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WHAT ARE QNMS?
<latexit sha1_base64="x11NJMDGSsD9LNtxusTAOUgA1Bk="></latexit>

ḡµ⌫dx
µdx⌫ = �f(r)dt2 + f�1(r)dr2 + r2

�
d✓2 + sin2(✓)d�2

�

<latexit sha1_base64="InMoPQZiOE3pyCDTfk+EQq0H9Ok="></latexit>

gµ⌫ = ḡµ⌫ + "h(1)
µ⌫

<latexit sha1_base64="sh+1TMa6XjhJv+NaZxVArONoxOo="></latexit>

) G(1)
µ⌫

⇥
h(1)

⇤
= 0

Using background symmetries and fixing gauge:

Equatorial (reflection) symmetry (non-precessing):
<latexit sha1_base64="kddKcRAb4E6v+t94uQGWq2KopIg="></latexit>

± = (�1)`+m

<latexit sha1_base64="/bdZ6+iJH8T6S9e3Yh1sHpoPmro="></latexit>

d2 (1)

dr2⇤
+ (!2 � V`(r)) 

(1) = 0

<latexit sha1_base64="YhibMcoiaaf9+4fasjYbvvxkgTs="></latexit>

h(1) ⇠
X

`,m,!,±
e�i!t (1),`m

± (r)Y `m
± (✓,�) + c.c.
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WHAT ARE QNMS?

A QNM is a solution with:

This is possible only if the frequency is quantised: 

The amplitude is arbitrary in this approach

<latexit sha1_base64="InMoPQZiOE3pyCDTfk+EQq0H9Ok="></latexit>

gµ⌫ = ḡµ⌫ + "h(1)
µ⌫

It MUST be fitted to NR

<latexit sha1_base64="/bdZ6+iJH8T6S9e3Yh1sHpoPmro="></latexit>

d2 (1)

dr2⇤
+ (!2 � V`(r)) 

(1) = 0

<latexit sha1_base64="10puLvZ3h4GE0RFSULKJPVWlNkU="></latexit>

 (1)(r) / e�i!r⇤ , r⇤ ! �1
 (1)(r) / ei!r⇤ , r⇤ ! 1

<latexit sha1_base64="F/Zp2rrHuhSnSnj3ETH2MjNMpbM="></latexit>! = !`mnm
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A REMARKABLE FIT

Zertuche et al. (2022)

SXS:BBH:0305      GW150914⇔

≪ 1

<latexit sha1_base64="ZaZQuXEReQ9D5mocy+jd+b7SJCM="></latexit>

h =
X

`mn

A`mne
�i!`mn(t�r⇤)Y `m(✓,�)
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NONLINEARITIES?
<latexit sha1_base64="MVz2dJEeUF6mc5mnDG8B5I+jnFw="></latexit>

gµ⌫ = ḡµ⌫ + "h(1)
µ⌫ + "2h(2)

µ⌫

<latexit sha1_base64="00ZLC3AOgJ2WPJrYDR7z/jG4yI4="></latexit>

G(1)
µ⌫

⇥
h(2)

⇤
= �G(2)

µ⌫

⇥
h(1),h(1)

⇤

Same operator! Source term

<latexit sha1_base64="XIrtLRK252CM9CxT2fQXk4sN8JM="></latexit>

h(1) ⇥ h(1) ⇠
✓ X

`1,m1,n1

e�i!1t (1),`1m1Y `1m1 + c.c.

◆
⇥
✓ X

`2,m2,n2

e�i!2t (1),`2m2Y `2m2 + c.c.

◆

« QUADRATIC » MODES:
• Frequency                    or

<latexit sha1_base64="SYCtl4U7zvyR+oOn6vX4qd1ynJY="></latexit>

!1 + !2

<latexit sha1_base64="GTsRoO7jYG20LeQAnG8hHz2/+RE="></latexit>

!1 � (!2)
⇤

• Angular momentum                                                 and 
<latexit sha1_base64="pe8Rn8CEeLLPhG57K84z6CiYfBg="></latexit>

|`1 � `2|  `  `1 + `2
<latexit sha1_base64="m/iJH7Jq0oe5yDSUnCsnvO1qHBE="></latexit>

m = m1 +m2

• Parity
<latexit sha1_base64="O8bSrcyHUUwirfEamK/gIqJr9wc="></latexit>

(�1)`+m

• Amplitude is quadratic in linear modes

Nakano&Ioka(2007), London&al(2017), Lagos&Hui(2023), Bucciotti AK&al (2024)….



NONLINEARITIES!

Mitman et al. (2023)

<latexit sha1_base64="XMSxLhxLUHC1XGnOjf6rKDTBz8g="></latexit>

h =
X

`mn

A`mne
�i!`mn(t�r⇤)Y `m(✓,�) +A220⇥220

44 e�2i!220(t�r⇤)Y 44(✓,�)

Can we have a better understanding of these nonlinearities?
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SECOND-ORDER RW
<latexit sha1_base64="00ZLC3AOgJ2WPJrYDR7z/jG4yI4="></latexit>

G(1)
µ⌫

⇥
h(2)

⇤
= �G(2)

µ⌫

⇥
h(1),h(1)

⇤
<latexit sha1_base64="hjw/oCHi2+Gdso1x2oWL7hxxRmw="></latexit>

d2 (2)

dr2⇤
+ (!2 � V`(r)) 

(2) = S(r)

A toy-model:
<latexit sha1_base64="izTd/vFfrHfINUXU8jd5VT1gjSA="></latexit>

S(r) = f(r) (1)
1 (r) (1)

2 (r)

A QNM is a solution with:

<latexit sha1_base64="2wmogPLBppHzWsrqmMEUVMr2lmQ="></latexit>

 (2)(r) / e�i!r⇤ , r⇤ ! �1
 (2)(r) / ei!r⇤ , r⇤ ! 1

Issue with the asymptotics!

We want We have

<latexit sha1_base64="tXSeoyXt5H3aU6B3TXbgQ07XA98="></latexit>

d2 (2)

dr2⇤
+ !2 (2) = O

!
ei ! r !

r2

"
<latexit sha1_base64="dnF0Zz8a2CKpEDx481ys90Ak7EE="></latexit>

S = O(ei ! r ! )

HOMOGENEOUS SOLUTION: Renormalization of linear amplitudes

PARTICULAR SOLUTION: Amplitude fixed by          ! 
<latexit sha1_base64="FwTrK2CjIGtLfk1I/xaeu7Eo1bI="></latexit>

S(r )

Gleiser&al (95,98,99)
Brizuela&al (06,07,09)

Nakano&Ioka (07)
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REGULARIZATION
<latexit sha1_base64="/GP5wOA081e3SgSAXhpHKtx9JPs="></latexit>

! (2) (r ) = ! (2) (r ) + " (r )! (1)
1 ! (1)

2

<latexit sha1_base64="uVy1iAyd/Q9LOssfCYLFoHxLZYI="></latexit>

d2! (2)

dr 2
!

+ ( ! 2 ! V! (r )) ! (2) = ÷S(r )

<latexit sha1_base64="7/G0Rdn6q0xKpVREgzPmHPGP5nk="></latexit>

÷S(r ) !
!

1 "
2M
r

"
e! i ! r ! , r " # "$

÷S(r ) !
ei ! r !

r 2 , r " # $

The           cancels when going from RW gauge to TT gauge  
<latexit sha1_base64="6XwUe0g002DQ/oa6gdXp3x8JyyQ="></latexit>

! (r )

(Similar to           ) 
<latexit sha1_base64="uy2mHR1cDX0cP9TISRcALl4AWDs="></latexit>

V! (r )

Bucciotti, Juliano, AK, Trincherini (2024)



9

22
0+

22
1+

21
0+

33
0+

10! 3

10! 2

10! 1

100

|R
|

! = 2

2(-2)0!

2(-2)1!

2(-1)0!

3(-3)0!

22
0+

22
1+

21
0+

33
0+

! = 3

22
0+

22
1+

21
0+

33
0+

! = 4

220+
221+
210+
330+

22
0+

22
1+

21
0+

33
0+

! = 5

LEAVER SOLUTION
<latexit sha1_base64="2EnrYZD8apzDzjWyzJDtYgCc39A="></latexit>

R = A (2) /
!
A (1)

1 A (1)
2

"

<latexit sha1_base64="SYCtl4U7zvyR+oOn6vX4qd1ynJY="></latexit>

!1 + !2
<latexit sha1_base64="GTsRoO7jYG20LeQAnG8hHz2/+RE="></latexit>

!1 � (!2)
⇤

Bucciotti, Juliano, AK, Trincherini (2024)
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LEAVER SOLUTION
<latexit sha1_base64="2EnrYZD8apzDzjWyzJDtYgCc39A="></latexit>

R = A (2) /
!
A (1)

1 A (1)
2

"

<latexit sha1_base64="SYCtl4U7zvyR+oOn6vX4qd1ynJY="></latexit>

!1 + !2
<latexit sha1_base64="GTsRoO7jYG20LeQAnG8hHz2/+RE="></latexit>

!1 � (!2)
⇤

Bucciotti, Juliano, AK, Trincherini (2024)

Perfect agreement with NR

0.154
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LEAVER SOLUTION
<latexit sha1_base64="2EnrYZD8apzDzjWyzJDtYgCc39A="></latexit>

R = A (2) /
!
A (1)

1 A (1)
2

"

<latexit sha1_base64="SYCtl4U7zvyR+oOn6vX4qd1ynJY="></latexit>

!1 + !2
<latexit sha1_base64="GTsRoO7jYG20LeQAnG8hHz2/+RE="></latexit>

!1 � (!2)
⇤

Bucciotti, Juliano, AK, Trincherini (2024)
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NONLINEAR RINGDOWN
GW190521-LIKE MERGER

(Neglecting spin and deviations from equatorial symmetry)

Bucciotti, Juliano, AK, Trincherini (2024)
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OBSERVABILITY?

Lagos & al (2024)

GW150914-like
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OBSERVABILITY

S. Yi, AK & al (2024)
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EIKONAL REGIME
<latexit sha1_base64="2/ho5mkawmG8IiS6bUuMmwPCDdY=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJgZQk+nZtKkp2fo7hFCyF948aCIV//Gm39jZzlo4oOCx3tVVNULM8G1cd1vp7Cyura+UdwsbW3v7O6V9w+aOs0VwwZLRaraIdUouMSG4UZgO1NIk1BgKxzcTvzWEyrNU/lghhkGCY0ljzijxkqPPgpB/DgmXrdccavuFGSZeHNSgTnq3fKX30tZnqA0TFCtO56bmWBEleFM4Ljk5xozygY0xo6lkiaog9H04jE5sUqPRKmyJQ2Zqr8nRjTRepiEtjOhpq8XvYn4n9fJTXQdjLjMcoOSzRZFuSAmJZP3SY8rZEYMLaFMcXsrYX2qKDM2pJINwVt8eZk0z6reZfXi/rxSu5nHUYQjOIZT8OAKanAHdWgAAwnP8ApvjnZenHfnY9ZacOYzh/AHzucPayKQHA==</latexit>

! ! 1
Bucciotti, Cardoso, AK, Pereniguez, Yuste (2025)

WKB analysis shows:

<latexit sha1_base64="RGiujPsFE32KW1OvkZmvkKyLbAc="></latexit>

GM ! =
1

3
!

3

!
" +

1
2

+ i
"

n +
1
2

#$
+ O

"
1
"

#

What about the quadratic ratio?

should not be too large!
<latexit sha1_base64="UCYjE/1ajJ66vG0OWKtjl51O5pc=">AAACHXicbVDLSgMxFM3UV62vUZdugkVoN3Wm1MdGqLpxWcU+oJ2WTJppQzMPkoxQhvkRN/6KGxeKuHAj/o2ZdhDbeiBwcs693HuPHTAqpGF8a5ml5ZXVtex6bmNza3tH391rCD/kmNSxz3zespEgjHqkLqlkpBVwglybkaY9uk785gPhgvrevRwHxHLRwKMOxUgqqadXOi6SQ4wYvIMX8Pdz2Y0K5WIMj2FhRjOLcbFb7ul5o2RMABeJmZI8SFHr6Z+dvo9Dl3gSMyRE2zQCaUWIS4oZiXOdUJAA4REakLaiHnKJsKLJdTE8UkofOj5Xz5Nwov7tiJArxNi1VWWyqpj3EvE/rx1K59yKqBeEknh4OsgJGZQ+TKKCfcoJlmysCMKcql0hHiKOsFSB5lQI5vzJi6RRLpmnpZPbSr56lcaRBQfgEBSACc5AFdyAGqgDDB7BM3gFb9qT9qK9ax/T0oyW9uyDGWhfP4VnnxE=</latexit>

R = A (2) / (A (1) )2
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STABILITY OF SCHWARZSCHILD

Schwarzschild seems unstable???!!
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STABILITY OF SCHWARZSCHILD
<latexit sha1_base64="cC54u0qpiVe6yomsZVpkqCVZvdc=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVoN3Wm+NooVTcuq9gHdKYlk6ZtaOZBkhHKMH/jxl9xI6iILv0TM+0gtvVA4OSce7n3HidgVEjD+NIyC4tLyyvZ1dza+sbmlr69Uxd+yDGpYZ/5vOkgQRj1SE1SyUgz4AS5DiMNZ3id+I0HwgX1vXs5Cojtor5HexQjqaSOfmG5SA4wYvAOnsPfz2U7KpSLMTyEhSnNLMbFdhlagrrQIox19LxRMsaA88RMSR6kqHb0V6vr49AlnsQMCdEyjUDaEeKSYkbinBUKEiA8RH3SUtRDLhF2NL4zhgdK6cKez9XzJByrfzsi5Aoxch1VmSwtZr1E/M9rhbJ3ZkfUC0JJPDwZ1AsZlD5MQoNdygmWbKQIwpyqXSEeII6wVNHmVAjm7MnzpF4umSel49ujfOUqjSML9sA+KAATnIIKuAFVUAMYPIJn8AbetSftRfvQPielGS3t2QVT0L5/APkKovM=</latexit>

R = A (2) / (A (1) )2 ! !

If
<latexit sha1_base64="96hRrMdKEIfNs2WMYSjV2Ypa200=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCVpUoQr7HAwlgk+pCaUDmu01q1nch2kKqoP8DCr7AwgBArOxt/g9NmgJYjXenonHt17z1BzKjSjvNtFRYWl5ZXiqultfWNzS17e6epokRi0sARi2Q7QIowKkhDU81IO5YE8YCRVjC8zvzWA5GKRuJOj2Lic9QXNKQYaSN17QOPIz3AiMHL+7TiHo2hpyiHHokVZZGAHmPQ7dplp+pMAOeJm5MyyFHv2l9eL8IJJ0JjhpTquE6s/RRJTTEj45KXKBIjPER90jFUIE6Un06+GcNDo/RgGElTQsOJ+nsiRVypEQ9MZ3a7mvUy8T+vk+jwwk+piBNNBJ4uChMGdQSzaGCPSoI1GxmCsKTmVogHSCKsTYAlE4I7+/I8aR5X3bPq6e1JuXaVx1EEe2AfVIALzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH9PWgpXP7II/sD5/AEJpmmw=</latexit>

A (1) ! ! " 1
<latexit sha1_base64="sXE9ziBnaDdMbYQ8jhuacqE5Am4=">AAACJXicbVA7T8MwGHR4lvIKMLJYVEhlKUnFa2AosDAWiT6kJlSO66RWHSeyHaQq6p9h4a+wMFAhJCb+Ck6bgbacZOt0932y77yYUaks69tYWl5ZXVsvbBQ3t7Z3ds29/aaMEoFJA0csEm0PScIoJw1FFSPtWBAUeoy0vMFd5reeiZA04o9qGBM3RAGnPsVIaalrXjshUn2MGLx5SsvVkxE8hTOSrSVH0hA6hDF9xZKyiEMnCKDdNUtWxZoALhI7JyWQo941x04vwklIuMIMSdmxrVi5KRKKYkZGRSeRJEZ4gALS0ZSjkEg3naQcwWOt9KAfCX24ghP170aKQimHoacnswBy3svE/7xOovwrN6U8ThThePqQnzCoIphVBntUEKzYUBOEBdV/hbiPBMJKF1vUJdjzkRdJs1qxLyrnD2el2m1eRwEcgiNQBja4BDVwD+qgATB4AW/gA4yNV+Pd+DS+pqNLRr5zAGZg/PwCpZai6g==</latexit>

A (2) / A (1) ! !" " 1

For     large
<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

!
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STABILITY OF SCHWARZSCHILD
<latexit sha1_base64="cC54u0qpiVe6yomsZVpkqCVZvdc=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVoN3Wm+NooVTcuq9gHdKYlk6ZtaOZBkhHKMH/jxl9xI6iILv0TM+0gtvVA4OSce7n3HidgVEjD+NIyC4tLyyvZ1dza+sbmlr69Uxd+yDGpYZ/5vOkgQRj1SE1SyUgz4AS5DiMNZ3id+I0HwgX1vXs5Cojtor5HexQjqaSOfmG5SA4wYvAOnsPfz2U7KpSLMTyEhSnNLMbFdhlagrrQIox19LxRMsaA88RMSR6kqHb0V6vr49AlnsQMCdEyjUDaEeKSYkbinBUKEiA8RH3SUtRDLhF2NL4zhgdK6cKez9XzJByrfzsi5Aoxch1VmSwtZr1E/M9rhbJ3ZkfUC0JJPDwZ1AsZlD5MQoNdygmWbKQIwpyqXSEeII6wVNHmVAjm7MnzpF4umSel49ujfOUqjSML9sA+KAATnIIKuAFVUAMYPIJn8AbetSftRfvQPielGS3t2QVT0L5/APkKovM=</latexit>

R = A (2) / (A (1) )2 ! !

If
<latexit sha1_base64="96hRrMdKEIfNs2WMYSjV2Ypa200=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCVpUoQr7HAwlgk+pCaUDmu01q1nch2kKqoP8DCr7AwgBArOxt/g9NmgJYjXenonHt17z1BzKjSjvNtFRYWl5ZXiqultfWNzS17e6epokRi0sARi2Q7QIowKkhDU81IO5YE8YCRVjC8zvzWA5GKRuJOj2Lic9QXNKQYaSN17QOPIz3AiMHL+7TiHo2hpyiHHokVZZGAHmPQ7dplp+pMAOeJm5MyyFHv2l9eL8IJJ0JjhpTquE6s/RRJTTEj45KXKBIjPER90jFUIE6Un06+GcNDo/RgGElTQsOJ+nsiRVypEQ9MZ3a7mvUy8T+vk+jwwk+piBNNBJ4uChMGdQSzaGCPSoI1GxmCsKTmVogHSCKsTYAlE4I7+/I8aR5X3bPq6e1JuXaVx1EEe2AfVIALzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH9PWgpXP7II/sD5/AEJpmmw=</latexit>

A (1) ! ! " 1
<latexit sha1_base64="sXE9ziBnaDdMbYQ8jhuacqE5Am4=">AAACJXicbVA7T8MwGHR4lvIKMLJYVEhlKUnFa2AosDAWiT6kJlSO66RWHSeyHaQq6p9h4a+wMFAhJCb+Ck6bgbacZOt0932y77yYUaks69tYWl5ZXVsvbBQ3t7Z3ds29/aaMEoFJA0csEm0PScIoJw1FFSPtWBAUeoy0vMFd5reeiZA04o9qGBM3RAGnPsVIaalrXjshUn2MGLx5SsvVkxE8hTOSrSVH0hA6hDF9xZKyiEMnCKDdNUtWxZoALhI7JyWQo941x04vwklIuMIMSdmxrVi5KRKKYkZGRSeRJEZ4gALS0ZSjkEg3naQcwWOt9KAfCX24ghP170aKQimHoacnswBy3svE/7xOovwrN6U8ThThePqQnzCoIphVBntUEKzYUBOEBdV/hbiPBMJKF1vUJdjzkRdJs1qxLyrnD2el2m1eRwEcgiNQBja4BDVwD+qgATB4AW/gA4yNV+Pd+DS+pqNLRr5zAGZg/PwCpZai6g==</latexit>

A (2) / A (1) ! !" " 1

For     large
<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

!

BUT:            cannot stay constant with    ! 
<latexit sha1_base64="8x2Ezh5fFDD/qlSnblppyfHKr1w=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURX8uqG5cV7APaWCbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs8cP+ZMacf5tgorq2vrG8XN0tb2zu6evX/QVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/usv81phKxSLxqCcx9UI8ECxgBGsj9Wy7G2I9JJijm6e04p5Oe3bZqTozoGXi5qQMOeo9+6vbj0gSUqEJx0p1XCfWXoqlZoTTaambKBpjMsID2jFU4JAqL50ln6ITo/RREEnzhEYz9fdGikOlJqFvJrOcatHLxP+8TqKDay9lIk40FWR+KEg40hHKakB9JinRfGIIJpKZrIgMscREm7JKpgR38cvLpHlWdS+rFw/n5dptXkcRjuAYKuDCFdTgHurQAAJjeIZXeLNS68V6tz7mowUr3zmEP7A+fwA+fZLE</latexit>

A (1)
<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

!

<latexit sha1_base64="IE1NX2dM7iCRGfRw3MuPrvEJmds="></latexit>

dE
dt

!
!

!

! 2
! (A(1)

! )2

<latexit sha1_base64="1Sj+k/CsObpi5fnK8zeKpPHHV+I=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAiuSlJ8LYtuXFawD0himUwn7dDJTJi5EUroZ7hxoYhbv8adf+O0zUJbD1w4nHMv994TpYIbcN1vZ2V1bX1js7RV3t7Z3duvHBy2jco0ZS2qhNLdiBgmuGQt4CBYN9WMJJFgnWh0O/U7T0wbruQDjFMWJmQgecwpASv5geEJDpgQj/VeperW3BnwMvEKUkUFmr3KV9BXNEuYBCqIMb7nphDmRAOngk3KQWZYSuiIDJhvqSQJM2E+O3mCT63Sx7HStiTgmfp7IieJMeMksp0JgaFZ9Kbif56fQXwd5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTKtsQvMWXl0m7XvMuaxf359XGTRFHCR2jE3SGPHSFGugONVELUaTQM3pFbw44L8678zFvXXGKmSP0B87nD658kOA=</latexit>

! ! 2
<latexit sha1_base64="NxVW9o6g46J1NmX1nujXTIyU3mU=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAhurEl9LotuXFawD2himUxv2qGTSZiZFEron7hxoYhb/8Sdf+O0zUJbD1w4nHMv994TJJwp7Tjf1tLyyuraemGjuLm1vbNr7+03VJxKCnUa81i2AqKAMwF1zTSHViKBRAGHZjC4m/jNIUjFYvGoRwn4EekJFjJKtJE6tu0pFmEPOH/KTs/PKuOOXXLKzhR4kbg5KaEctY795XVjmkYgNOVEqbbrJNrPiNSMchgXvVRBQuiA9KBtqCARKD+bXj7Gx0bp4jCWpoTGU/X3REYipUZRYDojovtq3puI/3ntVIc3fsZEkmoQdLYoTDnWMZ7EgLtMAtV8ZAihkplbMe0TSag2YRVNCO78y4ukUSm7V+XLh4tS9TaPo4AO0RE6QS66RlV0j2qojigaomf0it6szHqx3q2PWeuSlc8coD+wPn8ARwSSyg==</latexit>

! ! ! 3/ 2
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CONCLUSIONS

• Amplitude of quadratic modes is fully determined by:

- Improvement of ringdown waveforms for free

- Tests of GR

• As precision improves, we should aim to model nonlinearities in ringdown

• Several quadratic modes will be observable by ET/CE/LISA

- Amplitudes of linear modes

- mass and spin of final BH

• Applications:

https://github.com/akuntz00/QuadraticQNM

Available for Schwarzschild at:

https://github.com/akuntz00/QuadraticQNM
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DEVIATIONS TO REFLECTION SYMMETRY

POLARIZATION PARAMETER:
<latexit sha1_base64="Jg3oEkNHZ3/LCsNzVY2PvDyxVIg="></latexit>

! ! m =
A + ,! m + iA ! ,! m

A + ,! m ! iA ! ,! m

TOTAL RATIO:

Bucciotti, Juliano, AK, Trincherini (2024)

<latexit sha1_base64="gVNUsL+LxL0LYXEKBdVGLIhIX+A="></latexit>

R =
1
4

!

P1 ,P 2

R P1 ! P2 " P
"
1 + ( ! 1)P1 ! (1)

1

#"
1 + ( ! 1)P2 ! (1)

2

#

Each mode contains P = + (even) and P = - (odd) contributions

4 complex numbers in total!

<latexit sha1_base64="Xbs/nOXPBhKZbixvZRpBMd3ztkg="></latexit>

(! 1)P1 + P2 + P = ( ! 1)! 1 + ! 2 + !

<latexit sha1_base64="lfC3MkK7OI05Uxm39GYirjfDYzw="></latexit>

! = ± in equatorial symmetry
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DEVIATIONS TO EQUATORIAL SYMMETRY
Each mode contains P = + (even) and P = - (odd) contributions
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KERR CASE

(Fits)

(Perturbation theory)Redondo-Yuste&al (2024)

Khera, Ma, Yang (2024)

QQNMs depend on only 3 numbers, not 4!

Khera, Ma, Yang (2024)

<latexit sha1_base64="t39dCpuzbJtqr2b8sUdEkM/Sm4o="></latexit> !

P1 ,P 2

(! 1)P1 + P2 R P1 ! P2 " P = 0


