MAPSS, Les Diablereds
[INTRoDucTioN TO QUANTUM INFOR MATION THEORY Au.07.26

- Ramena Well -

Llectwre T: Classical \nporma“:ion T\qemb

Whot is informabion?

- How much do You leorn -ﬁom an event?

Exomple:  Coin boss
o Possible oulcomes: heads, ails
¢ Probabilby for ead outcome: 2 (ideal coin)
Suppose you flp dhe coin once and see "heads’. How much did you leam?

~o Theory of informadion

A.4 Probabilibes

A cendral oontqﬂ:- ot rondom vorables. Ths is o mathemabcal 'pomnq(“.vqffon of an
objeck or « Process et J(p&noh on rondona (= non- determinitie) eveds,

It consisks of a triple (X, X, B,) , whee
X = tondom vonuble
% - olphabet (= penible values xe€x that X con attah, alie called realseabons)
% - Ptol,gl,.'l.'iy distnbuten ove X, ie, & funcbion

B X = [041 suck that & p ) =4.

xex *

What happens it we have two rondom vonables (e | #we coini)?
= (X% ) ad (¥,Y,9)
If we +heow  both 'bbj&'”nu, we con calculate +he pnﬂpn\pﬂ:"‘-b disinbuNon oves al
pessible pain: " ok probebilidy dishibuXNon®

Pyy (XY) = 0 - ?y(Y) it +he ‘wo dice ae inolcpemhn-\-’_

If they are not independent (maybe we comncckd Fhem Some how), +he €quation
sbove doer rok hdd Ther we amnch wse p, and B, te sbbodn . diecHy,

but we need db Wow Moe abod  the comedeblon betwen X and V.



H: can huﬁxl\ that we hawe th—ig&gm{:‘g about Hhe die that M‘oH’ cha.nag
the distrbubon of Hhe  oul Comes.

Example: Asume Someone hands you a die, ond & can either be o fair one
(as described above) or a biased one which alvays shows o 6.

Vou donlt Wnow whdh die you geb, bk posibiliNes ae equally Ulal.
Ths ic descrbed by a tondom vadable Y, Yz [ofair®, “viawed*], with
Py(u“_‘m.'u) = ;1[ : Py(lnb-‘a"&v): 4

As soon a3 you leovn the \olue o} y, e, whidh die You aol—, You Unow mMore
about the Uhelhod of dhe pubcotmes. Thy i Cr-#u.ru{ by  Condhonal ?golaa\-{\)ku'.

1 if x=¢

Pay (\ “haict) = f} VxeX, Px\y(xl "biasedt) = {0 else

Some wreful relakons between diffoent probability dibabudons :

Pxy (%Y)
p. Ixly) = —/—
x\y Py{x)
_ Py (YIx) - Pelx)
pX\Y (XlY) = z = ('Eﬂbel' (glg)

Py 1)

Notabon: We often wate siaply p (xiy) i it i clear what disksbubon we
e ralliay alodt.

A2 'En-l:r'ople.r ond \n-carma'k'on

wh'ﬂ are We Samebirmeg moe :wpax.k thon othe Vmeg?

M Fair dre Vs
a dhe whee § sides showe 4 mad A4 sde shows 2.

S“P["’s" both dice shou o 2. We ae More J‘urpﬁ;d bo see it at
{:‘\L b:uel 0[;0, b‘\m He -Fa_.'r e

= Seelny less Whely evenls is More gwpnsing.



Debaibion: The informebon content

of o realisakion x of X is
delned a3

(%) = -l.os (‘PXO‘I).

z

wl‘b is this o saoel dheiteZ | has desicable mathemakcal prvpukes

Y On\a dcpewh on +he gnLuL:Ub o(: +he reulisabion, not an e lobel.
' & S (pnk«\uovs " P

A
2
3.k is momstodiclly decrastng in p ond non- negolive.
U. Lk s addibve: .

(fe: ia;PmJoJ- o( %) = - l'°3 (P (-3‘4\.7‘;))

realisakons) - log (pOt) px))
= by (p &) - g (p64)
() + i)

[

el

How do we capture the geneml amount of iformation o rand o~ vamcsle X
possesses?,

— FExpechubon val-e of 1lx) over all realiselons xeX.

DefiniBon. The Shanaon enl-np:) ot & discele rond om voneble X with gukcome
sel ')(ou\.l PnLuLih'\-b distvluson P(v.) is

Hx) = - S P \oJ(pcn) .
XeX




Here, the lpaw\'l—Lm s to base Z, so the resulting numbes quantifes the
faloraarkion in biks.

SomeNmes pecple abs  wuske the notural Wjondhp, but dhe 4uo cholcer only
Ll by a constont; Log,, (x

log (x) =
Ve " leg, Ce)

What f plx) =0 2 We use the convenbion that 0. log 0 zo, which i3 usually
done n information theory.  Aiso Lucled up by Lotk lim ¢ logx = O,

X-20

Example: Fair coln X, X= [ heads, +ils3, pla=§ W
HX)= = §log(4) - 4 log (4) = 4

— You get 4 bit of wformalon when leaming about the
oukcome of @ colm oSS 9 A bk = 2 possibilifies, equaly u\n\g

Based 0~ the defnition of Shannoa enbopy, one con define other
endopies

M Let (X: %, f’,() and (¥ Y, P) be +twe rondom veables and y)

the jo-‘n“. Pnbauu*a dtsbabubon. We elef\‘cw:

Px Y

o joind endepy: HOXY) = —xZY P Xy log Pluy)

¢ CondiNenal Cn{:t'bn Hxiy) e - £ Pty) L°J PP(’;\;))
X\y
= pxly)

= HOALY) - H(Y)

¢ tudual information: TIX:Y) = Uiy + HLy) - H(XY)

Relationship belween entwpies: HX) / HCY)

H(xY)



Exurple: Suppo.rc. we have a Sowee with perodl oulput:

X — .. 4001001 00G..-.

We arc supposed fo guess +he next oubpub of Hie sowree, with vorging
Side informaton. How is ow uncetarhy quenkiiedl

4. We have nol seen any oulpuh. Then the probebilh, dishibulan is gjven
by the frequuncy of P respechve Jnh‘_-.o‘ in +he Sequence:

- 4
Per-o) =3 ; P(x:a) =3
» HX)=~%lgt- flyd x 094

2. One Waown symbol. Ao we have some side infrmabon, % e have
w Co'“fd& HOX\Y). Y is the bit we hove seen,

Leb us rewnbe it as  HLXIY) = - ’5 PLuy) Loy plxly)

- Z ply) plxly) log pCx\y)
Xy

eyl v
p(y) 1S Sihplb 3:‘ven l’b plx\ly) | Xz0 x=A
Y=o 119 7
~l':::i> 7 y=A 41 0

= HX\Y) = %— = 0,66 ows Mco-l-a-'nlb hes decreased!

3. Two Unown symboli: H we already Unow +we Conseakive Symbols, e
should be cefatn abouk Wk comes nexd.

pCxX\y) X=0 X=A

y=00 0 A1
y=04 1 )
Yy =40 1 o

=> H(¥ly)= 0.



A3 Communication -Uneorb

One can dehne a vateby of enhopy measuwes. Whet males some of- them
8o ‘oor\\‘cu\w\a uteful is thedr vPU‘a’l\'oM\ \'f\‘-oerd—w\s‘ol\. 1.2, what .\—afgg of
a,uc:'n'ons -\-\«.-5 allow Ul Yo answer,

T‘a?:""“a, Messaqes conkain a lob of TCAW\J.W\O:)‘ which meons 'Hltn car be
Compresred  but o shU readodle. For exomple:

GD Ds NT PLY DC
lCoM?&Sl‘eJ dhe Message "b removing i1 vowels *

Shannoa's noiseleyy Goding Heoen tely w5 how for a ressage  Con be Cohprq;g.{
while shil belas able b ccoves i},

The ey c‘uoul\"-b is he Qn*ngh'.

Suppose. X descibes o Souwte Huwd outpds dat X €X wath pobLUEy 6.
Then, thee ex'sh & Cor\f“f‘oﬂ Schene Haal allows +he infornadon to be shored
using H(X) bils per Sbhbol on avemye such that the tnfoimatan can be recoverd

pufeddly Any compenion shene thal uges fewer thon HX) bits/ symbol will
inendably Loose infurmakion.

Exomple: soute X, ¥z {abic, d), PO = {"i, ﬁ, %, %]
Wikout any datn Cor-presion, You need 2 bils pe Sye-bol b encode Hhe

oukpuks:

a b ¢ d
00 04 40 4A

Bt the Shunnon entrvpy s

A A 1
W)= - (flog3s & g + Flonk s 3y d) =

i

<
4 2

So we Can Comprey the dakn to ute less b gor oupu:
ldew, Mo Wily symbols ael shorls tode words,

a b ¢ o
0 40 440 4

¢ You Shuysle do read W, Hhisis the full mesajet 0D DoEs NoT PLAY DICE



HDw Manb bids do bou need on aV%o& o encode a ‘Sahbo\z,
% Pl b biks of adeword for x = L. 43 L .00 13 13:2

&
whide is = HGY
Thas is the Lesd we con \\opl. 'Fof. LO‘MJ' hu';rw {L we 'l'g fo Col\-\‘)rtﬁ) ik -(-‘w“w?.-
For erample,

a b ¢ d
0 41 o4 46

This uses o“lb A4S bis po Sgtbel, Buk we cannet relelly rehleve Pre \‘n-‘orha.&un
F"DM He code word
ollo|alla o100
= aabdboas
Ustag there i °"\:J one Po:si!:;\:*n'.
O0lola 2012 0Ol0



Lec{:u.e,I'. The F’O(mau.\\v\ o? Quantum \n-cofl\«n'\\‘on

Geneal Skuckue of « quoantun  medranteal expm'mo\l::

(4 D
] A~~anD> £ e T M —> % Cclousice] oudcone)
k J
o f{f;a,&m Evoluton Measwenment

2.4 Quontum states

Quoniun shtes, in gereml, oue vedors in a Hhlbet space K love €)
Bra- ket nobation:
o We denoke o veckor in H oar [w> (" lket™

* The dual space of H it H¥, the space of lUheo Map for R b € (becaue
we contide Rovu €). We deole o vedhor in K* 05 <l (“ba")

* lnnes Preductt (U, W) = <ply>

Some iM(:or‘rovd- ('_onc(,e"r'-

ba

a, °
e Giver fwo od-dmensional vedurs 1> = (eu) . [W,>= (b )
ther Mne prodadt IS given by Wl W,> d

How o eoltulede thisl Note +hed KWl= (a*...af). Then

ba
A d
<Y1V = (ofF ... a3) (I-') < Z a;"b;.
d 124
aq

a':.‘) is debned e

/d \
Hiw>n = v Wiy> = _ZQ;Yq.. = / Z lar
= H U *

e Diwsn =4, we Say that MWD 7 nocmalised,

* The nomm of o ket vedwr tw>- (

o An ocbhonorrel bass of o HlLet Space H s e seb of labeed vectwa
flep);  swds Yok
lejleg>=8; Vi
and evey vedvr |W> & con be willen o5 a Uncor ombinehun of the

bas's vedors:
Iw> = IZ e 1> le>.



Qubiks ~ The mast iw\furhou\& exanple of quantun shaky for us)

Qubits ae two- level 1uw\1W\ Jb;-kH that amgnl.‘u. deisicel bits.
Hlbet space’ K&ub-'& = ¢?

Possible besii 11 - A : “g*)
(0) = o2 # cleniel 70 COMflJ-u‘“dM( basls

(4) = (2 clawica ") (% basis)

While cleniicel biks can oaly be In the shie 107> o \A> ‘]hb-"h‘ Con a¥ein

1
evey Shute in €% e, acbitcary Lnecos  Combinedlons of 100 wd WO,

Geneml  shade: ¥> = alo> + P>

Wk X peEC st kP IpIT =4 = (1w0 =2

The cor(wPonJ:nJ hpea” veckor iy Wl = x¥ <ol -l-F*(Al_

Thee o€ tany bosls cholces  (iaknitely Many, in fack) for o Hibet spoce.

For Cxample: A A P
- 4L 5 —~ [ 1
1> 2 (A) ’ I-> 10 ("4) Hadameard  basis
It is related b the compubbonal basis: (X bess)
A
= £ (1 1 -~z 4 -
+> V'i (10> + 1n>) , I->= s (o> -143)

Quiz:
A, ls W>= ﬁlOD * %lﬁ) a valid qu\a-"l:. stede 2
2. For which valves 5 (Wgd = cas© 10D + 170 UD a vallid qub-'\‘: shale T

Solwdon: A, Mo (-%)14_(%)2:;_‘4,.3_- _'-‘-..._J: 2 2 A

o ol B by ~ 4 gy T (u
2. r all 6. ,
Cos?O + 5ia'0 =4

Whot F we don't Unow pefecHy whick shate  the quontun,  sytem
w07 Letls Say, we Wnow the syrkea 5t sne of the shedes

2, 1>, . [ 8a>  with repecRve  Probabilities P Pey e Pa
(wikh p- 20, Z przA)

This is Colled an euemble : {7y, W’.‘>’S;M‘_‘n,

The shede of— 4he JDJ“'Q\-. i Hen welen as a 0(055(""3 Madnx S e 336}()
K bounded Uncor
g = Z P! W XY | opentors on H

This is net a vedor in ¥ any More, but an vpertor oa .



It &5 formelly deftned as follouss:

Defalban: A dersihy mabix £ 3 an opertor on K Sucl that

A. W is normalised :  T((g)=A.
2. i Hombon: gheg.

2. b s posttive sem-definlte: § 20, e, <QLEl¢> 20 Vg2

[

We denole +he set of all des iy opertors on K as S (#’).
(= bounded Uncar Opomton on X fat fulkl some extrm condiNoons)

Why do we have Hus difertnd  Woms of  exprestng quank um steter 2
. Q)ens:&a mabices Cae‘kﬂﬁ— ow unco":a,‘«lb about the exact shute of +he fy‘kl\«
— classiical rondomaes, could wlis be dme do aoise

o In moden av, cl.ens-'h matices at Hhe More atumal object s C Gow fom

ddv‘ako'v via “\Jd‘"" ’ ) - Selnn’d)ﬂad’ '-’“A“dn

* Hishorcally:  Closed sysiem;, caphured l’b pwe states. Bub pure sbabes e ven
reskecive  (no noire, ne Spen quantn _‘.a‘l,wa)

2.2 Evolubon of quantum systems

What do You Wiow abauk +he euvolubon o(f ﬁ“w SYJ"’Wg
- ,go\f;ow‘,e u,--a'lx'm,' °“\3 worly -for closed Ja.skmr
Here © More aa\ul

What mathemabical olo‘)'eol- describes the  evolNon of a 1uw\"\«~\ ::,Jks-\'lx
Whot do we need?
— A tap that taps quantwea shalde do quonkn shate

Definibon:. A qu(w"w»\ channel s a Uncwl “Mf‘k‘k() Po:\"l\'w, 'k‘qce.-Prescukns e,

¢ Linear £(otg+|3r)= “gQ)*F‘EC"')
o Trae- presentng:  Trlg) = Tr (£Q®) Vge S(X)
(,olen:il-\, ofenl-au are magped b al,w\'l-) ofoukm)



o Complelely posihve: Shad with pontivth:
A Unea mop £ R(%a) = BCAQ)  is posidive if €@ 20 VY g=zo
Why, s His et sufficent? (pos.‘kw: Ser— obcfcn{k)
Consider the fo“ov.‘n_s Stuatblon

48
[stt8 ]~ € |~

(4 ®€) (345)

* Sap is a vald 2-qublt sele,
* | do nething on qubit A, and appy & Pou‘h'w- Map on qubit B.
s the rehy shie  (d @ £) Bag) & vald oleanlty tatdx?

= Mo' (Wt necestenty) Example: £ is +he -I-row(»w- on %

Poskuily does not extend o Hhy senaso. We need b requie Complete _poritivihy !
A Unear map £ 8CRy) = BUA-) is completely porihve i Hhe map

E®@idn : BCUY ® BIC") — B(Ug) @ BCC)  (idy = idobhy g on ")
V] fo:-"kw.fvf al neN,

2.2 Measuements

Whal should o measwement descibe?
\npwh 1uw~lw-\ shale @; oul‘m&'. pmb-.l::\-'l-, dishribuiNon f;(i) ove rouib\c. ouwkcormes |

(depends on )

Defakion’ A  Posihve (‘)Pg-n-\-m.—\lalked Measwe (Povm) 5 a Sset {M.‘I: of

opentors thd o poribve: Vi: Mo Pgtivzo Vs
2. Bemilons Win Mt e m; Rl eR VS
3 Copnplete: & M= AL = R =4 Vg

What propekes do we wond bo Unow when dalhy about measwemerts 2

A. What is the ?:o]wb‘-\-"":, of ouleore %1
2. In what shale is the 41uw\-\-vm xy.rkm alls the measuement



(ll.towdinj oulcore ?ro\oe-bi\ﬂ\'o, thee con be (Df\«pwk-vl as -?o\\owi

v Pwe sheke:  Prlxd = <W M0\WD

o Mxed shde!  Prfx1z Tr(Me8) = Tr (MelwxwW() = T (CWIMe WD) = C WM WD,

(iF 8 pur)

Seeda| Case! 'P:ol'ec.kivc Meawement
AddiRonal prepety: M Mj= 8;“'M,‘
Thes We Can alio wede dows Hae pott— Memue mend Shater
o Pwe shade:  ppis o Mg \W>
Viwmmeiw
ngMx
Tr(Mc8)

(Or‘n\o aana\ measwe (‘-\Q\’LI )

o Mixed shate ? 8‘ <

Measuemendt 1n a basis
Let {Iw>3 be an ONB on o Hlbel space W tnd Lt 1¥> 6 U A mewwemed
in the  bars {1ud]; cotresponds o the POVM whee

M = lupxwl,
Chedl peopeRes:
o posibvel M %0 =  <QluxXwIy> = [ <@ius|? 20
o Homikan® M;+:: (_IUJXWI)+= lu; Xuy| =M;
. compkh-': g M= Eluxwl = A
It is even projechive!
MiM; = U X WU xu;) = 8,-“- Tu; > ul

=5,

Two ?(\«(:ar-\-w\-\- examples:
4. 2-beasis {l0>, 14>}' Mg= loxol, M, =lAxal

Gereml stale : U>= xl0>+ B> =A
Prlol= <wl M Ws = (x*<ops p*cal) loxor (otlo>+ fU>) = x¥x <ol0d>
Prta) = <’1HMA‘W>= |Il|1' :‘o{‘z

2. X-bous {I+>|l->3
My= laxel | M _=|-%X~|



2.4 COI"\‘pos:'l'.C. Sbakmj

oU)

1¢g >
an) ‘f‘

Cor\‘oo::'k .Slas-la.mz S\a:khu are  Compoased wia the tensor P(M
m>4 G'J(A , “-?78 € Kg
D12 ly>g € X, © Uy
RBosis: | 195, 3 { 1> 3;
=> Basu of the Co:v\oo:.’k systea: { %>, @ l"fi'>83

v,
W
Wha! ae Hhe dimenstont? (€ 4 basis shales)

i (Hy) = JA . i (Hg) =dg = dim ('KA-Q %) =’*A'°‘R

Example: Two qubits
—J(A= cll Ru = C ¢
Basis for both: {03 1>} , lo>= (f,)l ms = (%)

RBasis for Kp® Hg . {lm ©10> , o> @, Udeloz, 11> @y )
= {1003, 1045, 105, 1445

% 0 0 o
loo> = e & ) = 0 IW>=(1) le>=(2) lM?f—(g
0 ! 0/ 9/ 1 1

2 Gepeml vedhor in the 2-gubil space:

np)AR = - (00> + F lor> +y. 110>+ §-1m> = (

'For o‘&\lﬂ'b MaHCe;, i worly +the sanme!

8p € S(®y), 8g€ Sl¥g) = §08 €S (%, 9 ¥g)



Thee oe ™Moc Slules in 'KA@KR +hon Jut prodact chdes ol

m inht.!'khg pwl-:
(we wit 301- o thet in the next  resiion)

+the form W2 @ I‘-e>8 '

For exanple:
¥ 18> = -% (106> + 11n>)

Is & r;o.rxila\c b wale Fhiy ag |1(>Acn?_>g 2 o Me!

The shale s entanyled.

Tor pwe stales, this is defined oy follows:

me“\'ﬂ:kﬂl\: A- PUe bn'park‘l" stale l‘ly)Aﬂ is Called Q”J'W\Jk‘{ l": )‘e Car\nO" L‘ wniken

a5 a produck shle Yy @ Ind>p for tny Cholce of shules 1yoa ond 172g.

Othouise i+ is Called  sepomble.

And Lor amlxed shates:

DefaRon: A mixed b;fw-kk_ shede Spg i3 cCalled 0\‘\"\1\0‘:0( & ¥ Connot be walen
as & Uneow Conuex Combinakon of P(oJ-A-\(.“ shwbey |, tle., ir o~ ndt be walen as
- x X
Sar = g L ®, © g
for some pro‘oc.b:l.:lb dstrnbudon {PX.S ond dersity malvces d‘A"eSCKA)I
X e $CAg)
'2,4 € T /.

Bk iF Spg * Sp 085, who! Con we Say about the Maginal shates g4 and g3 2

We con use +he palal Hrace for Hhar :

Defakon!  Lei Sag € S0 Hg) and let {1igd; be an odbonorcal basis
‘F’f Hz. The ?or‘\‘al dete over B s bhen defined as

Teg (Sag ) = 'Z (T, @ <ilg) Sy (T, @ 1id¢).

z 4'{ ¢il 84 1>




Example: Pacty measuwement of o qubits
(Even posty : l0o> Or 144> ; 0dd podky: 104> or 110>)

A Fiesh possibility:  Measure in Yhe Shoamdavd boss {1003, 1045, o>, 1405)

Mg,z 1002001, Mg, = loAXoq|, Mag= l40%a0( 0 Moo= 144 X0

Probabilthy for oukome Mevens:
Jeven = Y00 * Aan = Tr(Moo8)+ TrlMp8) = Tr (looxool §) +Tr “MWIS_)

= ooigl 002+ <Aiglan>
Post- measwe et shede: Mixbue of FWO ever-padly oubtome  post —mews. shades:
gcm < i (Moo SMoog v+ My s MMI)

Yeven
A (looxoals loo X ool + lArAXAA|S (An le)

A
— [((oolglow)looxool + (<M|u4n>) lMxAnl]
Qeven

2. Second possbilihy! We dicechy use Projechon for the relevant Subipaces  withoud
Measny the qubity M diudaglly .

loaxoal + 140 Xa0l = Al - Meyen

Meyen= 100001+ IMxAnl,  Modd =

Probabiliky, for oukome “even ™ is unchomjed
Tr (Mewn §) = Co0l g loo> ¥ CAMI SIS = 9, ..

1év¢n o
(Would be werd o war diffet ;
o . Hen He fred Meostc ~eks Lioulint-
Bub the portk-peapnttmed shake i et reasine He same Properky )
]
Seven = q-l_— Meven ¢ Meven
even
Gnttde He S']zfl-c

To see Hiat ""nut—:! Ru\'uq“b -« ‘l"‘qcrhq,,
13> = \’;‘;’ (00> + ) :

' =A.

Ol'e“‘b, qm‘-'- % erven Bt the ?oﬂ--mcwm:\&d‘ Stedes e

A
Sever® 3 loo %00 + 47; 18 xpn| = é’LT D M npimadon was derbroyed

Sever = 1E"X TN » The shie 5 tnchowyed!

Same inbormobion, differedt efect on the skate.



LQO‘:WC, m: QuonLuM Cr\'h‘bpu‘ Msl O.PPUCA‘{)‘O(U

3.4 Quankfying quantum i~formakon

Now we want ho generalise the conceph of entmpics bo guantum systens, e,
we woat to quankly the  aformakon resp. ows u«co—\mh‘b about Yhe Shte o} « quonhus Apsten

Delinbion, Let A be o quantun system prepared in a shale 3, € B(H,).
The von Neumann enbropy of A is defined as

H(A)S = =Ty (SA "°3 gA)

This formula has o useful relakon fo the eigeavalees A; of Hhe shale (P
Let g, = ? f',\l- |e;xe;lA, then H(AY = - |£ X lnaa.'.

&‘am el s N C:J e,\vec&-vn

Where deed our uacerbalnty abeud o quan\-un ‘b**"‘ Cotme  from?

Exomple: 1) 8, = -';— lowol + 4 \A%Al = 4 (4 °) = eigmualug 12,33

J'AL = A C.Samo ay +he Shonnon
entwpy of o fair cain)

2) g, = loxol : A > eigevalme {13 (pye shale)

> HA) = - 4 loga = 0

= H(A)="'::L°J%-‘;:"°

2 descnbes owur 'I«nuwleelﬁc of +he Sysiem A, IR is in a pue shle,

we hnov !K.nd-lb wn whida J'lﬂk i, A aweed Shk qu(-w Hial we Dn\h
Wnow +ee State of #he Systen Wiy o colaln Pmba!:u'\\‘i-:;

gA z 47‘ 0%l + iz laxal
with 509 {h ~ Witk $02% Hhe syslen
Syslem it shale 10> s 0 shle 1M

This is dillereal thon o shade in supeposiNon'
. A
2, = 5 (105 +147)



Impodant papetyt  HWUI=0 <=5 ¢ i a ch.x-)-ark.

"% HU) = - E Al |, A eheweke of 8,
- HW) =0, then 2 Ly z0 Vi,
This is Ju\kied either i Az0 or N\;=4
Since £;%r 24, bhee 5 exackly one ladel iT for whil N =4,
= SAMM exackly one €qtvalue =4 (He <t 20)
D Lue VWCW, Por  some vector (W), .

",

V¢ 3, puwe = 8p= \WXW4 = cigenvaluer {2} = Hia)=-AlogA=0

Defintion:  For a blgakile gysiem 40 g in o shale g o€ 3 (K, © Ag)
the joink quantum eabrapy is given by

HCAD)g = = Tr €0 log 8,0,

Dehatkon: Let g 53("1““—3) be o biparkle qwl—w—- stade. The condiNoned)
QI\“”P‘; \8 3\ven by
H(A|87s - H'(M), - "’CB)’ .

led ws S‘:Mb these &n“mp'\e.; o bt more.
Nole that in the cledicsl case, all @abmpier arc posdve - which makes senre
Co«s'-o\tﬁft) had -\-\w.y all Cq,?'l'lk( how mudy nforma¥on we lean fon o randan voiadle

In +he quantus case, His cam be diffetd) maling the idepelakon of these
c(u.cu&(-\%& ™Mo c»\q\\&\o'v\a_
The von Neuman e”""’h HCA) of & quantum stale Sa is aluabl posiive:  H(A) 20,
One can also show ‘H‘\al- for any chamblc shale 84z ° ,(ZPx 6;:0 !2:,
the conditonal eh“wp:’ s non-mow\:ve'.

HCAIR) = ©
But what ko\ffen; ForeAw\J\eA shales

Consrder the stabe
—t 1
lQ a8 z = (lO)Asp ‘0)1! + M)A @ \A)g) \I‘ Cloo>+ (M’?)




let w calculode e  condiNonal -e«\'wp-a NA8) = HAR) - H(R) :

o H(AR): The IU‘kh AB ¥ in a puc shade, So Ve § no uncetaindy about
the stale of the jolod syslen
=) The Q-Aij of & pue stade s q'waa.r 0 = HAR)-0
o (B): To calculake +his, we need +he #0rg inal shate o syslem B:
=Tr, (18*x &' ,,) (use: <olo><= CA1A> =4
A <o\a> = Cate> =0 )
2 [n<ol (Ioo Kool + 60X M| + 1 xoo) +lM)<’A/|”lo)x

+ 241 (loagbor + WoRAa1 + 1nxbo| +1Mxan]) 2|

n

A
z [(/1[4 ® <ola(l 05, ® lo>8) (<o|As <°|1!) ('ﬂA &‘°>n)

+ (84@ <op) (103, 0 105g) (cAl, @ caly) (A, 0 lo>g) + -]

1]
|

A
2 L10>¢oly qoroscotory + 103cal, Cotodcalong + .. ]
=4 \-;_0

o>

(1ol + \axal)

= H(B) = 1 (.C)(am‘:k obove)

= Yag) = HCAR) - H(B) = - A

Wha! dloes this mMean 22

HCAB) =0 =5 Thee is nothing lefd to leam abour e stale of the jolnd sysem,
RN ()er&e‘\-b Unown.

H(B)=A = This ir the maximun value Yhe Cn’hco(;b con ke You hnow na'”h‘,\:
(=HeA) ) abouwt the tndiutdadl JD.\\O\-\.

How con we Unew more about the jolot :3;1-«\.\ AR Hon its pads A and |
;N;U\Jdkn\\\,'z'

Schr%ch‘nou C43363: " | would not cCall that one but rathe the chamclensh'c  tratt of
quantum tmechanics, +he one that enforces its enbire departuc
from classical Unes of +hought. "



3.2 A—p?\)(:oiﬁor\'. Quonium Te\epoflr oNon

This strange obseruablon is masbe best wndestood when anulhs.‘,\J an applicabon,
For this, we need to indice Some opemdos.

The Pawll operators
These o‘aem’rou Lorn o basis for +he ope/wbu on C7:

!
X = loxals+ laxol = (/C: o X10> = A “bit flp"
X 14>= 10> ! P
o -¢ .
Y=-rloxal+ i\AXo\ = ( : o) Yio> =1
Y 4> = =110
Aa o -
T = loxol — IAXAL = (o _A) Zlod> = (0>
TLAD = =117

To obtaln a bass for Czl we alis have 4o add +L\._.'.k,\&\'15 ot

A
A = loxo\ +\AxA| = (og)
Noe Hhat all Pyl openton  square Jo the ldendidy
With this we con inhvduce +he Bell basis:

)(z= Yiz2tc AL

A
1@*5, = g (lood>+ 11A>)

187550 = (40 25) 1B 105, ® k103, + 113, & F143g)

1
ﬂ

z (
/]
& (too> —1an>)

{1

8%y = (M@ Xg) LTS 40 = £ (104> + 11o>)
> pq= Up® (1Y) (F*op = 5 (104> = 1403)

=) Basis on the 2-qubit space.
Al basis vecdhos amc related by local opemhons on Bobls syskem.

Nobe: Since +his is a ba:-‘x‘ one con alss Consftnact a 'Z-1o.!=-'\- Povm .[lmo.\ 4he
Bell shotes whee He owlput 15 fwo bits (00,04, A0, 48) "Wia

Mg 1B T Moy |8 %@ M= LR W M= 1 G



With there states, Alice and Bab con cacry ok o prtocel  colled
quov\-\-\/uv\ R\CPOI‘\'&HUA.

(8%

The sekvp:
Alvce Bob

classical channel

Goal: Alice wonks 4o transmit o qubit state 1W5, | but she only has acces b a classical

channel.

Can she achieve her Joa\ with on\b the clonical channel? No!
What if she hod more copies of +he shate?

Recall! 1W> = «lo> + Bra> (au\wl qubit state)

= 2 y
ond ’:: E.:_‘]l . ‘lo[;lll when measunny fn the t.ompwk’n'oml basis {103, 1>}
So with mony Goples, Alia ould mearue them ond Collesk skakshics for lai® ond IR
(never miad she alio needs the reladive th between o OM{)';)-

Buk het, Alce only has a single copy ol the stale she wonts Lo send o Bob.

what if Alice and Rob already share an ertansled shode, for example l@")ﬁg
Then +hey Con tun the followdyy Protocol!
/. Alce takes Yhe qubit W41 she wonts ¥o send ond her posk of 18%> 4 ond
meoswes the two qubits in Ahe Bell bogiy, produciny a two-bil oulcone.

What hagpens do Bobls pot of B>, when Alice sees the outcome 002
'A
(Mo @ 415 ) 1 W24 1355,

-

= | P+
N ASHIRE Al [(xlo),ﬁpln,‘,)% (looaAg-rw)M)]

- ¥ 4
=18 5 (<9\~~<ﬂ')m[§-1 10005 * wloda> & I LAoo> + P iam>] )\, o

SR AS TR E
® AA (Gumotow,“,\ 1035 + P <a81403,,, 105, )

+ A
1@ Spp 3 (,o(l0>‘+lllﬁ)l) = -;’-_ 1B*oan 1W>,



What is the ?(Dbfabl‘llll‘) Mot He ouwktome is 002
2 P €00l = <y Trg (<BYlag) Moo 1Woy Trg (18%240) = §

Whet if Alce geh o Aflont outeene Z
Suppose She gebs the oulcome 04. Nole +hat
A‘A . _
(Me @ A1g) 102, 13+ 340 = 18736F 71 1W20 1 2
= (§->A‘A <§+l (41A|0 %A) lw)A( IQ+>A8
CL):J ‘t?e“‘kﬁ ‘H\G. Cm‘m\a&w\ 'fw‘bN G\Ec\/@)

t)

So lartead of n())l Vobkls stule s Z WD,
He can +hea apgply on oeou’fs’on ) get +he odginal shate :

ZTEIVWD = A Y = WS>,

Am\Oéou\), f'\' ‘\‘\L O‘”\U ou*eol\-ux:

A0 = X 1IWD>

A = YWD
1§ Bob hnows Alcey owlcome, in €ach case he can app\y +he Correrpondny
Poull opemtor o his Syshen Yo recomsbeade the shale 1WD,

Se the priocol needs a second shep:
2. AlUce tommunicate, +he oubcone (Z bits) & Bob. Bsb Yhen PU‘WN the

Coresponding cofrechony 4o his  quantun shale.

ond u..n'na

In summoryt By
A shoed entonyled 2-qubit stoke a3 o resource, Alce con send o

wbi-kurb qu\sﬂ' stale ¥ Bobo.

How does this connect o the negahve Condibonal entropy 2

The potocol above requics on edongled stole as a reJoure.

I HCAIR) > O, +thee is no edonjlement bekween Alke and Bob, A negabe condiNonal
enhopy WAIB) <O indicales entonglenant and theelue witnesies the Prsence of +he rweouce

requied Yo iMplement  the quort wn  Felepork-alvon protocol.

Theefoe, o ncaa’ﬁw_ ndiRonal enbopy Con be intwpreded ay Hhe potenial Lor

‘:u‘\-thc quontus  Ommu ieablon .




