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INTRODUCTION TO QUANTUM INFORMATION THEORY

- Ramona Wolf-

Lecture I : Classical Information Theory

What is information ?

How much do you learn from an event ?

Example : Coin toss

·Possible outcomes : heads
,

tails

· Probability for each outcome: I lideal coin

suppose you flip the coin once and see "heads"
.

How mush did you learn ?

~ Theory of information

1
.
1 Probabilities

A central concept are random variables. This is a mathematical formalisation of an

object or a process that depends on random ( = non-deterministic) events.

It consists of a triple (X ,
X

, PX) ,
where

X-random variable

* - alphabet ( = possible values XEX that X can attain
,

also called realisations

* - probability distribution over X
,

i. e .,
a function

Px : X + [0
,
1] such thatEP)

What happens if we have two random variables Le. g. two coins) ?

=> (X,
X

, Px) and (Y
,
Y

, Py)

If we throw both together,
we can calculate the probability distribution over all

possible pairs : "Joint probability distribution"

Pxy(X, Y) = Py(x) - Py(y) if the two dice one independent !

If they are not independent (maybe we connected them somehow)
,

the equation
above does not hold. Then we cannot use By and Ry to obtain Rxy directly,
but we need to how more about the correlation between X and Y.



It can happen that we have side-information about the die that might change
the distribution of the outcomes.

Example : Assume someone hands you a die
,

and it can either be a fair one

las described above) or a biased one which always shows a 6.

You don't know which die you get, both possibilities are equally likely.

This is described by a random variable Y
, Y = & "fair"

,
"biased")

,
with

Py( " fair " ) = { , Py ( " binsed " ] = 顎

As soon as you learn the value of Y
,

i
.e.,

which die you got you know more

about the likelihood of the outcomes . This is captured by conditional probabilities :

{ n if X=6

Pxy (x 1 "fairu ) = 吉 EXEX ,N 1 " biased"ツ :

o else

Some usefu relations between different probability distributions :

PXly (Xly 2 =

XY Sxiy )

Py (y)

PXry (x y) -
PyIx ( YIX) - PXCx)

(Bayes' rule
Py sy)

Notation: We often write simply p(X, y) if it is clear what distribution we

are talking about.
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2 Entropies and Information

Why are we sometimes more surprised than other times ?

Example : (i) Fair die VS.

(ii) a die where 5 sides show 1 and 1 side shows 2.

Suppose both dice show a 2
.

We are more surprised to see it at

the biased die (ii) than the fair die (i) .

=>Seeing less likely events is more surprising .



Definition : The information content of a realisation x of X is

defined as

i(x) = - log(Py(x)) .

i (x )
^

y
+a

Λ.
ㅇ ^

> P
,

Cx )

로

Why is this a good choice ? It has desirable mathematical properties :

1. It only depends on the probability of the realisation
,

not on the label .

2. It is continuous in
.

3. It is monutonically decreasing in p and non-negative.

4
. It is additive :

i ( xn ,
×u ) = - Log lp (xn,

×
2

) )
(for independent

realisations =

- Log (p(x1) p(xz)

= - log ( p (m )) - log ( p (X23 )

: iltn ) t ilta)

How do we capture the general amount of information a random variable X

possesses ?

2 Expectation value of i(x) over all realisations XEX.

Definition: The Shannon entropy of a discrete random variable X with outcome

set X and probability distribution plas is

H(X) = 一

歳 PCX1 lO 」 ( PLx ) )



Here
,

the logarithm is to base I
,

so the resulting number quantifies the

information in bits.

Sometimes people also use the natural logarithm ,
but the two choices only

differ by a constant : logy(x)
log (x) =

logy(e)

What if p(x) = 0 ? We use the convention that 0 . Logo = 0
,

which is usually
done in information theory. Also backed up by limitin x logx = 0.

Example : Fair coin X
,

X = Sheads ,
tails 3

, p(x)= XX

H (× ) = 一 { log (i ) - そ log (i) = ^

& you get 1 bit of information when learning about the

outcome of a coin toss -> 1 bit = 2 possibilities, equally likely

Based on the definition of Shannon entropy ,
one can define other

entropies :

Definition : Let (X
,

X
, Px) and (Y

,
Y

, Pyl be two random variables and Pxy(x, Y)

the joint probability distribution
.

We define:

· joint entropy : H(X, Y) = - [P(X, Y) Log pSXY)
xry

oconditionaleatrops:HCXiYJ=- Epexyp
log
i " y 」

X,Y

= H ( X. Y) - H ( y)

· mutual information: [(X : Y) = H(x) + H(y) - H(X, Y)

Relationship between entropies :
HCX) H(y)

HIX 1Y ) IL× : Y ) HCY( X3

ー
HCX1 y)



Example : Suppose we have a source with periodic output :

X (... 100100100...

We are supposed to guess the next output of the source,
with varying

side information. How is our uncertainty quantified?

1 .
We have not seen any output . Then the probability distribution is given
by the frequency of the respective symbol in the sequence :

p ( ×= 03 = 話
, p(x =1) = 考 *)(

=⇒ H(X) = 話 log} - } log } : 0
,

9 r8

2. One known symbol: Now we have some side information ,
so we have

to compute H(XIY)
. Y is the bit we have seem.

Let us rewrite it as HCX1Y) = - [ p(xi Y) Log p(x(y)
メッ

= - &P(y)p(x(y) log p(x(y)

- next bit

p(y) is simply given by (*) PCXly ) x = 0 メ=^

ソ= O ㎡ 로

already Y어 1 ㅇ
Know

=> H(V(Y) = 5 = 0
,

66 our uncertainty has decreased !

3. Two known symbols : If we already know two consecutive symbols , we

should be certain about what comes next.

PCXly) X=0 X=A

y = 00 ㅇ ^

y = On ^ ㅇ

Y = ΛO ^ ㅇ

=⇒ H ( X 14) = 0
.



1 .
3 Communication theory

One can define a variety of entropy measures.
What makes some of then

so particularly useful is their operational interpretation,
i

. e ., what types of

questions they allow us to answer.

Typically , messages contain a lot of redundancy
,

which means they can be

compressed but are still readable
.

For example :

GD DS NT PLY DC

I compressed the message by removing its vowels
.

*

Shannon's noiseless coding there tells us how far a message can be compressed
While still being able to recover it.

The bey quantity is the entropy :

Suppose X describes a source that outputs data XEX with probability p(X).

Then, there exists a compression scheme that allows the information to be stored

using H(X) bits per symbol on average such that the information can be recovered

perfectly. Any compression scheme that uses fewer than HCX) bits/symbol will

inevitably house information.

Example : source X
,

X = Ca
,
bi c ,

d)
, p(x) = &E , , 8

,
5)

Without any data compression , you need 2 bits per symbol to encode the

outputs :

a b a d

00 01 10 1n

But the Shannon entropy is

HCX) = 一 そwg 喜 g ++品季) に 吾 くて
So we can compress the data to use less bits per output :

Idea: More likely symbols get shorter codewords.

ab c d
∅

0 10 110 deM

=
If you struggle to read it

,
this is the full message : GOD DOES NOT PLAY DICE



How many bits do you need on average to encode a symbol ?

& p(x) . #bits of codeword for x = E . 1 + G . 2 + 8 . 3 + 5 . 3 = 7
×

which is = H(X)

This is the best we can hope for. What happens if we try to compress it further ?

For example,
a b C d

어 on 10

This uses only 1,5 bits per symbol. But we cannot reliably retrieve the information

from the codeword :

0l10/1111 OIH10110 = acdda

: a a bd baa

Using& there is only one possibility :

0) 1011 1 011 010 = aacba



Lecture # : The Formalism of Quantum Information

General structure of a quantum mechanical experiment :

S Els)

muus isS EM 2 x Calassical outcome)

State
preparation

Evolution Measuenent

2
.

1 Quantum states

Quantum states
,

in general , are vestors in a Hilbert space Il lover C)

Bra-het notation :

· We denote a vector in I as 142 ("bet")

· The dual space of I is H*, the space of linear map from I to D (because

we consider I over KJ .

We denote a vector in I *
as < 41 ( "bra")

· Inner product : (4
,
4) =(414)

Some important concepts :

· Given two d-dimensional Vectors 14 = (a) ,
14 =(

their inner product is given by <41142)
'

How to calculate this ? Note that(l = Jan*...d
* ). Then

< 4, 14. ) = Cant . …an ) ( φ ) =aitbi.

· The norm of a bet vector I= (i) is defined as

\

ll14211=√ C14 > =√Gtai= √ : lain!

If 11 123 /l = 1
,

we say that 14) is normalised.

· An orthonormal basis of a Hilbert space It is a set of labelled vectors

Glei) I : such that

Leileil = dij Vi, j

and every vector 143E2) can be written as a linear combination of the

basis vectors'
14)= Ceili lei)·



Qubits - The most important example of quantu states (for us)

Qubits are two-level quantum systems that generalise classical bits.

Hilbert space : Il
Qubit

= D 2

Possible basis : (5) = 10 ( = classical
" O"

Computational basis

( ℃ ) 三 1 いつ (E classical "14
LZ basis)

While classical bits can only be in the state 10) or 11)
, qubits can attain

every state in $2 i. e
., arbitrary linear combinations of 102 and 11) .

General state :
143 = α 10> t β ( い>

with <
, -K s

.
t . 1912 + 1 B12 = 1 = 11 14)11 =1

The corresponding "bra" rector is <H1 =**(01 +B
*

(1)
.

There are many basis choices (infinitely Many ,
in fact) for a Hilbert space.

For example :

( + 2 = ( I ) , -

=主 ( ?、 ) Hadamard basis

It is related to the computational basis : (X basis]

1t 3 = 吉 ( 103 + (ra ) ,ト = 高 ( 102 - 1 μz )

Quiz;

1. Is 14) = f(0) + &11) a valid qubit state ?

2. For which values is 14f) = casO(0) + SinG 11) a valid qubit state ?

solution : 1
. No : (E) + ( *) = f+= 1

22 For all G :

cos2O + sin'G = 1

What if we don't know perfectly which state the quantum system
is in? Let's say,

wehow the system is in one of the states

1), 142
, ...,

14n) with respective probabilities Pr . Pz
, .... Pr.

(with Pic, O
,
[iPi = 1)

This is called an ensemble : [Pi
,
Iti)Si=1.-in

The state of the system is then written as a density matrix geB(J)
↑ bounded linear

8 = Ʃ Pilix4il
.

operators on Je

↳

This is not a vector inI anymore ,
but an operator on I.



It is formally defined as follows :

Definition : A density Matrix I is an operator on I such that

1. It is normalised : To(g) =1 .

22 It is Hermitian : St= S .

3. It is positive semi-definite : 90
,

i . e
., <419140 VIES.

We denote the set of all density operators on It as S(7).

C = bounded linear operators on 2 that fulfil some extra conditions (

Why do we have two different ways of expressing quantum states ?

· Density matrices capture our uncertainty about the exact state of the system
> classical randomness

,
could also be due to noise

· In modern QT
, density matrices are the more natural objects (follow from

derivations via algebras) Schrödinger equation
^

· Historically : Closed systems
, captured by pure states. But

pure states are vey
restrictive (no noise

,
no open quanten systems)

2
.
2 Evolution of quantum systems

What do you know about the evolution of quantum systems ?

> Schrodinger equation ; only works for closed systems

Here : More general

What mathematical object describes the evolution of a quantum system?

What do we need?

- A map that maps quantum states to quantum states

Definition : A quantum channel is a linear
, completely positive, trace-preserving map.

· Linear: ((xg + po) = x E(g) + BE(v)

· Trace-preserving : Tr(g) = Tr(E(g)) VgeS(]e)

Idensity operators are mapped to density operators)



· completely positive : Start with positivity :

A linea map E : B(2) - BCID) is positive if E(g)0 Vgz0

Why is this not sufficient ? (positive semi-definites)

Consider the following situation :

id
qubiti n eemn

SAB (id@E) (SAr)
qubits w E ws

· Say is a valid 2-qubit state.

· I do nothing on qubit A
,

and apply a positive map on qubit B.

Is the resulting State (id@5) (SAB) a valid density matrix?

2 No ! (Not necessarily) Example : E is the transpose on I

Positivity does not extend to this scenario. We need to require complete positivity :

A linear map [ : B(HA) -> BC2is) is completely positive if the map
EQidn : BCIA)@ B(¢V) -> B(H(p) @B ([n) (idn = identity map on ¢V)

is positive for all nEI.

2
.

3 Measurements

What should a measurement describe ?

Inputi quantum states ; output: probability distribution plis over possible outcomes i

(depends on S

Definition : A Positive Operator - Valued Measure (POVM) is a set &Mili of

operators that are 1. positive : Vi : Mic , o Pg(ic0 Vs

2
.

Hermitian : Vi : Mit = Mi Pg(i) E iR s

3 . Complete : EMi = 1
. E: PSLi ) = 9 FS

What properties do we want to know when talking about measurements ?

1.
What is the probability of outcome X ?

2. In what state is the quantum system after the measurement?



Regarding outcome probabilities,
these can be computed as follows :

·Pure state : Pr[X] = JMIMx 14

· Mixed state : Pr(x) = Tr (Mxs) = Tr (Mx 14 XH)) = Tr ((41Mx 143) = ( 41Mx 14).

lifs pure(

Special case: Projective measurement

Additional property : MiMjjMi Corthogonal measurements

Then we can also write down the post-measurement state :

· Pue state : 14's =
Mx 14)

/

V<NIMx14)

· Mixed state : j' =

Mx S Mx

Tr(MxS)

Measurement in a basis

Let <lui)]; be an ONB on a Hilbert space It and Let 147 ES1
.

A measurement

in the basis Glui)3: corresponds to the POVM where
Mi := 1UiXUil .

Check properties :

· positive: Mi 0 =) <HlUiXKi14) = 1 < 414i)12c, 0

· Hermitian : Mit = (luixuil) = luiXuil =Mi

· complete: & Mi = [luiXVil = 1
i

It is even projective :

MiMj :

MixigTuil=
figluixuil

Two important examples :

11 Z-basis [107
,
1133

,
Mo = lox0l

, Mn = 11 X11

Geneal State : 14) = x107 + B11) ^
〜

Pr(07 = <41Mol2 = (* *
(01 + B

*
<11) (0x01 (al0> + B(1)) = x

*
x <010)

Pr [u 3 = <4 L M, 1 4) : 1Bz = 1212

2
.

X - basis { 1 t:
,
-つ 3

M+
= 1+ X + 1, M

.

= 1 - X - 1



2
.
4 Composite systems

OO器⑩

Composite system : Systems aresumposed via the tensor product

147E]A ,
14 3ze Jis

= ITA) e 147 E Ha Hi

Basis : [I4iaSi
,
{145i3 ;

=> Basis of the composite system : [14:14j)+3 i
, j

What are the dimensions ? ( basis states

dim (IA) = da
,

dir (H) = dis = dir (HAQH) = da dis

Example : Two qubits

Ha = C2
, Hy = (3

Basis for both :<103
,

1133
,

10 = (b)
,

11 = (1)

Basis for HA*Hi : & 10 @10) , 107Q11)
,

113010)
,

112 Q11)3

= [1007, 1013 , 1103
,

11133

(1003 = (6 ) * ( β ) = ! !! % ) = () ,1 = (8 )

,1 >= ( ? )

、n = ( ; り
=> General vector in the 2-qubit space :

142AB
= α - 1007 ← β . 1or > t γ1 で 0 + δ -(un > = (宮

For density matrices
,

it works the same :

SaE S(HA)
,

SiES(aln) =) SaQgE S(laQ1n)



The interesting part : There are more states in FAQ Hy than just product states of

the form IT 143i ! (we will get to that in the next session

For example :

1 2ぎ = 喜 ( 100 5 ( µ^ s )

Is it possible to write this as 143A * 123 ? - No !

The state is entangled .

For pure states
,

this is defined as follows :

Definition : A pure bipartite state 12 At is called entangled if it cannot be written

as a product state 143A * 13 for any choise of states 14) A and 177i.

Otherwise it is called separable.

And for mixed states :

Definition : A mixed bipartite state SAB is called entangled if it cannot be written

as a linear convex combination of product states
,

i. e .,
it can not be written as

SAB = 동 PX4
A GR

for some probability distribution SPx) and density matrices JESCHA),
RA
☆
ε S(HB )

.

But if SABFSAQSi ,

what can we say about the marginal states S
and S ?

We can use the partial trace for this :

Definition ! Let SayE S(HAQHB) and Let Glizzli be on orthonormal basis

for H
.

The partial tase over B is then defined as

Tra(sad)=(ii) Sar (alii) .

≡ < ilSAB liDB .



Example : Parity measurement of two qubits
(Even parity : 1000 or 111) ; Odd parity : 101) or 1103)

1.
First possibility : Measure in the standard basis 11007

,
1013

,
1102

,
1113]

Mor = 100X00l
, Mon= IonX011

, Mus = 110X101
,

Mmn = 111x111

Probability for outcom "even :

9even
= 900 + 9m = Tr(Moo9) + Tr(MmS) = Tr(100X00lg) + To((m1X11/9)
= (oolg100) + <1119(11)

Post - measurement state : Mixture of two ever-parity outcome post-meas .
States :

Seven =

1
(MooSMos + Ming Mun)(

9 even

= I (louxouls 100Xoo + exelginoxal

=
e
[Ko0ls 1007) l00xod + ((n1(s(n1))(m1x111]

2. Second possibility : We directly use projectors for the relevant subspaces without

measuring the qubits individually.

Meven = 100X00l + 111X111
,

Modd = 101 X011 + 110 X101 = 1- Meven

Probability for outcome "even" is unchanged :

geven = Tr (Meren9) = (00lg100) + <1119111) = geven

I would be weird if it was different ;
then the two measurements wouldn't

But the post-measurement state is diffect :
measure the same property

Seven= Mere Mee

To see that there is actually a difference
,

consider the state

1+ = E (100+ 11)) :

clearly
, geven-geven = 1. But the post-measurement states ore :

Seven = 1100X00 + E111xm)= = All information was destroyed

Seven = 1+
XE1 => The state is unchanged !

Same information , different effect on the state
.



Lecture III : Quantum entropy and applications

3. . 1 Quantifying quantum information

Now we want to generalise the concept of entropies to quantum systems,
i

. e.,
we want to quantify the information resp. our uncertainty about the state of a quantum system :

Definition : Let A be a quantum system prepared in a state SAC B(HA)
The von Neumann entropy of A is defined as

H(A)g = - Tr(Salog SA) .

This formula has a useful relation to the eigenvalues ; of the state SA :

Let
sy = [ 1; le: Xeila ,

then H(Al = -Exi logxi.i
X

eigenvectors
eigenvalnes

Where does our uncertainty about a quantum system come from ?

= eigenvalues &,EExamples : 1) Sa = Eloxol + =(1x1) = E(i)

=) H(A) = - Elogt-ElogE = 1 (same as the Shannon

entropy of a fair coin)

2) Sa = 10x0l = ( % ]) => eigenvalue [13 (pure state)

=> H(A) = - 1 . log1 = 0 = no uncertainty in which quantum
state the system is; since St is a

pue state !

& describes our knowledge of the system A .
If it is in a pure state ,

we know exactly in which state it is
.

A mixed state captures that we only
know the state of the system with a certain probability :

St = Eloxa + E(1x1)
Captures a limitation

of our knowledge↑
With 50 % the systemwith 50 % the
is in state11)

system is in state 10

This is different than a state in superposition: This system is not in either state with 50 %

'
probability Only when measured

,
it is projected

147A
: 話 ( 10) +\> ) onto one of the states

.



Important property : H(A) = 0 <= St is a pure state.

"

=
"

: H(A) = - E
; Xilogki ,

X; eigenvalues of SA

If H(Al =0
,

then Xilog >i = 0 Vi
.

This is fulfilled either if Xi =o or Mi =1

Since Eixi = 1
,

there is exactly one label it for which Mix = 1.

=> I has exactly one eigenvalue = 1 (the rest =o)
A

= Sa = 144IA for some vector 123A.

"
{=

"
: SA pue⇒ SA = I4X 41A -3 eigenvalues { i } =⇒ HIAL = -Λ 10

s
µ= 0

Definition : For a bipartite system Ha* Hi in a state SayEB(IANr)
the joint quantum entropy is given by

HCABJg = - Tr Say log 9
AB

Definition : Let SagEB(H10Hp) be a bipartite quantum state. The conditional

entropy is given by
H(AIB)g = H(ABIg- H(B)g .

Let us study these entropies a bit more.

Note that in the classical case
,

all entropies are positive - which makes sense

considering that they all capture how much information we learn from a random variable
.

In the quantum case
,

this can be different
, making the interpretation of these

quantities more challenging.

The von Neuman entropy HCA) of a quantum state It is always positive: H(Al 30 .

One can also show that for any separable state Say=PX Ms,
the conditional entropy is non-negative :

H(AIB), 0.

But what happens for entangled states ?

Consider the state

I ⑫ ZAB: 吉 ( IO'AQ lO
'

B tI
'

AQ(^
' 日 ) = 話 (100 >+in> )



Let us calculate the conditional entropy HSAIB) = HCABS - H(BI :

· HJAB) : The system AB is in a pue state
, so there is no uncertainty about

the state of the joint system
= The entropy of a

pure state is always 0 =) H(AB) = 0

· HJB) : To calculate this
,

we need the marginal state of system is :

SB = TrA ( IIT × ITIAB ) Juse :(010) = (111) =1

COVID = <( 10 ) = 5.
= E[y(0)(100x001 + 1004/111 + 11x00 + 1mym))(0)

B

+ 211(100 xy01 + 100X/111 + 111y00 + 1mxm))(13]
= { §QCOIB)(O 'A

Q 102B
) ( COAQ COIB ) (HAQ 1 O>

p )

+ (11 (0(y)((01 10)((1)1(1(y)(110(0)) +
.. ]

= { [ IO > COLA SOIOCOl 3B
t

LOCUIA SOIOCIlo7 B t
… 3_

_

=^ ℃

= { ( l0 x01 t nxrl )

= HJB) = 1example above

=> HSAID) = H(AB)- HSB) = - 1 this isnegative !

What does this mean ??

H(AB) = 0 = There is nothing left to learn about the state of the joint system,
it is perfectly known.

H(B) = 1 =) This is the maximum value the entropy can take; You know nothing
(= H (A) ) about the individual system.

How can we know more about the joint system Al than its parts A and i

individually?

Schrodinger (1935] : "I would not call that one but rather the characteristic trait of

quantum mechanics
,

the one that enforces its entire departure

from classical lines of thought .

"



3.2 Application : Quantum Teleportation

This strange observation is maybe best understood when analysing an application.

For this
,

we need to introduce some operators .

The Pauli operators

These operators form a basis for the operators on $2 :

X(0) = 11)X = IO×11 t Inx0 ) : ( Q 0 )
"bit flip"

X 172 = 100

Y (0) = i(1)
ソ _ - loxrleilnxoに ( ℃℃

'

)
Y(1) = - i(0)

Z 10 > = 10)
Z = 10× 01 - nX へに( ^ ?

-
プ )

Z ( 77 = - いつ

To obtain a basis for K2
,

we also have to add the identity matrix :

A= LOx01 t 1 nxl 1 = ( ^0 Q )

Note that all Pauli operators square to the identity : x2 = Y = z2 = 1

With this we can introduce the Bell basis :

(I「= 吉 ( 100 > +µ つ )

LE-ZAB= LHAQ EB
) IQ

'
'
AB

= ( LOAQELO'B t LH '
A

QElr'
s )

= 吉 ( 100 > - (rµ 2 )

IITSAB = ( HAQ XB ) LI2 AB= ? ( 10r 2 + (rox )

II
-

DAB : (MAQ 5 iY) L I ④+7AB
= 吉 ( lonD - 1 no2 )

=) Basis on the 2-qubit space .

All basis vectors are related by local operations on Bob's system.

Note: Since this is a basis
, one can also construct a 2-qubit POVM from the

Bell states where the output is two bits (00
,
01

,
10

, 11) via

MIITXIS,

U II 'XI-
,

MO=
LITXI.MII -×E -1



With these states
,

Alice and Bob can carry out a protocol called

quantum teleportation.

The setup : suAB

Alice ㎡ 룔 Bob

14>AX > 14>
classical channel

Goal : Alice wants to transmit a qubit state IMA ,
but she only has acces to a classical

channel.

Can she achieve her goal with only the classical channel ? No !

What if she had more copies of the state ?

Recall : 14) = x10) + B11) (general qubit state

and Pr[0] = 1x12
when measuring in the computational basis (10

,
1133

Pr [A ] = 11 E

So with many copies.
Alice could measure them and collect statistics for 1x1 and IBM

(never mind she also needs the relative phase between Xand B).

But her
, Alice only has a single copy of the state she wants to send to Bob

.

What if Alice and Bob already share an entangled state
,

for example I*
As

Then they can run the following protocol :

^ Alice takes the qubit 123 she wants to send and her part of It AB and

measures the two qubits in the Bell basis
, producing a two-bit outcome.

What happens to Bob's part of IETAD When Alice sees the outcome 00 ?
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exactly the state

Alice wanted to send !



What is the probability that the outcome is 00 ?
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What if Alise gets a different outcome ?

Suppose she gets the outcome 01
.

Note that
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(by repeating the calculation from above

So instead of 14)
,

Bob's state is 214)
.

He can then apply an operation to get the original state :

EZ 147 = 1 142=4

Analogously ,
for the other outcomes :

10-> X14)

11 -- iY(4)

If Bob knows Alice's outcome
,

in each case he can apply the corresponding
Dauli operator to his system to reconstruct the state 143.

So the protocol needs a second step :

22 Alice communicates the outcome (2 bits) to Bob
.

Bob then performs the

corresponding corrections to his quantum state.

In summary : By communicating 2 bits of classical information and using
I shared entangled 2-qubit state as a resource

,
Alise can send on

arbitrary qubit state to Bob.

How does this connect to the negative conditional entropy ?

The protocol above requires an entangled state as a resource.

If H(AIB) > O
,

there is no entanglement between Alise and Bob. A negative conditional

entropy HCAID) <O indicates entanglement and therefore witnesses the presence of the resource

required to implement the quantum teleportation protocol.

Therefore
,

a negative conditional entropy can be interpreted as the potential for
future quantum communication.


