM9/1KM=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIroYZ8dKNUHTjsoK9QGcomfRMG5pMhiQjlKGPoStRd76ML+DbmNZZaOu/+nL+P3D+E6WcaeN5X05pZXVtfaO8Wdna3tndq+4ftLXMFIUWlVyqbkQ0cJZAyzDDoZsqICLi0InGtzO/8whKM5k8mEkKoSDDhMWMEmNHQTAkQpC+d+279X615rneXHgZ/AJqqFCzX/0MBpJmAhJDOdG653upCXOiDKMcppUg05ASOiZD6FlMiAAd5vOdp/gklgqbEeD5+3c2J0LriYhsRhAz0ovebPif18tMXA9zlqSZgYTaiPXijGMj8aw6HjAF1PCJBUIVs1tiOiKKUGMPVLH1/cWyy9A+c/1L9+L+vNa4KQ5RRkfoGJ0iH12hBrpDTdRCFKXoGb2hd0c6T86L8/oTLTnFn0P0R87HN3U0jlM=</latexit>

�0 = 1.8

Blue: convex dynamics
<latexit sha1_base64="S+a3DizTGTBcZDdeKKHj3ZBCZR8=">AAACC3icbVBLS8NAGNzUV62vqEcvi0WoICURXycp9qDHKvYBTQib7aZdupuE3Y1QQn6C/hk9iXrz5h/w37itOdjWOc3OzMI348eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3WjJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2h/Wx334gQtIovFejmLgc9UMaUIyUljyzUkkdjBi8zrzUERzWs0vrCE5rd1o79MyyVbUmgPPEzkkZ5Gh45pfTi3DCSagwQ1J2bStWboqEopiRrOQkksQID1GfdDUNESfSTSeNMngQRAKqAYGT999siriUI+7rDEdqIGe9sfif101UcOGmNIwTRUKsI9oLEgZVBMfDwB4VBCs20gRhQfWVEA+QQFjp+Uq6vj1bdp60jqv2WfX09qRcu8qHKII9sA8qwAbnoAZuQAM0AQZP4AW8gw/j0Xg2Xo2332jByP/sgikYnz8kyJki</latexit>

(GC > 0,GR > 0)

Red: convex (classical) 

<latexit sha1_base64="lMT3BubQ4FyC0oH3Otg0p05XVAI=">AAACC3icbVBLS8NAGNz4rPUV9ehlsQgVpCTi6yBS7EGPVewDmhA22027dDcJuxuhhPwE/TN6EvXmzT/gv3Fbc7Ctc5qdmYVvxo8Zlcqyvo25+YXFpeXCSnF1bX1j09zabsooEZg0cMQi0faRJIyGpKGoYqQdC4K4z0jLH9RGfuuBCEmj8F4NY+Jy1AtpQDFSWvLMcjl1MGLwOvNSR3BYyy6tQzip3WUX1oFnlqyKNQacJXZOSiBH3TO/nG6EE05ChRmSsmNbsXJTJBTFjGRFJ5EkRniAeqSjaYg4kW46bpTB/SASUPUJHL//ZlPEpRxyX2c4Un057Y3E/7xOooJzN6VhnCgSYh3RXpAwqCI4GgZ2qSBYsaEmCAuqr4S4jwTCSs9X1PXt6bKzpHlUsU8rJ7fHpepVPkQB7II9UAY2OANVcAPqoAEweAIv4B18GI/Gs/FqvP1G54z8zw6YgPH5AyHImSA=</latexit>

(GC > 0, GR < 0)

Green: non-convex dynamics
<latexit sha1_base64="wRdm7g+nFQVN9Cok7QpXNasYiXs=">AAACC3icbVA7T8MwGHTKq5RXgJHFokIqEqoSxGtgqOgAY0H0ITVR5LhOa9VOIttBqqL8BPgzMCFgY+MP8G9wSwbactP57ix9d37MqFSW9W0UFhaXlleKq6W19Y3NLXN7pyWjRGDSxBGLRMdHkjAakqaiipFOLAjiPiNtf1gf++0HIiSNwns1ionLUT+kAcVIackzK5XUwYjB68xLHcFhPbu0juC0dqe1Q88sW1VrAjhP7JyUQY6GZ345vQgnnIQKMyRl17Zi5aZIKIoZyUpOIkmM8BD1SVfTEHEi3XTSKIMHQSSgGhA4ef/NpohLOeK+znCkBnLWG4v/ed1EBRduSsM4USTEOqK9IGFQRXA8DOxRQbBiI00QFlRfCfEACYSVnq+k69uzZedJ67hqn1VPb0/Ktat8iCLYA/ugAmxwDmrgBjRAE2DwBF7AO/gwHo1n49V4+40WjPzPLpiC8fkDHqCZHg==</latexit>

(GC < 0, GR < 0)

Black: sound speed out of bounds

non-convex (relativistic)

  The           plane for a representative BNS simulation

Rivieccio+ 2024

J. Antonio Font                     BH, NS & GW @ Black Sea, Varna (Bulgaria)   —   Jun 16-20 (2025)                    |  25



  Non-convex BNS simulation
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 Quasi-universal relations
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 Quasi-universal relations
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 Quasi-universal relations
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 Final remark #1: Do frequency shifts hold for realistic EoS?
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Smoothing the first-order PT of a realistic EoS, while keeping non-convex regions.

<latexit sha1_base64="mM/F0wFl1XMcLmPDLAUw2jQ0uEA=">AAACD3icbVDLSgNBEJyN7/iKevQyGISIGnbF10UQvXhUMEbIxtA76c0OmX0wMysJy36E/oyeRL0J/oB/4yTm4KtO1V3V0FVeIrjStv1hFcbGJyanpmeKs3PzC4ulpeUrFaeSYY3FIpbXHigUPMKa5lrgdSIRQk9g3eueDvT6LUrF4+hS9xNshtCJuM8ZaLNqlbZcxTshtDIXRBJAXultHLm+BJY5eeZs4k22/aXQXp63SmW7ag9B/xJnRMpkhPNW6d1txywNMdJMgFINx050MwOpOROYF91UYQKsCx1sGBpBiKqZDVPldN2PJdUB0uH83ZtBqFQ/9IwnBB2o39pg+Z/WSLV/2Mx4lKQaI2YsRvNTQXVMB+XQNpfItOgbAkxy8yVlAZg2tKmwaOI7v8P+JVc7VWe/unexWz4+GRUxTVbJGqkQhxyQY3JGzkmNMHJPHskLebXurAfryXr+shas0c0K+QHr7RPqWZyF</latexit>

! ! (x) =
1

1 + e! ! xHeaviside function substituted by a continuous function 
<latexit sha1_base64="Mfu1NBiTpa0dJBgloefzjOn+04E=">AAAB+3icbVDLSsNAFJ34rPUVdSO4GSyCq5KIr2XRjcsK9gFNKDfTSTN08mDmRimh/oyuRN35F/6Af2NSs9DWszr3nnPhnuMlUmi0rC9jYXFpeWW1slZd39jc2jZ3dts6ThXjLRbLWHU90FyKiLdQoOTdRHEIPck73ui60Dv3XGkRR3c4TrgbwjASvmCA+apv7jsgkwAcJYYBglLxgyMiH8fVvlmz6tYUdJ7YJamREs2++ekMYpaGPEImQeuebSXoZqBQMMknVSfVPAE2giHv5TSCkGs3myaY0CM/VhQDTqfzb28Godbj0Ms9IWCgZ7Vi+Z/WS9G/dDMRJSnyiOWWXPNTSTGmRRF0IBRnKMc5AaZE/iVlAShgmNdVxLdnw86T9kndPq+f3Z7WGldlERVyQA7JMbHJBWmQG9IkLcLII3kmb+TdmBhPxovx+mNdMMqbPfIHxsc3th6U0Q==</latexit>! ! "

<latexit sha1_base64="QWlAD17tOScDCqTyp2VpJTVVvAU="></latexit>

nb(p) = nb,N (p)! (pPT ! p) + nb,Q (p)! (p ! pPT )

Heaviside function recovered in the limit 

Work and simulations in progress by G. Rivieccio



 Final remark #2: Effects of magnetic field strength and topology
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Magnetic braking and magnetic effective turbulent viscosity drives merger 
remnants towards uniform rotation and increases angular momentum loss.  

As a result, the f2 frequency of the dominant postmerger GW mode shifts 
upwards over time. The overall shift is up to ! 200 Hz for the strongest 
magnetic field considered by Bamber+ (2025).

Bamber+ (2025)
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Ibáñez+ (2015)

<latexit sha1_base64="6Xf5kvzccUinWTiGgGMouhNatIo=">AAAB+3icbVDLSsNAFJ3UV62vqBvBzWARBKEk4msjFAV1I1SwD2hDmExv2qGTBzMToYT4M7oSdedf+AP+jdMaQVvP6tx7zoV7jhdzJpVlfRqFmdm5+YXiYmlpeWV1zVzfaMgoERTqNOKRaHlEAmch1BVTHFqxABJ4HJre4GKkN+9BSBaFd2oYgxOQXsh8RonSK9fcSjuUcHyVuelNdvYz7ONL1yxbFWsMPE3snJRRjpprfnS6EU0CCBXlRMq2bcXKSYlQjHLISp1EQkzogPSgrWlIApBOOk6Q4V0/Elj1AY/n396UBFIOA097AqL6clIbLf/T2onyT52UhXGiIKTaojU/4VhFeFQE7jIBVPGhJoQKpr/EtE8EoUrXVdLx7cmw06RxULGPK0e3h+XqeV5EEW2jHbSHbHSCquga1VAdUfSAntArejMy49F4Nl6+rQUjv9lEf2C8fwG345OC</latexit>

GM = G+ F

The analysis of the influence of the magnetic field in the convexity properties of 
the RMHD equations, yields to a generalized fundamental derivative

Hence, the presence of a magnetic field in the fluid reduces the domain of 
thermodynamical states for which the EoS is non-convex, as happens in the non-
relativistic MHD limit (Serna & Marquina 2014).

with 
<latexit sha1_base64="ZryMyfdVTMICHjPi2VcssKxKdNU=">AAAB5HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJeFtJURCXFe0F2lAm05N26GQSZiZCCX0DXYm684l8Ad/Gac1Cq//qm/P/A+c/QSK4Nq776RQWFpeWV4qrpbX1jc2t8vZOU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjq6nfekCleSzvzThBP6IDyUPOqLGju+sLt1euuFV3JvIXvBwqkKveK390+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGNR0gi1n81WnZCDMFbEDJHM3j+zGY20HkeBzUTUDPW8Nx3+53VSE577GZdJalAyG7FemApiYjJtTPpcITNibIEyxe2WhA2poszYu5RsfW++7F9oHlW90+rJ7XGldpkfogh7sA+H4MEZ1OAG6tAABgN4gld4c0Ln0Xl2Xr6jBSf/swu/5Lx/AYKYius=</latexit>

F > 0

Magnetized BNS merger simulations with the GGL (toy model) EoS in 
progress by G. Rivieccio
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