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Black hole thermodynamics
• Introducing a complex null tetrad,                    , the Killing surface 

gravity reads:

• Using the Wald (1993) formula for the entropy in some arbitrary theory of 
gravity (at least for stationary spacetimes): defined via a boundary term 
Θ(φ, δφ) and equations of motion E(φ) for some field(s) φ:

κℋ = − (ℓμnνℓν;μ)ℋ

{ℓ, n, m, m̄}

• From which we can introduce the Hawking temperature:

T = κℋ /2π

S = 2π∫Σ
Q̃

δℒ = Eδϕ + dΘ(ϕ, δϕ) ⟹ ∃j = Θ − ξ ⋅ L ⟹ j = dQ

• We can now introduce the heat capacity at constant X (e.g., charge, 
angular momentum, or more general hair)

CX = T ( ∂S
∂T )

X
= T ( ∂S

∂M )
X

( ∂M
∂T )

X
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The basic example: Reissner-Nordström
ds2 = − eα(r)B(r)dt2 +

dr2

B(r)
+ r2dΩ2

T = κℋ /2π

• The RN black hole has a Davies’ point at Q = √3 M/2 [Davies (1978)] 
• Note: Kerr does too: 

( ∂T
∂M )

X

?⟶ 0
• Even without considering a specific 

theory, we can look for these 
“thermodynamic singularities” by 
seeing if, within the phase space:

lim
a→ 3 − 2 3

CKerr
GR → ∞

CRN
GR = −

2π 1 − Q2/M2 (M + M2 − Q2)
2

2 1 − Q2/M2 − 1
⟹ lim

|Q|→ 3M/2
CRN

GR → ∞
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Any evidence for bifurcation?
XTE J1550–564 4U 1543–47

• Microquasar; BH mass                                   
M ~ 9.1 ± 0.6 M⊙

• Microquasar; BH mass                                  
M ~ 9.4 ± 1.0 M⊙

• Super-Eddington flares? ✔                     
(Sobczak 2000)

• Super-Eddington flares? ✔                               
(Jin et al 2021)

• Fit to thermal spectrum: a ~ 0.34!                    
(Steiner et al. 2011)

• Fit to thermal spectrum: a ~ 0.8!              
(Shafee et al. 2006)

Perhaps other phenomena but nothing obvious?

• Quasi-periodic oscillations at ~ 8 Hz                    
(Cui et al 1999)

• Quasi-periodic oscillations at ~ 8 Hz                    
(Russell et al. 2020)

• One possibility worth exploring is that Davies’ points are actually 
artifacts of general relativity: in whatever theory that may come to 
complete it, additional “hair” will be such that BHs do not have 
thermodynamic singularities.
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Heaviest black holes: a problem?

time
• A negative heat capacity => temperature increases with the emission of 

radiation => thermally unstable. Applies to Schwarzschild BHs in particular, 
where T ~ 1/M, as a decrease in mass-energy leads to an increase in T. 
(Smaller Schwarzschild radius => greater horizon curvature => greater 
temperature —> runaway evaporation). 

• I argue that only a negative capacity represents a “cosmologically stable” 
configuration: more radiation with larger size would work against the formation 
of supermassive objects, as their growth would be stalled if the radiative power 
increases as the BH enlarges 

• This could conflict with James Webb and other data since one may expect a 
natural mass ceiling and signatures of radiative outputs (caveats of course).

T ∝ M−1 T ∝ M−1 T ∝ M−1
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Doubly regular? Most are not!

ds2 = − eα(r)B(r)dt2 +
dr2

B(r)
+ r2dΩ2

T = κℋ /2π

SV: k=1

WH: k=1

Davies’!

*
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A doubly-regular construction
• While the Bardeen metric has a Davies' point, as do many extended 

classes, we found one that does not:

B(r) = 1 −
2M
r

e−ζM/r −
Mrk−1

(r + Q)k

k=3, ζ=1/100

• Unfortunately, the construction is not systematic: trial and error (to our 
knowledge, no other examples of doubly regular holes in the literature!)

TR!
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Newman-Janis and its problems
• How does the story change if one tries to include rotation? 

• Main problem: not obvious how the metric should look. Well-known 
issue in the context of rotating stars in GR,where the exterior spacetime 
cannot be Kerr metric because of non-trivial multipole moments. 

• It is also not, in general, possible to reduce the metric to a Papapetrou 
form because the existence of harmonic coordinates, used to gauge-
reduce the number of free functions, relies on the invertibility of the Ricci 
tensor (“circular spacetimes”; though see Xie et al 2021)

Newman-Janis “algorithm” (see . Azreg-Aınou 2014)

ds2 = (1 −
2f
ρ2 ) dt2 −

ρ2

Δ
dr2 +

4af sin2 θ
ρ2

dtdϕ − ρ2dθ2 −
Σ sin2 θ

ρ2
dϕ2

ρ(r, θ) = r2 + a2 cos2 θ f(r) = r2 [1 − B(r)]/2

Σ(r, θ) = (r2 + a2)2 − a2Δ(r)sin2 θ Δ(r) = − 2f(r) + a2 + r2

WHERE:
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Hybrid Bardeen fails
• One “problem” with Newman-Janis, as is also the case for the Kerr 

metric (aD ~ 0.681), is that the inclusion of rotation increases dT/dM in 
general:

Q=1, k=3, ζ=1/100

Davies’!

• In fact this was one of our main motivations: “super-Davies” objects 
appear to display no otherwise unusual behaviour relative to others, 
possibly indicating that the point aD is just an artifact.
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Yet another hybrid
• Metric considered as a hybrid between Simpson-Visser (ζ1=0) and 

Hayward (ζ2=0):
B(r) = 1 −

2M (r2 + ζ2
1)

(r2 + ζ2
1)3/2 + 2Mζ2

2

ζ1 ~ M,     ζ2 ~ 1/10

• Although there are no Davies’ points, the capacity is positive: this indicates 
a “cosmologically unstable” scenario and thus is not totally satisfying.

TR!
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Summary and conjectures

• Doubly-regular black holes are hard to construct; no known rotating 
varieties that also have a negative heat capacity! Is the set empty? 

• Can the absence of Davies’ points be tested observationally?  

• Perturbative “stability”? Can a Davies’ point be introduced easily?

• Davies’ points correspond to unphysical features(?) in a black hole 
which may be “regularised” much like curvature singularities
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Summary and conjectures

• Doubly-regular black holes are hard to construct; no known rotating 
varieties that also have a negative heat capacity! Is the set empty? 

• Can the absence of Davies’ points be tested observationally?  

• Perturbative “stability”? Can a Davies’ point be introduced easily?

• Davies’ points correspond to unphysical features(?) in a black hole 
which may be “regularised” much like curvature singularities

???
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Physical meaning?
• A negative heat capacity => temperature increases with the emission of 

radiation => thermally unstable. Applies to Schwarzschild BHs in 
particular, where T ~ 1/M, as a decrease in mass-energy leads to an 
increase in T. (Smaller Schwarzschild radius => greater horizon 
curvature => greater temperature —> runaway evaporation). 

• A positive C_X instead means that T should decrease as energy is lost 
(for fixed X).  

• Such an endo/enthalpic transition, corresponds to Davies' points
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Geometric regularity

• General relativity has been enormously 
successful, but is also undoubtedly 
incomplete: “dark” entities(?), non-
renormalizability(?), singularity 
necessity(!!!), …   

• Theoretical “corrections” come in many 
flavours: higher-order curvature theories, 
additional fields, and framework                                       
changes (e.g., non commutative gravity) 

• Regardless of the mechanism, many 
regular black holes have been constructed 
in the literature (Simpson-Visser, Hayward, 
Bardeen, …) — geodesically complete

Gravitation Matter

Popular: nonlinear 
electrodynamic theories à la 
Born-Infeld and extensions…

ℒ = − b2 −det(g +
F
b ) + b2


