
Black holes and stars in modified
gravity

Eugeny Babichev

A Thesis submitted for the degree of Habilitation à Diriger des
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Motivation: Going beyond Kerr

Monday 15 June 15

In General Relativity the Kerr solution describes vacuum rotating black hole 

Monday 15 June 15

It is important to construct deformations of the Kerr spacetime to have a 
benchmark for testing General Relativity and look for signatures of 
modified gravity.  

Monday 15 June 15

One approach is to find (construct) rotating BH solutions  

Monday 15 June 15

Alternative approach is to be agnostic and to construct an ad hoc metric 
that describes a deviation from the Kerr metric



Motivation: Circularity

Monday 15 June 15

Circularity -- accidental symmetry of Kerr solution. A symmetry that is in 
addition to stationarity and axisymmetry 

Monday 15 June 15

In GR, for vacuum solutions circularity is automatic 

Monday 15 June 15

Beyond GR : do we keep circularity or not? Usually yes, but this is not 
always justified. 



Geometric notion

A spacetime is said to be circular if 
it can be foliated by codimension-2 
surfaces orthogonal to the Killing 
vectors 

surfaces generated by 
Killings: 

surfaces of transitivity

surfaces orthogonal to 
surfaces of transitivity: 

meridional surfaces

Def: 

by Frobenius’ theorem

[everywhere]
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Circularity vs. non-circularity 
<latexit sha1_base64="S/U9HaGPEG4CqjF3CPAx+u33WTA="></latexit>

Most general stationary axisymmetric
spacetime: two Killing vectors associ-
ated to the symmetries
- ξµ (stationarity)
- ψµ (axial symmetry)

A spacetime is said to be circular it can
be foliated by codimension-2 surfaces
orthogonal to the Killing vectors.

<latexit sha1_base64="ovvebKTJkTPiZFPMV9zsXL/xXHs="></latexit>by Frobenius’ theorem:
<latexit sha1_base64="Xv0cUgDt/pjlwmbs9jsQqnjBtak="></latexit>

ξ[µψν∂ρξσ] = 0
ξ[µψν∂ρψσ] = 0

N.B. another definition of circularity involves matter. 
They are "equivalent".

Carter, Black holes 
equilibrium states, 
Les Houces lecture notes'73



Circularity vs. non-circularity
<latexit sha1_base64="ZEhqpDdKBSsXlWOSnvY/vHEWDFU="></latexit>If such foliation exist, one can choose
coordinates adapted to foliation

<latexit sha1_base64="+/CtCUIk4Wp0cKLIZoraB2z3HJ0="></latexit>

gµν =





∗ 0 0 ∗
0 ∗ ∗ 0
0 ∗ ∗ 0
∗ 0 0 ∗





The metric is 
block diagonal

<latexit sha1_base64="jS2M+ks8pCKmfpPzDyTYtbXiymQ="></latexit>

t − φ symmetry
4 functions of two variables

<latexit sha1_base64="SU1P2qkTCrxexE3GEtj5eCN9zSc="></latexit>For Kerr metric
Boyer-Lindquist coordinates

Geometric notion — cont.

If foliation exists, 

I can choose coordinates 
adapted to the foliation

then the metric is 
block diagonal

specified by four functions 
of two variables,

more or less

in Kerr, 
Boyer–Lindquist coordinates



Why circularity?

Simplicity

<latexit sha1_base64="UjzJfFZqSTpej5EbKb6bJUoKWLc="></latexit>

Monday 15 June 15

Metric is block diagonalizable

Monday 15 June 15

And other features...
!

<latexit sha1_base64="HZRZz0HQggoQisr5nDT7sr589T0="></latexit>

Monday 15 June 15

Vacuum GR solutions are circular (i.e. talk by A. Cisterna)

Monday 15 June 15

Some solutions to alternative theories of gravity are circular:
– stealth solutions, whereby the metric is that of Kerr;
– numerical solutions in dilatonic EGB theory;
– perturbative rotating solutions in sEGB and dynamical Chern-Simons
gravity;

Monday 15 June 15

beyond-GR solutions that are continuously connected to GR are circular
[Y. Xie et al'21]



Notable surfaces

<latexit sha1_base64="DgXKIynVhBxtI6hcrLD4750k3fg="></latexit>

ξµξµ = 0

<latexit sha1_base64="PoBGHw9Tvv92Cs6/RZYlTZkE+IU="></latexit>

(ξµ + Ωψµ) (ξµ + Ωψµ) = 0

ergosurface,

static limit

rotosurface

stationary limit

event horizon

Different 

in general



Circularity means simplicity
<latexit sha1_base64="dg68fb/DD40IQDcaIrnmmVHD79c="></latexit>If circularity, then:

Monday 15 June 15

rotosurface ≡ horizon

Monday 15 June 15

frame dragging Ω = const. on the horizon (Rigidity theorem)

Monday 15 June 15

event horizon is Killing

Monday 15 June 15

different notions of surface gravity agree

Monday 15 June 15

surface gravity is constant (0th law of BH mechanics)

In addition:

Circular metrics are useful for phenomenological studies

<latexit sha1_base64="XBD4KgF0KWIILjbdqU0DxE3vAQ0="></latexit>Circularity is necessary (although not sufficient) condition for separability (i.e.
talk by G. Pappas where metric is circular but there is no separability)



Why noncircularity?

Assuming circularity a priori is often not justified

What happens when circularity is broken?

<latexit sha1_base64="1GGcDfY0mbWMwxirDNOyaCLeSa0="></latexit>

Monday 15 June 15

Even in GR non-vacuum solutions may have a non-circular metric Gourgoulhon,
Bonazzola'93

Monday 15 June 15

Examples of non-circular solutions:
– Disformed Kerr black hole Anson, EB, Charmousis, Hassaine'21;
– Numerical rotating BHs in Einstein-Aether Adam, Figueras, Jacobson,
Wiseman'21

Monday 15 June 15

Circularity is an additional assumption. In modified gravity this assump-
tion translates to the symmetry assumption on extra fields.
– E.g. in scalar-tensor theory one needs one needs ξµ∂µϕ = ψµ∂µϕ = 0
to fall into class of theories with circular solutions.



Find circularity condition?

<latexit sha1_base64="/IwR7N3YriYe+r9FKN5tNpu2tZc="></latexit>The circularity condition are PDEs

<latexit sha1_base64="1x3goX4gF8robmNnPWIz8NIXcqk="></latexit>

ξ[µψν∂ρξσ] = 0
ξ[µψν∂ρψσ] = 0

Given a metric it is easy 
to check circularity

It is difficult to construct 

simple non-circular 
metrics

Can we "solve" conditions to get 
algebraic relations?

Depends on choice 
of "good" gauge!



Gauge choice for general  axisymmetric stationary metric

<latexit sha1_base64="+aYI/sBgBM+zrAMll8ZT2UtG4sc="></latexit>

Coordinates adapted to symmetries, i.e.
v and φ along the Killing orbits,

ξµ∂µ = ∂v and ψµ∂µ = ∂φ

Other coordinates r and θ, so that

gµν (xα) = gµν(r, θ) .

These coordinates are defined up to

ṽ = v + V (r, θ)
r̃ = R (r, θ)
θ̃ = Θ (r, θ)
φ̃ = φ + Φ (r, θ)

<latexit sha1_base64="EczkTmPPKNR/zLcn665BtYMQWD4="></latexit>

gµν =





∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗





<latexit sha1_base64="oEoGNKcNoDmifIavk8LjV98nWbU="></latexit>where ∗ = ∗(r, θ)

Most general choice of coords 
adapted to the symmetries 

(10 components of metric)



Gauge choice
Look for something like Kerr ingoing coordinates (horizon penetrating)?

<latexit sha1_base64="3N30hkEck/3mJf01CBzWS8ANPo8="></latexit>

gµν =





gvv gvr 0 gvφ

∗ 0 0 grφ

0 0 gθθ 0
∗ ∗ 0 gφφ





Kerr-like gauge

(4 components =0)

Existence of such gauges?

<latexit sha1_base64="NRMEnoP6pM2jfk3Pyf6DRX9suTU="></latexit>

grr = 0

<latexit sha1_base64="dWvEBISMc3FuIOMcmPjfZAmW4Rs="></latexit>

gµθ ∝ δθ
µ



Gauge choice
Such gauge exist (locally)

start from arbitrary 
stationary and 

axisymmetric metric

<latexit sha1_base64="Qvo572pAkCPOnxhdXLA7rIfUjtU="></latexit>

gµ̃ν̃ (x̃α)
<latexit sha1_base64="C4BcS0BoJuL8VPZN6cLvPaaWCZ0="></latexit>

gµν (xα)change of coordinates

<latexit sha1_base64="tgMT9Se4lQsCLz7nqBwYkzgg9wk="></latexit>



∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗





<latexit sha1_base64="wrw8A/iiiDjrdY/mkG2J0rJictI="></latexit>

ṽ = v + V (r, θ)
r̃ = R (r, θ)
θ̃ = Θ (r, θ)
φ̃ = φ + Φ (r, θ)

<latexit sha1_base64="YyNzGPkvfkeCM6I34RqGFUgovLc="></latexit>




gvθ = 0
grθ = 0
gθφ = 0
grr = 0

such coord transformation exist 

if a solution of 4 PDE in terms of 


4 unknown functions exist

<latexit sha1_base64="vmcK1x7NhPSkDLeYauQo/z+KDSg="></latexit>



∗ ∗ 0 ∗
∗ 0 0 ∗
0 0 ∗ 0
∗ ∗ 0 ∗







proof of existence

Naively: 4 equations in 4 functions, 
solution should exist?

yes, but no:

<latexit sha1_base64="koyh+HyeXP2US+OxJL5wbrAm64I="></latexit>

gµν =





gvv 0 0 gvφ

0 grr grθ 0
0 ∗ gθθ 0
∗ 0 0 gφφ





Also 4 equations,

but metric is circular

This gauge cannot be obtained by 
coordinate change for non-circular metric

For Kerr-like (or orthogonal) gauge 
the existence of diffeo can be 

proven by the use of 

Cauchy-Kovalevskaya theorem

<latexit sha1_base64="f3IURXPH0riIZuTPje7HCvUFyOM="></latexit>Local result, since

Cauchy-Kovalevskaya theorem en-
sures local existence

Initial coordinate chart might no
be global

There is a residual gauge that can 
be related to `initial conditions' of 4 
PDEs!



Solving circularity conditions

<latexit sha1_base64="1x3goX4gF8robmNnPWIz8NIXcqk="></latexit>

ξ[µψν∂ρξσ] = 0
ξ[µψν∂ρψσ] = 0

Kerr-like gauge is great

Plug into Kerr 
(orthogonal) gauge

Long calculations

<latexit sha1_base64="+mqEOGqWYie+ujo0YWJGziZGJls="></latexit>

gvr = f(r)grr

grφ = h(r)grr



Solved circularity conditions

<latexit sha1_base64="pd5/bP6PzB5IwOP5IIrpuIGX96A="></latexit>

gvr

grr
= f(r)

grφ

grr
= h(r)

upper indices lower indices

<latexit sha1_base64="g3VUC8jtHWkITbUktvif9XdYVyM="></latexit>gvrgφφ − grφgvφ

g2
vφ − gvvgφφ

= f(r)

grφgvv − gvrgvφ

g2
vφ − gvvgφφ

= h(r)

These are exactly conditions to go from Kerr-like 
(orthogonal) to `Boyer-Lindquist' form

<latexit sha1_base64="57dF4/IJrT2oBjwVZeLK0r9y2wo="></latexit>



∗ ∗ 0 ∗
∗ ! 0 ∗
0 0 ∗ 0
∗ ∗ 0 ∗





<latexit sha1_base64="GZ+3sXbLJQ/7VkkOnI5Joja0mJM="></latexit>



∗ 0 0 ∗
0 ∗ ∗ 0
0 ∗ ∗ 0
∗ 0 0 ∗







Why is this interesting?

<latexit sha1_base64="+mqEOGqWYie+ujo0YWJGziZGJls="></latexit>

gvr = f(r)grr

grφ = h(r)grr

Solved circularity 
conditions

Soft breaking 

of non-circularity

Toy models to 

study effects of 

circularity breaking



Examples

Kerr deformations

All interesting surfaces are 
(almost) as in Kerr metric, 


but

horizon is not Killing

Minimal breaking Not so minimal 
breaking

Horizon and rotosurface 
are deformed


(but all analytic) 



Minimal deformation (fake Kerr)

<latexit sha1_base64="+mqEOGqWYie+ujo0YWJGziZGJls="></latexit>

gvr = f(r)grr

grφ = h(r)grr

Solved circularity conditions soft breaking

<latexit sha1_base64="0wa2BDtypRGGG+Q6DxsR1kA3qoA="></latexit>

gvr = fKerrg
rr
Kerr + f(r, θ)deform

grφ = hKerrg
rr
Kerr

same location of surfaces
<latexit sha1_base64="9HDvhueBACLkRmneOUJVSLjfYNA="></latexit>

rerg = M +
√

M2 − a2 cos2 θ

rH = rrot = M +
√

M2 − a2

but H is not Killing, and 
<latexit sha1_base64="pIvS7pJondVCshKTR8qpLgZqQsE="></latexit>

κ = r − M

2rM + δ(r, θ)

----
rH

<latexit sha1_base64="+VHacJ8lflatVxvJkTvmzO4M15M="></latexit>

gµν = gµν
Kerr + δ(r, θ)

Σ δµ
v δµ

φ

gµν = (∗ ∗ ∗ ∗ ∗∗)µν



Not-so-minimal deformation

<latexit sha1_base64="unuOBh1AS+HNGaKbDI3vz7onGGY="></latexit>

In Kerr metric replace M →
m(r, θ)

Choose H(θ) and engineer
m(r, θ) from Eq. defining
horizon location

all interesting surfaces (hori-
zon, rotosphere, ergosphere)
are explicit

‘Not-so-minimal’ deformation

Choose horizon profile H(𝜃), 
then reverse-engineer the metric

horizon, rotosurface, ergosphere 
known analytically



Gauge choice: orthogonal and Kerr-like gauges can be chosen

Conditions of circularity are solved

Examples

Conclusions and outlook

Non-constant surface gravity: Hawking radiation and thermodynamics?

Observational consequences: QNM, geodesics, shadows

Superradiance

Residual gauge: can we simplify further?


