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Classical vs non-classical wave structure Lax (1973)

The evolution of a compressible fluid is described by a nonlinear hyperbolic
system of conservation laws

Ou N of (u)
ot Ox

The behavior of the nonlinear characteristic wavefields is determined by the
scalar quantity known as nonlinearity factor

V(1) = Vi (u) rg(u)

=0

where Ag(u) and Tk(ll) are the kth characteristic field eigenvalue and right
eigenvector of the Jacobian

of

f'(u) = .

Lax (1973): depending on the sign of vk (1) the wave structure of the Euler
equations can be classical or complex (non-classical or non-convex).
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Classical vs non-classical wave structure Lax (1973)

1) I/k(U) > ()

Genuine nonlinearity of wavefields and classical nonlinear wave structure.
Expansive rarefaction waves and compressive shocks.

A receding shock wave.

“Supersonic Flow and Shock Waves”,
R Courant and K O Friedrichs

(Interscience Publishers, Inc., New
York, 1948).
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Classical vs non-classical wave structure Lax (1973)

1) Vk(ll) > ()
Genuine nonlinearity of wavefields and classical nonlinear wave structure.
Expansive rarefaction waves and compressive shocks.
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Classical vs non-classical wave structure Lax (1973)

2) A change of sign in Vk(u) induces non-genuinely nonlinearity of wavefields.

Formation of complex (non-classical) wave structure of two types:

e splits a shock in two parts, connected by a progressive wave.
e it splits a progressive wave and introduces a shock.

Density
? T T T T 13 T T T T
: i u Saturation curve
i G=0 -
A ‘ ~ Gas states -

Guardone & Vigevano
(2001)

van der Waals EoS
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The fundamental derivative

In classical hydrodynamics described by Euler equations the nonlinearity factor
is proportional to the fundamental derivative

2
gVQ V' specific volume
Vk(u) X g —5‘/ D pressure,
fined through an EoS
8V defined through a
All derivatives computed at constant specific entropy U T shurmioncuve
| Gasaes o
12 froe ]
Hence, changes of sign of G (thermodynamically, CNUL
the non-convex region) determine the complexity R S S T T -
of the wave structure.
A 1_ :‘:‘

The thermodynamical magnitude & measures the 09
convexity of isentropes in the p-V plane.

(Menikoff & Plohr 1989, Godlewski & Raviart 1996)
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Bethe-Zel'dovich-Thompson (BZT) fluids

Pioneer work on non-convex thermodynamics made by Bethe (1942), Zel’dovich (1946),
and Thompson (1971).

Thompson introduced the concept of the fundamental derivative.

Fluids attaining negative values of the fundamental derivative are called Bethe-Zel’'dovich-
Thompson fluids, or BZT fluids (e.g. van der Waals EoS; see Voss 2005).

The fundamental derivative measures the convexity of the isentropes in the p — p plane.

e [fG > 0, isentropes in the p — p plane are convex, leading to expansive rarefaction
waves and compressive shocks (Thompson 1971).

This is the usual regime in which many astrophysical scenarios develop.

e However, some EoS may display regimes in which G < 0 and the EoS is non-convex.

The non-convexity of isentropes in the p — p plane yield e.g. compressive rarefaction
waves and expansive shocks.
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“Exotic” fluid dynamics

These “exotic” phenomena have been observed in CFD experiments.
A BZT fluid past an airfoil (Cinnella & Congedo (2007), Cinnella+ (2011)).
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Expansion shock

\j Compression shocks

FIGURE 11. Pressure coefficient contours and I =0 contours for operating conditions
P/ Pe =1.05, ps/p. =0.877, I, = 1.31 (low-pressure transonic BZT regime).
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“Exotic” fluid dynamics

No experimental evidence of rarefaction shocks is currently available.

To prove their existence, shock tube facility built
in 2004 at the Process & Energy Department of
the Delft University of Technology.

CFD simulations, employing a real gas EoS,
performed to understand the complex unsteady
phenomena occuring inside the shock tube
during experimental runs.

Sergio Segreto

Rarefaction Shock Waves

A contribution to experiments and

GrE e First experimental generation of a RSW seems to
have been observed very recently (in silicon oil;
siloxane D).

Prof. Piero Colonna (private communication)

VDM

VDM Verlag (2009)

From google Al: Siloxane D6, also known as dodecamethylcyclohexasiloxane, is a clear, colorless
liquid primarily used in cosmetics and personal care products, as well as in some industrial applications.
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Potential numerical issues ...

The existence of complex waves does not allow a direct use of standard
numerical techniques for solving the compressible Euler equations, which were
developed to deal with classical wave structures.

It has been shown in non-classical hydrodynamics and MHD that in order to capture
the complex wave structure numerical schemes require an “appropriate level of
dissipation”:

e Brio & Wu (1988)

e Argrow (1996)

e Muller & Voss (1999): exact Riemann solver taking into account nonclassical gas
behavior (extending Godunov’s method).

e Rider & Bates (2001): Riemann solver with an explicit treatment of the non-
convexity of the isentropic curves.

e Guardone & Vigevano (2002): Roe’s Riemann solver for general dense gas
models and for the polytropic van der Waals gas in particular.

e Heuze+ (2009)
e Serna & Marquina (2005, 2014), Serna (2009)

However, prescribing too large numerical dissipation might prevent the formation
of complex waves (Marquina+ 2019).
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What about relativistic hydro and MHD?

Complex waves do also exist in the characteristic structure of the relativitic Euler
equations and MHD when the EoS is non-convex.

Investigations conducted by the Valencia group (with Prof. Ibanez playing a
fundamental role in driving those efforts).

e |banez, Cordero-Carrion, Marti & Miralles (2013): “On the convexity of relativistic
hydrodynamics”.

e |bafez, Cordero-Carrion, Aloy, Marti & Miralles (2015): “On the convexity of relativistic
ideal magnetohydrodynamics”.

e |banez, Marquina, Serna & Aloy (2018): “Anomalous dynamics triggered by a non-
convex EoS in relativistic flows”.

e Aloy, Ibéafez, Sanchis-Gual, Obergaulinger, JAF, Serna & Marquina (2019): “Neutron
star collapse and gravitational waves with a non-convex EoS”.

e Berbel, Serna & Marquina (2023): “Exact Riemann solver for non-convex relativistic
hydrodynamics”.

e Rivieccio, Guerra, Ruiz & JAF (2024). “Gravitational wave imprints of non-convex
dynamics in binary neutron star mergers”.
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1D Riemann problem: relativistic blast wave collision

B Convex dynamics
Ibanez+ 2018
(Ideal gas EoS)
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1D Riemann problem: relativistic blast wave collision

lbanez+ 2018

Non-convex dynamics
(toy model EoS)

Convex dynamics

(Ideal gas E0S)
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The fundamental derivative (again)

9%p
1 Ologc 1 Olog I’y
— __J/oVv? — 14+ —" = (14T + =
Yoy = 2V _g‘l; > Y© i dlogp 2 < L dlog p

I’y Adiabatic index.

(all derivatives computed

at constant entropy) Characterizes stiffness of EoS at a given density.
Shows a local maximum above nuclear matter saturation
density.
ar
3T Shen+ (2011)

Lol non-monotonic behaviour of adiabatic
I index for various EoS broadly used in
- numerical simulations (e.g. CCSNe and
1 BNS mergers).

0; . | . PR =
0.01 0.1 1

n, (fm'3)
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Non-monotonic sound speed

The non-monotonicity of the adiabatic index (sound speed) is a genuine feature of
matter at a few times nuclear saturation density.

non-monotonic behaviour Non-monotonic sound speed (Haensel & Potekhin 2004).
of adiabatic index across . & Negative fundamental derivative
various EoS. . :

Non-classical (non-convex) dynamics

Ibanez+ 2018

3.0

2.5¢

1.5} \
13.0 135 140 145 150 155 130 135 140 145 150 155
log ( p/[gr em™1) log ( p/[gr cm™] )
. | o 3 . ,
Relativistic version of the fundamental derivative Gry = G(c) — 3 Csw Ibafiez+ 2013
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QCD phase diagram

(Credit: GSI Helmholtzzentrum ftr Schwerionenforschung GmbH, Darmstadt/Germany)
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The EoS energy density in the crossover region is about 1.2-3.1ng
Within this temperature range [145 < T'(MeV) < 163]the sound speed is non-monotonic.

HotQCD Coll. (Bazavov+ 2014), Wuppertal-Budapest Coll. (Borsanyi+ 2014) Badaque & Steiner (2015).

If there are phase transitions to exotic components, the fundamental derivative could be
negative, and the EoS be non-convex. This would lead to non-convex dynamics.
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G >0 or G <0:thisisthe question ....

As non-monotonic behaviour of sound
speed can yield negative values of the
fundamental derivative ...

... can It affect the dynamics of
astrophysical compact objects and
associated observables?
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A phenomenological non-convex EoS (toy model)

Following Ibanez+ 2018 we illustrate the effects a non-convex EoS may produce on
the dynamics of NS collapse and BNS mergers with a phenomenological EoS.

This toy-model EoS mimics the loss of convexity resulting from a non-monotonic
behavior of the adiabatic index with density.

. (p—p1)>

p= (I —1)pe =9+ (m—)e

4 free parameters: Yo, Y1, 0, P1

Ibafiez+ 2018

1.5} \
13.0 135 140 145 150 155 13.0 135 140 145 150 155
log ( p/[gr em™1) log ( p/[gr em™])
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Neutron star collapse Aloy+ 2019

Dynamically unstable uniformly rotating NS; collapse to BH on a dynamical timescale.
Models D1 and D4 from Baiotti+ (2005)

o0 secularly unstable

e dynamically unstable i

12 1 1 L l 1 L 1 ! 1 | 1 l 1 1 | —
1 2 3 4 5

103 x e,
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Non-classical dynamics does not alter the final outcome

Signature of non-classical dynamics: a shock develops at the edge between the
homologous inner core of the NS and the outer core, which falls supersonically.

Collapse has no memory of non-convex dynamics: for all models considered and GLL EoS
parameters shock always engulfed by the growing BH.
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NS collapse: waveforms Aloy+ 2019
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Non-convex dynamics leaves an imprint in the gravitational waveforms.

Smallest amplitudes at BH formation are obtained for the polytropic EoS.

Non-convex model D1 attains about twice maximum amplitude than (convex) polytropic
counterpart. Differences smaller for more rapidly rotating model D4.

Largest discrepancies in pre-collapse phase, fingerprint of convexity loss during collapse
(increasing spectral power and amplitude).
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Tidal deformability and measurability of NS properties

Quasi-universal relation found between peak GW frequency at merger and tidal deformability.

T T T T T T T 0,19
22007+ Read+ 2013 0.8 A2 R\5
- [ — Tk [ =
i 2000_ * “‘0.17 3 2 M
© [ % 10.16
©
= 1800+ N 10.15
g [ o4a 3  lawand component masses measured
S 1600} ' 013 =  frominspiral GW signal.
m N .
© [
a » 10.12 _ ,
w 1400 lo.11 With a single source at ~100 Mpc, the
% 1200: 3_0'1 NS radius or A could be constrained
line: log, , (fsw/Hz)=8.51155-0.303350 A'/° ; 0.09 to about 10%.
1000=——36—""35 40 45

A1,"5
Further relations suggested for:

1. the GW frequency at merger (e.g. Read+ 2013; Bernuzzi+ 2014; Takami+ 2015; Rezzolla & Takami 2016;
Most+ 2019; Bauswein+ 2019; Weih+ 2020; Gonzalez+ 2022; Topolski+ 2024; Guerra+ 2024)

2. the dominant peak frequency in the postmerger spectrum (e.g. Oechslin & Janka 2007;
Bauswein & Janka 2012; Read+ 2013; Rezzolla & Takami 2016; Gonzalez+ 2022; Topolski+ 2024, Guerra+ 2024)

3. other frequencies identifiable in the transient period right after the merger (Bauswein &
Stergioulas 2015; Takami+ 2015; Rezzolla & Takami 2016)
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BNS mergers with hadron-quark phase transitions

Bauswein+ (2019) identified an observable imprint of a first-order hadron-quark PT at
supranuclear densities on the GW emission of BNS mergers.

Dominant postmerger GW frequency fpeak may exhibit a significant deviation from an
empirical relation between fpeak and tidal deformability if a first-order PT leads to the
formation of a stable extended quark matter core in the postmerger remnant.

10-20 I
fpeak 3.75 An = 0'121—} ++
550 i{— An = 0.094
3.50 1
O 1n-21 —
§ 10 EN T 4—— An =0.030
= = 3.25-
f:tq:j' 10—22_ ;,:* 3.00 1
—— DD2F-SF-1 9 75 - X
—— DD2F ’
].0_23 1 1 1 T T 1
1 2 3 4 o 200 400 600 800
f [kHz] A1ss

: DD2F-SF EoS (PT to deconfined quarks)
Black markers: purely hadronic EoS

Bauswein+ 2019
( ) EoS from Wroclaw group (Fischer+ 2018, Bastian+ 2018)
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Alternative explanation Rivieccio+ 2024

Q1: Could this shift in frequency be explained by a different reason?
Q2: Could the anomalous dynamics be triggered by a non-convex EoS?

P(p,e) = Peora(p) + Pin(p; €)

Cold part: Piecewise-polytropic EOS (Read et al 2009) P.olg = /@;pri
Thermal part: Py, = (F _ 1),0(6 _ €cold)
T _(p=p1)?
[' =90+ (71 —70)e o? Yo = 1.8

Ecold = _/Pcold d(l/p)

EoS is smooth at all densities. No phase transition.
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The p — p plane for a representative BNS simulation

Yo = 1.8
P = (F o 1)p€ ( 2 Y1 = 3.0
T=n0+ (v —Y)e o2 p1 = 0.91 x 10" (cgs)
0 = 0.35p1

Rivieccio+ 2024
Blue: convex dynamics
(gc > 0, gr > 0)

Red: convex (classical)
non-convex (relativistic)
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Green: non-convex dynamics

(G <0&<0)

Black: sound speed out of bounds

-0.2 -0.1 0.0

0.1 0.2
log10(5)

0.3

J. Antonio Font BH, NS & GW @ Black Sea, Varna (Bulgaria) — Jun 16-20 (2025) | 25



Non-convex BNS simulation
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Quasi-universal relations
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Quasi-universal relations
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Quasi-universal relations
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Final remark #1: Do frequency shifts hold for realistic E0S?

T=0.1MeV, Ye=0.11
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Smoothing the first-order PT of a realistic EoS, while keeping non-convex regions.

Np(P) = NpN(P)! (PeT ! P)+ Nbo(P)! (P! PrT)

Heaviside function substituted by a continuous function

Heaviside function recovered in the limit ' 1~

by (X) =

1
1+e||X

Work and simulations in progress by G. Rivieccio
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Final remark #2: Effects of magnetic field strength and topology

Bamber+ (2025)

SLy M = 2.57M,

34 §

[ 1 1 1

I PR

28|

2.6

ALF2 M =2.57M,

ALF2 M =2.70Mq

Magnetic braking and magnetic effective turbulent viscosity drives merger
remnants towards uniform rotation and increases angular momentum loss.

As a result, the f» frequency of the dominant postmerger GW mode shifts
upwards over time. The overall shift is up to ! 200 Hz for the strongest

magnetic field considered by Bamber+ (2025).
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Final remark #3: Effect of magnetic field on non-convex regions

Ibafiez+ (2015)

The analysis of the influence of the magnetic field in the convexity properties of
the RMHD equations, yields to a generalized fundamental derivative

Gy = G+ F with  F > O

Hence, the presence of a magnetic field in the fluid reduces the domain of
thermodynamical states for which the EoS is non-convex, as happens in the non-
relativistic MHD limit (Serna & Marquina 2014).

Magnetized BNS merger simulations with the GGL (toy model) EoS in
progress by G. Rivieccio
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