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1. Introduction to teleparallel geometry and gravity
» curvature, torsion, nonmetricity of connection
> TEGR, STEGR, GTEGR equivalents to general relativity
> extended F(T), F(Q), F(G), f(®)T, f(P)Q, etc. gravities
2. A glimpse of nontrivial black hole solutions in 7(¢)Q scalar-tensor gravity
» symmetry considerations and branches of solutions
» no-hair theorem
> analogue of Bocharova—Bronnikov—Melnikov—Bekenstein solution
> theorem about nontrivial black hole solutions in f(Q) gravity
3. Spacetime energy in general parallel relativity
P electric charge in electrodynamics and gravitational energy in relativity

» computation for Kerr spacetime
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1.1 Geometry: decomposition of connection

» Metric g, measures distances, while connection I'”,,,, defines parallel transport,
ds? = g, dx"dx"” ViEp(x + dx) = VA (x) — T ,,dx* V¥ (x). (1)
In principle, these are independent notions.

> General connection can be decomposed into

M =+ K+ L, (2)
i.e.
Levi-Civita [, = %g“ (0u8or + OvBop — Do) 3)
contorsion KA., = %g’\a (Tpoar + Tvap — Taw) » (4)
disformation L = —%g)‘o‘ (Quar + Quap — Qo) (5)

where T?,,, is torsion and Q,,.,, is nonmetricity.
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1.2 Geometry: properties of connection

Connection is

Curvature R/\p;w = 8ur/\1/p - BVFAW + r/\uarawﬂ - M (6) teleparallel: R*,,, =0,
Torsion T)‘W = I'AW — I"\l,,“ (M symmetric: T)‘W =0,
Nonmetricity Qpuv = Vp8uw = 0p8uw — I pu8ar — I p8ua- (8) metric: Qpuy = 0.
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1.3 Geometry: curvature scalar

It is possible to write the curvature scalar of general connection as
R=R+G+V,2T"+ Q" - Q", (9)

where the teleparallel scalar is

G=+ %T,wp Thve 4 %TM TP T, TH [=T] (10)
QTP — QT  + Q, T"
Q@ — Q@ — Q@ 500" [= Q) (1)
and
Tu=T% Qu=Q."% @u=Q%,. (12)
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1.4 General teleparallel equivalent to general relativity (GTEGR)

The GTEGR action Beltran Jiménez, Heisenberg, losifidis, Jiménez-Cano, Koivisto, 1909.09045

5:/d4x\/_( Ly+L ) (13)
1 1 «@ v HY pa
Lg:_EGZE(T Sl + QP W), (14)

where the torsion and nonmetricity conjugates conjugates are given by

oL, 1 1 1 1 1 ~
S MY = e _ T omv oy o el 5[#‘17—” _ Zorv *5[“01 v] 75[;‘& v] , 15
0T 4 * 27 2Q “ 2 @+ 2 @ (15)
OLg 1 1 1 1/ 1 1 1
PR = G = 3 @+ 5 Q"+ Q8w — 5 (@8 + 87, Qu) + 3T + 5T 8w = 587 T

(16)

differs from the Einstein-Hilbert action only by a boundary term = same field equations!
» Take Q,. = 0 to get (metric) teleparallel equivalent to general relativity (TEGR).
> Take T*,, = 0 to get symmetric teleparallel equivalent to general relativity (STEGR).
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1.5 GTEGR field equations

» Variation of (13) with respect to the metric yields GR Einstein’s equations

3L
S T4 T (17)

1
(Va + Ty + EQa> 'Da/w :g/ng - a

=G,

> Variation of (13) with respect to the teleparallel connection yields a geometric identity
1 v 1%
(704 Tt 300 ) (S22 = P =0 (18)

» Here matter energy-momentum and hypermomentum are

_,0Lm Ol
g’ e,

T,uu = 8uv Lm =0. (19)

Aguiar Gomes, Beltrdn Jiménez, Koivisto, 2205.09716, 2309.08554
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1.6 Frame transformations

General teleparallel connection can be written in terms of matrices where A?,, € GL(R, 4) as
EETO
M= (A1) 0.0, & R*,., =0. (20)
Frame transformations with £2' € GL(R, 4)
N =€, (21)

» change only the torsion and nonmetricity parts of the connection,
> leave the teleparallel condition (vanishing curvature) and field equations intact,

» but reshuffle information between G and the boundary term, as well among the terms in
the field equation.

TEGR and STEGR can be thought as particular (partially) gauge fixed classes of the theory.

Beltran Jiménez, Heisenberg, losifidis, Jiménez-Cano, Koivisto, 1909.09045
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1.7 Extended teleparallel theories

General relativity R can be extended to F(R) gravity, f(®)R scalar-tensor, etc.

Teleparallel equivalent of general relativity T has been extended to
4 F(T) gravity Bengochea, Ferraro 0812.1205 , Golovnev, Koivisto, Sandstad 1701.06271
> f(q))T scalar-tensor Geng,Lee, Saidakis, Wu 1109.1092 Hohmann, LJ, Ualikhanova 1801.05786

Symmetric teleparallel equivalent of general relativity Q has been extended to
4 F(Q) gravity Beltran Jiménez, Heisenberg, Koivisto 1710.03116
> f(®)Q scalar-tensor LJ, Riinkla, Saal, Vilson, 1802.00492

General teleparallel equivalent of general relativity G has been extended to
» F(G) gravity Boehmer, Jensko 2103.15906 Hohmann 2207.06438
> f(P)Q scalar-tensor Hohmann 2207.06438, Heisenberg, Hohmann, Kuhn 2212.14324

The teleparallel extensions are not equivalent to their GR counterparts or to each other!
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1.8 Notes on the extended teleparallel theories

> At constant T, Q, G, ® the field equations reduce to GR, hence all GR solutions are
included. The challenge is to find solutions beyond GR repertoire.

» Connection field equation is not a geometric identity any more, it constrains the
connection and must be solved.

» Strong coupling problem: mismatch between the number of degrees of freedom

> arising in the linear perturbations around Minkowski, FLRW backgrounds

> reported in the Hamiltonian analysis (techically difficult to check the independence of
constraints).

> f(T), f(Q), f(G) theories admit a scalar-tensor representation, but no Einstein frame
where the scalar mode decouples from the connection, not obvious when it is a ghost.

» Multiple backgrounds with spherical or cosmological symmetry, some of them pathological
(Guzman Monsalve, LJ, Pati 2309.04262, 2406.11621 )
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2.1 Scalar-nonmetricity gravity

Consider scalar-tensor models described by the action LJ, Riinkla, Saal, Vilson 1802.00492

S=5 / a5/ B[ A(©)Q — B(®)g**2,095¢ — 20(®)] +5,,. (22)

» Metric field equations

2 1
_va (V _gAPa,uu) - _g,uwAQ +A (P;La,BQua'B - 2QaB;LPaBV) +
Ve ’ 23)

+ %gp‘y (Bgaﬁaad)aﬁ(]) + 2V) - Bau¢8l,<l> = H277w 5

My, =

> Connection field equations (constraints)
Cu=V5{0.A[Vu (V-28"") — 6°uV, (V=gg"")]} =0. (24)

» The scalar field equation (not sourced by matter)

o o dB dv
a af P
2BV .,V <D—|——d¢g 8a<b85¢+ Q 2d¢ 0. (25)
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2.2 Spherical symmetry and staticity

> We impose same symmetry conditions on g,,,,, [, and ®, hence the Lie derivatives
Hohmann, LJ, Krssak, Pfeifer 1901.05472

Lvgu = VP0,8u + 0,V 8o + 0,V gy, =0, (26)
Ly, = V0, — 0, VAT, + 0, VT, + 0,V 0y + 0,0,V =0,  (27)
Lyd=V79,0=0. (28)

» Killing vectors generating spherical symmetry are given by
RF=(0 0 0 1) (29)
S#=(0 0 cos¢ —singpcotb) (30)
TH=(0 0 —sing —cosgcotd.) (31)

Staticity comes from the time Killing vector

Ki=(1 0 0 0). (32)

> The two sets of connection components satisfying these symmetry conditions were found in
D’Ambrosio, Fell, Heisenberg, Kuhn 2109.03174
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2.3 Sets of connection components

» Spherically symmetric static line element is given by

ds? = —gu(r)dt? + g, (r)dr* + r?d6? + r’sin® 0d ¢ . (33)

» There are 2 sets of spherically symmetric static connection components.

» From the off-diagonal equation M, = 0 the set 1 gives
& = const or A = const (34)

and therefore reduces to the symmetric teleparallel equivalent of Einstein-Klein-Gordon
equations.

> For set 2, equation M, = 0 yields 2 branches

k

Moo = ——F
2¢(2c — k)’

c=k=0. (35)

> We are left with 5 field equations from which 4 are independent.
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2.4 No-hair theorem

>

vV vyvyy

One can find a necessary condition for A, B and V for which it is possible to find
asymptotically Minkowski BH solutions (lim,_,oc g — 7). C.f. Herdeiro, Radu 1504.08209;
Bahamonde, Ducobu, Pfeifer 2201.11445

Integrating the trace of the metric field equations and the scalar field equation gives
/ d*xv/—g (AQ — B9, d"d — 4V) = / A (Q“ - QH) nudx, (36)
v ov
1dB 1dA dy B
4 — s e _ - dA av _ n 3
/vd xv/—g [a,pa d>(2d¢¢+8> 5 e P+ d¢¢] /avscbv on,dix.  (37)

At asymptotics ¢ = const. At event horizon, the only contribution to n, comes from n,.
For the first branch Q* — Q* = 0 if "y is imaginary.
For the second branch Q* — Q* = 0 if ["pg — +r9 (0 < g < 2) at asymptotics.

We are lead to the condition

1dA 1dB dy
4 _ - Xt 12 el _
/dx\/ [ <A 2d¢¢> 2d¢¢8 0Fs)] ¢+d¢¢ 4| =0. (38)
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2.5 Connection set 2, branch 2

A reasonable ansatz to find solutions is

0 0 0 0 0 0
N 0 r, o 0
0 0 rtgg 0 0 Ty 0
0 0 Megsin®6] [0 0 0 T["gpsin®d
0 0 C 0 0 0 0 c
0 0 0 0 0 0 -7
rr
0 L 0 0 0 coth (39)
0 0 —sm@cos& c —r,lee cotf 0
where the functions gg, T*,., [gg, [, also depend on r and obey the relations
d rtgg r
Ertee = T Mool rr (40a)
d
=00 = =T"00T " 1 (40b)

» Minkowski limit 99 = —r, 99 = 0, then Q,., = 0 and Q = 0 Bahamonde, LJ 2208.01872
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2.6 BBMB metric

» The field equations are solved by

M\? M 2
ds® = — (1 — 7) dt® + (1 — T) dr® + r’d6? + r?sin® 0d¢2, (41)
Mg =M —r, My9 undetermined (42)
P =d (1 - g) ; (43)
¢2
A= Be)=p, v@)=0, (44)

» The metric coincides with the Bocharova—Bronnikov—Melnikov—Bekenstein solution (1970,
1974) for a conformally coupled a scalar field to Levi-Civita Ricci scalar.

» The metric, scalar field profile, as well as the coupling function A coincide with the
recently found solution is scalar-torsion gravity by Bahamonde, Ducobu, Pfeifer 2201.11445

» Inside the horizon the scalar field would be imaginary, but the coupling function A still
remains real.
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2.7 Lambert function solution

» The field equations are also solved by

2 -2
ds® = — (1 + W <#)> dt® + <1 + W <#)> dr® +r’dQ® (45

MMop = —r [1 + W <_¥>] , Mp9 undetermined, (46)
y 1/2

o(r) = P (— o (_M)> ; (47)

A(P) = %& , B(®) =2, V(@®)=0 (48)

> where the Lambert function is defined as W(z)e"(?) = z.

» Not known to exist in the Riemannian or torsional teleparallel case.
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2.8 Comparison of the solutions

1_5_\“‘““““““\“‘\“‘\“—
[ Schwarzschild metric
I L L Lambert solution ]
100 1 BBMB solution :
O |
0.5
0.0

r

Figure: Plot of g versus r for the Schwarzschild metric, the BBMB and the Lambert solution with
M=1.
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2.9 Theorem in f(Q) gravity

Theorem

For f(Q) gravity where the metric and connection are static and spherically symmetric, the
metric functions gy (r) and g.(r) take on the reciprocal of each other if and only if the model

coincides with STEGR + Constant. In addition, the solution in this case is provided by the

(anti)de-Sitter-Schwarzschild geometry.
Proof:
> Assuming gy = i one can find from the f(Q) field equations the condition (for branch 1)
2M
0= c(2c — K)ga(Me0)*f (rPgli — 28t +2) = gu(r)=1- - - Ar2.
> Assuming g = —— and ["gg # —r for branch 2 one can find the condition

8tt
2 rr /
Mf@@ =0 = fgop =0 or Q = const.
g9

If I"9g = —r then we would have the condition Qfge = 0 which yields the same conclusions.

» Set 1 provides the same result.

Analogous result was also found in f( T) gravity Bahamonde, Golovnev, Guzman, Said, Pfeifer
2110.04087
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2.10 Recap of black hole solutions in extended teleparallel gravities

Spherical static black holes in f(®)Q scalar-tensor gravity Bahamonde, Valcércel, LJ, Lember
2206.02725

» Gave a no-hair theorem to find asymptotically Minkowski black holes.

» Found that the solution with BBMB metric exists in all three scalar-tensor theories
(Riemannian, torsional teleparallel and symmetric teleparallel).

» Found several other exact black hole solutions, which are known only in the symmetric
teleparallel case, e.g. the solution with the Lambert function.

» Showed that in f(Q) gravity the reciprocal condition g, = gln gives only
Schwarzschild-(A)dS.

Axially symmetric solutions in f(®, T) gravity Bahamonde, Valcércel, LJ, Pfeifer 2012.09193
» found Taub-NUT-like class of solutions

» found connection for slowly rotating (a < 1) Kerr-like solutions, etc.
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3.1 The problem of the energy of gravity/spacetime in general relativity

Because of the mixing gravity and inertia, no coordinate-independent local energy density for
the gravitational field can be defined in GR. Instead, it is possible to

> define energy-momentum pseudotensors (like Einstein, or Landau-Lifschits) which are
coordinate-dependent and do not transform as true tensors,

> define the total energy of an isolated system, computed at spatial infinity in asymptotically
flat spacetimes (like ADM),

> define a Brown-York quasi-local energy-momentum tensor on the boundary of a finite
spatial region, derived from a variation of the full action including the GHY boundary term
with respect to the induced metric on the region boundary (also needs a counter term).

Can teleparallel equivalents of GR do better?
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3.2 Electric charges in electrodynamics in curved spacetime

Maxwell's equations read (in Gaussian units)

o

Vo FPY =4x J* . (51)
Electric charge in a given volume (spatial hypersurface) ¥ can be computed from the =0

equation by applying generalised Gauss (Stokes) theorem with n, the outward pointing normal
of the volume enclosing surface 9%,

Q:/dVJO, (52)

x

Q—i/dv? F°a—i7f dS n, FO (53)
_47T Y @ _47T oY « ’

Charge continuity equation follows automatically from the antisymmetry of F+%,

V,Jh=0. (54)

E.g. for Reissner-Nordstrém FO = —705, J° = Q4(0) it works for any volume (easy for fixed r).
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3.3 General parallel relativity G|R

Combining the GTEGR metric field equation (17) and connection field equation (18) it is
pOSSib|e to write Aguiar Gomes, Beltran Jiménez, Koivisto, 2309.08554

6oz FH* = 4mJ -, (55)
where the field strength and current are projected to the frame matrix as

Rl =25,1(A) 1, (56)
Jot = TH (N T+ L, (AY) T (57)

Analogy with electrodynamics is complete when we impose the canonical frame defined by
th, = 6", Ly — QP Pty — 2T 5,5 £ 0. (58)

Demanding t*, = 0 fixes the frame matrix A?,, i.e. fixes the freedom to change connection.
Call this gauge fixed version of GTEGR as general parallel relativity.
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3.4 Energy in general parallel relativity G| R

In G|R the (projected) Einstein's equations are written as
Vo Fl = 4", (59)
where
FH*=25,M(N)7Y, =T (AY)

and the energy can be expressed from the u = 0, a = 0 equation by again applying the
generalised Gauss theorem (for any volume!)

E= [ dV4°, (60)

. 1
E=_— [ dv VaFo® = -— ¢ dSn, F®. (61)

™ Jy 4 %
Explicit example
> E = m Schwarzschild in Kerr-Schild coordinates and unit frame matrix (means [, = 0)
Aguiar Gomes, Beltran Jiménez, Koivisto, 2205.09716 , which can be transformed to spherical
coordinates too (where still t#, = 0 but F’\W # 0) Beltran Jiménez, Koivisto, 2412.13946 .
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3.5 Energy in Kerr spacetime: work in progress

> Kerr metric in Kerr-Schild coordinates is given by

8uv = N + F(X) 0l (62)
where
2mp3 px+tay y —ax z
f(x) = Wt + 272 o= [1 pr e ;} , 0,0m=0. (63)

> If the frame matrix A7, = 42, (and hence I ,,, = 0) then arduous computations prove we
have a canonical frame t#, =0,

» and the energy integral computed numerically from a cubic box of arbitrary size and
enclosing the origin is

3
E:%ZZ%dSn?FOO":m. (64)

i=1 +
No need to introduce a boundary term or counterterm to the action.

lvask, LJ, Koivisto in progress
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Summary and outlook

Teleparallel equivalents of general relativity
> introduce extra connection that brings curvature to vanish,

» have the same field equations as GR,
» but differ in the boundary term.
Extended teleparallel theories like F(Q), f($)Q scalar-tensor
> have debatable health issues (strong coupling problem, ghosts),

» but nevertheless allow nontrivial analytic black hole solutions.

General parallel relativity
> is a gauge fixed version of GTEGR,

> that offers an elegant solution to the spacetime energy problem (now tested for Kerr).
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