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Ernst form of Einstein equations

* Stationary and axisymmetric geometries in four dimensions are charac-
terised by the action of a group R x SO(2) under which the spacetime
metric remains invariant.

* If the orbits of R x SO(2) (surfaces of transitivity) are everywhere or-
thogonal to a family of hypersurfaces defined by the remaining, non-Killing
coordinates of the spacetime (meridional surfaces), then the spacetime is
said to be circular, and the action of the group is said to be orthogonally
transitive.

* The most general class of circular, stationary, and axisymmetric (CSA)
spacetimes is captured by the Weyl-Lewis-Papapetrou line element and its
magnetic counterpart, the latter derived through a discrete double Wick
rotation involving the temporal and azimuthal coordinates. In canonical
Weyl coordinates {t, p, z, ¢} these read
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* For CSA spacetimes expressed in canonical WLP form, Einstein's equa-
tions can be recast in the Ernst formulation and represented by Ernst
equations

Re () V?E = VE - VE,

where, if using the magnetic WLP ansatz, the complex Ernst potential is
defined by
E=—f—iy,

being its imaginary part given by the so-called twist equation (integrability

condition)
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where all vector quantities are defined over a flat space with cylindrical
coordinates {p, z, p}.



* The main advantages of the formalism are two: First, if dealing with
direct integration of the equations the problem has been reduced to a
system of PDE's to be solved in a Euclidean three dimensional space in
cylindrical coordinates.

* Second, Einstein(-Maxwell) equations can be shown to display a set of
otherwise hidden Lie Point Symmetries. These symmetries are
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where a and ¢ are real and o, § and € are complex. The last two sym-
metries, known as Ehlers and Harrison have a non-trivial effects.



* When applying Ehlers or Harrison on a seed spacetime written in electric
WLP form the resulting spacetime must be at least asymptotically locally
flat.

* The effect of the transformation must be the addition of a feature that
respect such restriction.

* Ehlers add NUT parameter while Harrison monopole electromagnetic
charges.

* Now, let us notice the following: when dealing with a seed in a magnetic
WLP form the asymptotic behaviour of the seed is naturally changed, it
changes to a Levi-Civita-like spacetime

dSEC _ _p4t7dt2 + k2p4(7(2(7—1)(dp2 + de) + p2(1_20)d@2.

* Hence the effect of Ehlers and Harrison cannot be the addition of a
point like source as otherwise the nontrivial LC-asymptotic would not be
possible.

* Magnetic Ehlers and Harrison transformations add background-like prop-
erties on the seed spacetime, swirling background rotation and electromag-
netic background fields.



The Inversion Symmetry

* An interesting discrete symmetry arises by properly combining gravita-
tional gauge transformations, a Weyl rescaling and an Ehlers symmetry in
the limit where the Ehlers parameter is taken to infinity
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* An intuitive version of this symmetry has been given long ago by Buch-
dahl in metric form, but constrained to the static case. The rotating
inversion has been completely overlooked.

* Given a vacuum seed the entire inversion is given by
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* It can be proven that asymptotically flat solutions are inmune to the
inversion. This is consistent with uniqueness theorems.

* Then it is necessary to use the inversion on a magnetic WLP line element.

* This is how the Schwarzschild-Levi-Civita black hole is obtained.



The Kerr-Levi-Civita Black Hole

* We start with Kerr metric written in a magnetic WLP form (conjugate
Kerr) in spherical-like coordinates
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* Using the seed rotation wy on the twist equation provides us with the
seed imaginary part of the seed Ernst potential xg.

* The metric function f is readily obtained. Rotation, however, proceeds
as follows:

* Using xo the new imaginary part x is obtained.

* Then, using the twist equation once again, we get the final rotation
function w .

* Thus, we get the Kerr-Levi-Civita spacetime
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where as usual 0%(r,x) = r? + a?x2. Some comments are in order:



* The azimuthal component of the metric is g, = f > 0 and therefore
the Killing vector 0y is everywhere positive in r > 0, except at the axis
of symmetry x = +1 where it becomes null. Hence, there are no close
timelike curves.

Using some modified canonical coordinates (t, 3, Z, ¢) we observe that at
constant t and Z
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An angle defect emerges, but a redefinition of the azimuthal angle ¢ =
16a®m? suffices to fix it. Hence the spacetime is free of conical singularities.

ds? ~ dp? +

* Due to the fact that |04]> ~ 5* the spacetime is free of Misner strings.

* In the coordinate system {t, p, z, p}, the asymptotic form of the metric
reads . - .
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where: ‘4
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which belongs to the Levi-Civita class. Hence, asymptotically the space-
time behaves as a rotating generalisation of the Levi-Civita spacetime.

* On the original solution two limits help to reveal the origin of the ro-
tation of the Kerr-Levi-Civita spacetime. First, if a = 0 we recover the
Schwarzschild-Levi-Civita spacetime. A simple static black hole embedded
on a Levi-Civita cylindrical background.
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* On the other hand, for m = 0 the spacetime is nothing else than the
aforementioned Levi-Civita background, hence there is no trace of the
rotation at all
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* What is effectively happening is the following: we have a Levi-Civita cylin-
drical background on which a spinning mass has been placed. When this
asymptotic is dragged by the spinning source it produces a rotational effect
akin to swirling spacetimes. Reason why the spacetime rotates asymptot-
ically. However, the background has no intrinsic rotation, as removed the
source (m = 0) staticity is recovered.

* The horizon structure of the solution is that of Kerr, namely, we have
outer and inner horizons of the form

re=m+vVm—2a%, r_=m-—+ym?—2a%.



* Nevertheless, curvature invariants are regular there. Surprisingly, they
are regular everywhere; there is no ring singularity like in Kerr neither a
pathological axis as in the static Schwarzschild-Levi-Civita metric. This is
also valid in the extremal and over-spinning cases.

* The outer horizon r. is a Killing horizon, as the norm of the combination
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vanishes on it. The latter for a ZAMO, assuming that J; is the asymptot-
ically timelike Killing vector.
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* Notice that due to the swirling-like asymptotic behaviour of the solution
to define an everywhere timelike Killing vector is not possible, something
already understood in the context of magnetised and/or swirling black hole
spacetimes. This has consequences on the ergoregions:
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Flgure: Cross section, taken at y = 0, of the ergoregion (gray fill) dressing the event-horizon of a Kerr-LC
black hole with ry = 1 and r— = 1/2 in rotating frames with angular velocity o« = 0 (a), & = 1.64 (b), and
a = 3 (c). In panel (d), we provide a density map of the absolute difference AQ in the above spacetime. We use
total white for AQ = 0. The darker the color is, the bigger the difference becomes. The black ellipsoid represents
the black hole.



* Recall that In a Kerr spacetime, the asymptotic geometry is static; the
angular velocity falls off like ~ 2am/r® as r — co. In the Kerr—Levi-Civita
spacetime, we have that

34+ 6x2 —x*
8am

Q r,
at large distances and fixed latitude. The swirling acquired behaviour of
the rotation is then manifest.

* Finally, let us comment on the following: The Kerr geometry possesses
a Kerr-schild form
ds? = dsg + H(r,x) | ® I,

where | generates the null geodesics, which in this case need not be shear-
free, since the spacetime is algebraically general. However, it seems this
Levi-Civita extension does not, although its static counterpart it does.



Conclusions

* We have constructed a novel rotating vacuum solution of Einstein field
equations. This represents the exterior field of a spinning mass different
to the other known examples, the Kerr and Tomimatsu-Sato spacetimes.

* It has been obtained via the discrete inversion symmetry of Ernst equa-
tions when acting on a Kerr metric written in magnetic WLP form.

* It has been named Kerr-Levi-Civita spacetime as it lands on the Schwarzschild-
Levi-Civita spacetime in the static limit.

* It is proven to be everywhere regular!

* Although the spacetime acquires some features of swirling spacetimes
there is a crucial difference: The Levi-Civita background does not posses
any intrinsic rotation, it rotates due to the dragging produced by the spin-
ning source, and the swirling characteristic emerges only due to this drag-
ging over the non-trivial cylindrical background.

Thanks



