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Preamble

These notes are written for a short course given at the Swissmap Summer School 2026.
The first chapter is an introduction to the general principles of classical statistical
physics (local specification, thermodynamic functions and limits, phase transitions) in
the setup of the (ferromagnetic) Ising model. The second contains a brief informal
overview of the scaling limits of the model, focusing on dimension 2. The appendices
contain “crash courses” on probability and distribution theory for those interested
(they are not needed to read the notes/follow the course). Appendix C contains the
solutions to some of the Exercises.

As time is strongly constraint, several results are only mention without proofs,
or some proofs are only sketched. References to further reading are given for the
interested reader. The notes are likely to contain imprecisions/typos, you can send
them to me at sebastien.ott@epfl.ch if you find some!

Some standard references for further reading:
Pedagogical introduction: [10]

Advanced reading: [12] for more on Gibbs measures, [11] for more on CFT from
lattice models, [18, 20| for more on lattice statistical physics (also treat quantum
models).

If you find typos/errors or have suggestions/constructive comments, you can send
them to me at sebastien.ott@epfl.ch.
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Chapter 1

The Ising model

1.1 Definition of the model

1.1.1 Parameters, spins, energy

The Ising model attempts to model the ferro/para-magnetic phase transition. The

model depends on two parameters: a magnetic field h € R, and the inverse temperature

b= % > 0. The Ising model is a random attribution of spins (microscopic magnetic

moments) to atoms of a solid (sites of a lattice). The simplifying assumption is that
spin can take only two values: up (+1) or down (—1). The spin space is therefore

Qo ={—-1,41} = {+, —}. The configuration space is then Q:
Q=0 O ={weQ: w=VieA), AeZ' e,

where Qf\ are the finite volume configuration spaces; in words: they prescribe a given
configuration, &, outside of a finite volume A.

Notation. A € Z? means A C Z% and |A| < oco.

Notation. For A C Z%, w € Q, wy € Q) is the restriction of w to A. Also, denote
wawh, € QYYN for A, A’ disjoint the configuration on A U A’ that restrict to w on A
and to w’ on A'.

We can then define the Hamiltonian (interaction energy function) that defines the
model:

Hw)=- >  ww;, Hyw) =- > Wi

{i,7}CZ4: [i—jl=1 (1.7}CZ: i—jl=1, {i,j}NA#0
Notation. |- | denotes the Euclidean norm.
Notation. i ~ j if |i — j| = 1.
ON={jeA: Fiel i~j}, A=AUOIA.

Also use the sum shorthand

> o=y

{6,73CZ4% i—jl=1,{i,j}nA#2  i~jeA
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The quantity of central interest will be the magnetization:
Zwl, (w) = L]\4/\( ). (1.1)
Al

We are now in position to define the Ising model in finite volume.

1.1.2 Finite volume measures

Definition 1.1.1. The Ising model in finite volume is the collection of probability
measures on {2, uiﬁ?h, A €74, £ € Q) given by

H hM
Ni;ﬁh Z]lﬂf —BHA(w)+hMp(w)
A/B h wen

Zf\,ﬁh =3 e € PHAWIThMAW) §g 3 normalization constant called the partition func-
Kl b A
tion. We will denote

Hp(w)+hMp(w
MA,Bh Z]le —BH (w)+hMp(w)
AﬁhwEQ

the expected value of f under Mf\-ﬁh'

Notation. We will denote + for £ = +1 the constant +1 configuration, and — for
¢ = —1 the constant —1 configuration.

A very useful observation is the following compatibility condition: for different
volumes A C A/,

Mf\’;ﬁ,h(A) = Zuif;g,h({w})ﬂﬁ;g,h(fl) = Mf\';ﬁ,h (N}\;ﬂ,h(A)) (1.2)

weN

In words: if one first sample a configuration in A’ according to ,ui,;ﬂ, and then re-
sample the configuration in A conditionally on what was obtained in A® using 1 4, the
obtained configuration is still sampled according to uf\,; - The compatibility condition
says that the family of finite volume measures forms a local specification: a compatible
collection of probability kernels (Markov kernels) defined by

(A,€) = pisn(A), Aez?.

Exercise 1.1. Check identity (1.2).

1.2 Infinite volume measures

() being uncountable, defining a probability measure on it is not straightforward. The
first point is to find what is the suitable o-algebra. From the physical perspective, one
can “only” do measurements on a finite number of spins a a time, so the natural thing
to take is the smallest o-algebra that allows such measurements.



Definition 1.2.1. For (Qo, Fo)(= ({—1,+1},P({—1,1}))) a measurable space, define
the sets of cylinders

Cyly = { Xjeza A+ A€ FoVie A, A;=QoVie A}, A€z
Define then the product o-algebra on ) = Q%d as

F = F(?Zd = U( Upezd CylA) — ﬂ F'.

F'DU, 74 Cylp o—algebra

In words, this is the smallest o-algebra that allows to observe events depending on
finitely many sites.

Infinite volume measures are then defined by lifting the compatibility condition 1.2
to infinite volume measures. This idea was put forth by Dobrushin, Lanford, and Ruelle
(independently). The resulting formalism is the called DLR formalism and (1.3) is
called the DLR equation.

Definition 1.2.2. An infinite volume Gibbs measure for the Ising model at parameters
(8, h) is a probability measure p on 2 (equipped with the product o-algebra F) such
that for any A € Z¢,

w(A) = p(piasn(4)), VAEF. (1.3)
Denote G(3, h) the set of infinite volume Gibbs measures.

Fact 1. To verify that two measures p, v on (2, F) are equal, it is sufficient to check
that they agree on cylinders or that their expectation values agree on a set generating
local functions (functions that depend on a finite number of sites).

Two very useful classes of local functions for the Ising model are

oy(w) = Hwi, ny(w) = H]lwi:+1, V ez (1.4)
eV i€V

Exercise 1.2. Show that the collections given in (1.4) both generate local functions.
Hint: work with functions supported on a fived V € Z%. Show that they can be expressed
in terms of one-another, and that the oy ’s form an orthogonal basis for a suitable scalar
product.

Exercise 1.3. Remembering that product on finite spaces are compact, show that
|G(B, h)| is non-empty. Hint: fix some boundary condition &, and look at the sequence
of measures UiL;B,mL >1, Ap={-L,..., L}

The set G(B, h) has a very nice structure.

Fact 2 (Non-trivial). G(8, h) is a Choquet simplex.

Exercise 1.4. Show that if u, i/ € G(B, h), then tu+(1—t)u' € G(B, h) for all t € [0, 1].



1.3 Ensembles

In probabilistic terms, ensembles are conditional versions of the measures, where one
fixes certain quantities to be intensive (be independent of the system size).

Definition 1.3.1 (Canonical ensemble). The canonical ensemble allows to fix the
magnetization density. Let M € Z be a fixed number (the total magnetization).

Configuration space: Qi(M) ={w € Q: wpe = &pe, ZieA w; = M}.

Partition functions: Zf\’%a% = D et (un) P Liinjen wits
) k) A

o . . &can - 1 B i ich Tty
Finite volume measure: p}.;y(A) = o Zneﬂi(N) e je .

Definition 1.3.2 (Grand-canonical ensemble). The grand-canonical ensemble fixes
noting, every quantity is regulated using energy potentials.

Configuration space: Q5 = {n € Q: nx. = £}.

iti 3 . 76GC _ B imicp Wiwi+h D o p wi
Partition functions: Z3 ;; = Zwegi e jeA Wilj eAvi
1M1 . J— 1 BZN wlw+hz 573
Finite volume measure: pip5,(A) = 72T Zwegi 1 4(w)el Zeinien “ics €A Wi
PN

Remark 1.3.1. An important (trivial) identity is

|A|

£,GC E,can  hM
IR = Z ZRpme
M=—|A|

In particular, the total magnetization in a box under ,uf\; 5. 1s a discrete random variable

§,can b M
ZRip, M€

with values in {—|A[,...,[A|} and probability mass function p(M) = = :cc—

A;B,p
Exercise 1.5. Show that

0 0
%m(zf{;%i) = Hignlow), %m(Zi}%SL) = Y Hipnl0iy).

€A injEA

1.4 Thermodynamic functions

The name of the following two thermodynamic functions is natural from the lattice
gas perspective: the lattice gas is obtained from the Ising model by putting a particle
at places where the spin is 4+1, and no particles when the spin is —1.

Definition 1.4.1 (Pressure). Let A, = {—L,..., L}%. The limit

1
U(B3.h) = lim — In( Z25%C 1.
(57 ) 1m |AL| Il( AL;B,h)’ ( 5)

L—o0

is called the pressure. It exists and is independent of &, see Theorem 1.4.3.



Definition 1.4.2 (Free energy). Let A, = {—L,..., L}%. For m € [—1,1], the limit

L—oo

. ]- can
is called the free energy. It exists and is independent of &, see Theorem 1.4.1.

Theorem 1.4.1. For any B > 0,m € [—1,1], the limit (1.6) exists in R and is
independent of &. Moreover, it is a convex, hence continuous, function of m.

The existence will rely on (the generalization of) a very well known results about
sequences: Fekete’s Lemmoa.

Lemma 1.4.2 (Multi-dimensional Fekete). Let a = (ar,..1,)r,...0,51 be a multi-index
sequence. Suppose that a is quasi-superadditive: for anyi=1,...,d,

o /
QLy,...L;+L,,.,Lq > Qry,.LisLy T 0Ly 1/, L, T g(mlﬂ([m Lz))

with g(r) = o(r) as r — oo. Then,

. ar,,...L
lim %
Ly,...,.Lq /o0 Hi:l LZ

exists in (—oo, +00].

Proof of Theorem 1.4.1. The idea both for convexity and existence uses the same ob-
servation. For A, A’ disjoints, and M, M’ one has

£ can Ecan ot O(JoA|+|oA")
Ziongam = ZRgmZAnp e :

This gives that the sequence

_ &,can
ALy, Lg = h“(ZALI,.‘.,Ld;wnlAL1 ,,,,, ]

with Ap, .z, = x4_{—Ly,..., L}, is quasi-superadditive. One can then apply
Lemma 1.4.2. Details are left as exercise for motivated readers. O]

Exercise 1.6. Prove Lemma 1.4.2. Start with d = 1. Hint: start with g = 0, write
large values of Ly, ..., Ly using Euclidean division by any fized number, and look at
what sub-additivity gives you.

Theorem 1.4.3. For any > 0,h € R, the limit (1.5) exists and is independent of €.
Moreover, U is conver, and V,f are related by Legendre-Fenchel duality:

f(B, m) = sup (hm —U(p, h)), U(B,h) = sup (mh — f(ﬁ,m)). (1.7)

heR me[—1,1]

Proof. One can proceed via a sub-additivity argument as in the proof of Theorem 1.4.1
to get existence, and proving (1.7) after. We will take a more direct path towards (1.7),
which shows both existence and (1.7) at the same time.



Remembering 1.3.1, one has the bounds

E,can  hM £,GC §,can _hM
max  Zygyet < Zyou < (JAl+1) max  Zypghett.
Me{=|A],..,|a)p ~ AAM Ao Me{—|A,..|Alp MM

In particular,

1 GC
thup—ln<va . ) S hmsup max (_ 4 _ln(Zf,C?«n >>
Lo ALl Arih Lo —IALISM<ALl \[AL]  |Ag] AriB,M

= sup (mh—f(ﬁ,m)),

me[—1,1]

and

1 Mh 1
liminf — 1 (Z“‘TC ) > lim inf <— ] (25’6?‘“ ))
e 1Ay M\ PAwsn) = TAg] T A M\ PR M

= sup (mh—f(&m)).

me[—1,1]

In particular, W(3, h) exists and is equal to sup,,e(_11 (mh —1(, m))
The convexity is left as an exercise. Convexity and continuity implies that the
Legendre-Fenchel dual of the dual is the function itself, see Exercises. O

Exercise 1.7. Show that for A € Z%, £ € Q, U,(8,h) = ﬁln(Zi’E%) is convex.

Deduce that W is convex. Hint: remember Holder’s inequality.

Exercise 1.8. Suppose g : R — R is convex and continuous. Define ¢g* : R — R by

g*(x) = sup(zy — g(y))-
yeR
Show that (¢*)* = g.
For motivated people: extend to g : (—o0, +00] — (—o0, +00] convex and lower-
semi-continuous.

Remark 1.4.1. One can take much more permissive limits: by approximating any
sequence of volume that has boundary negligible compare to its size via a union of
hyper-cubes, one can show that the same limit is obtained by taking the limit of
\TII In (Zﬁ%i) along any A growing to Z¢ with a boundary negligible compare to its
volume, and the same of the canonical ensemble. in the same fashion, in the free energy

definition, one can take any sequences of magnetisation densities that converges to m.
See [18, 20, 10] for more details.

1.5 Correlation inequalities and consequences

1.5.1 A family of probability measures

Consider G = (A, J) a (un-directed) weighted graph: A is a finite set, and J : A> —
[0, 4+00) satisfies
Jij = Jji,  Ju = 0.



For h € R%, introduce the probability measures ji5; on {—1,1}* via

prn({w}) o exp( Z Jijwiw; + Z h; wz>. (1.8)

1,jEA 1EA

Exercise 1.9. Show that for any A € Z¢, £ € Q, > 0,h € R, ,ui;/&h (its restriction
to Q) is of the form (1.8).

1.5.2 GKS inequality

Recall the correlation functions
= H W;.
eV

Theorem 1.5.1 (Griffiths-Kelly-Sherman inequalities). In the setup of Section 1.5.1,
if hy >0 for all i € A,

1. pyp(oy) >0 for all V C A;

2. ,UJ’Q(O'Vaw) > /LJ@(O"/)IMJ’E(O'WJ fOT' all ‘/, W c A.
Proof. Introduce

Zin(f) = > flw)eXtnea et
we{-1,1}2

Then, pyp(oy) = Zz’ff(fl‘/)) As Z;,(1) > 0, the first inequality is equivalent to show

that Z;,(oy) > 0. Using a Taylor expansion of the exponential, one gets

Zue) = 3 T T <z%ww>n<z%wr>

we{-1,1}A i€V {z’j}CA n>0 i€A n>0

DD I H CTI( X e
ml

meNA neNFa {'L]}EEA " ieA €A w;e{-1,1}

where Fy = {{i,j} € A}. Every term in the double sum is non-negative as 1 +
(—1)* > 0 for all integers a.

The second inequality is equivalent to Z;,(ovow)Zsn(l) > Zjp(ov)Zin(ow).
Now,

ZJh(UVUW)ZJh(l) - ZJh(UV)ZJh(UW)

= S eme et =m0 Lo ( T o - [T )

w,w’ eV JjEW a4

= > Y B S ()t () TT o, T wy (1 -1 Tj)
Te{-1,1} we{-1,1}A eV jew JEW

= E <1 — H Tj>ZJ(T)’ﬁ(T)(O'Vaw)
re{-1,1}A JeEW
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where we changed variables to (w;, 7;)ien = (Wi, wiw!)iea, and

Jz'(jT) = J;j(1+71;) >0, hgT) = hi(14+7)>0.

As1— Hjew 7; > 0 for all 7 € {—1,1}*, we can apply the first point to conclude. [

Exercise 1.10. Show that for h > 0,0 € A € Z%, (3, h) — pa.5.1(00) is non-decreasing
in both § and h.

1.5.3 FKG inequality
The space {—1,+1}* is naturally equipped with a partial order:
w<w if w; <w forall i € A.

A function f: {—1,1}* — R is called non-decreasing if w < ' implies f(w) < f(w').
Let p, ' be two probability measures on {—1,+1}. Say that u is stochastically
dominated by 1, denoted pu < i if for any non-decreasing function f,

p(f) < 1 (f).

Theorem 1.5.2 (Fortuin-Kastelyn-Ginibre inequality). In the setup of Section 1.5.1,
for any f,g: {—1,1}* — R non-decreasing,

tan(f9) > pan(f)rsn(g)-

Corollary 1.5.3. For any h < h', puyp < puyp. In particular, for any & <& € Q, any
NCAEZ anyh <KW ER, and any 3> 0,

= 3 ¢ +
Pargn S Hign S Hapn S Hang -

Exercise 1.11. Deduce Corollary 1.5.3 from Theorem 1.5.2.

All definitions extend to infinite volume measures in the obvious way. The condition
for stochastic ordering is only on local functions (functions that depend on finitely
many coordinates).

1.5.4 Construction of FKG-extremal measures

We will now use the FKG inequality, more precisely Corollary 1.5.3, to construct two
infinite volume measures (which might be equal). They play an extremely important
role in the study of the Ising model, and are one of the “miracles” that makes working
with the Ising model so pleasant.

Construction of FKG-extremal states

The easy part of the construction is the construction of infinite volume states.

11



Definition 1.5.1 (Infinite volume Gibbs state). Let Loc be the set of local functions:
Loc:={f: Q= R: IA € Z%, f(w) = f(w)Vw,w' € Qupe = Wi}
A Gibbs state at parameters (3, h is a linear functional (-) : Loc — R that satisfies
o (1)=1(0)=0;
e (f) > 0 for all non-negative function f € Loc;
 (typ,(f)) = (f) for all f € Loc, and all A € Z%.

In words, a state is a version of expectation that only applies to local functions.
From a state, a classical result in functional analysis, the Riesz-Markov-Kakutani The-
orem ensures that there is a unique probability measure p on €2 equipped with the
product o-algebra such that p(f) = (f) for all f € Loc. Moreover, the third constraint
on the Gibbs state (-) ensures that u € G(53,h).

Let us construct two Gibbs states. By Corollary 1.5.3, for any V € Z¢,

lim ut ., (n
AdeNA,ﬁ,h< V)

exists in [0,1] (as limits of non-increasing sequences), and does not depend on the
sequence of volumes. In particular, one can use this to construct an infinite volume
state (-)5, by setting

i d
<nv>27h = Ah/%d ,uj\r;ﬁ’h(nv), V € Z°.

Then, as any function f € Loc can be written as f = Y, agny, for some m > 1,

some Vi, ..., V,, € Z%, and some ay, ..., o, € R, one can set
m
+ _ +
<f>g,h = Zak<nd>ﬂ7h’
k=1

It is then direct to check that this provides a linear function on Loc. The Gibbs state
property follows from the fact that it is a limit of u}, 5., that satisty the compatibility
condition.

In the same fashion, one can construct <>5h using fiy.5,. Let ugyh,ugvh be the
Gibbs measures associated to these two states.

Exercise 1.12. Check that (-)£,,(-)5, are Gibbs states. When h = 0, show that if X

has law g3, then —X has law ji50-.

Exercise 1.13. Check that ,u;’h, g, are FKG: for any f, g € Loc non-decreasing,

“Ehgg) = ME,h(f)ME,h(g)-

Check that for any p € G(5, h), Pop =B M,Jar,h- Hint: use the DLR equation and the
fact that u*, u= are defined in terms of limits of finite volume measures.
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1.5.5 Properties of u™, u~

Lemma 1.5.4. ugh, Kgp are translation invariant:

Mg,h(av) = ME,h(Uerv) Vz € Zd7

and the same for —, and have decaying covariances:

Lm pif (ov; 0eyw) = w1y (ovoesw) — pf (ov)ud (ow) =0, YV, W C Z¢,

|z| =00
and the same for —.

Note that as the oy ’s are generating local functions, the same decoupling holds for
any local functions f, g replacing oy, oy, Note also that we could use the ny’s instead
of the oy’s and obtain an equivalent statement.

Proof. As ,ugﬁ = limy_,a uX,B’h does not depend on the sequence of volume, we have
that for any V € Z%, and any x € Z,

Mg,h(UVJr:c) = Lh_{ilo MXL-I—:E;B,h(JV-i-x) = Lh_{go MXL;B,h(UV) = ME,h(Ov%

where we used that the family of finite volume measures are translation covariant:
Mf\;ﬁ,h(A) = Mizfx;ﬁ,h<(9wA) with 6, the translation by z, which follows from the trans-
lation invariance of the Hamiltonian.

We show the decay of covariances for the ny’s as other local functions are finite
linear combination of them. For V,W & Z%, and = € Z% we have that

an(vnwie) = B o (nynw ) 2 1m0 (), g (nwa)

= /LXL;ﬁ,h(”VMg,h(nWﬂ) = MXL;B,h(nV):uEh<nW)7

by the FKG inequality. Now, for K, = ||z|/3], we have that for any x with |z| large
enough,
VCAk, WHzCr+Ag, dist(Ag,,(z+Ag,) > 100.

In particular, using again monotonicity (FKG),

lim g (nvnw ) < o p e (vnw )

= Hm gy o, ()i, 0 (MW )
‘iEl—}OO szﬁa T+ Kg;75>
= \xl|i£>noo ,UXKI;B,h(nV):u/J{KI;B,h(nW) = MEh(nv)MEh(nw)-
Combining the two bounds gives the wanted decay of covariances. ]

1.5.6 Relation between p*, = and ¥

From the previous Section, we get that if u™ = p=, then |G(8,h)] = 1 (no first
order phase transition). The next results links this property of Gibbs measures to
differentiability properties of W.

13



Lemma 1.5.5. For any 8 > 0, the function h — Y (f,h) is non-differentiable at at
most countable many points. Letting Dy be the set of h’s where it is differentiable, one
has

Han(00) = 52 U(B,h) = 115 1 (00).
Proof. Let Wg(h) = U(B,h). As h — Wz(h) is a convex function, it is differentiable at

all but at most countable many values of h. Denote Dg the set of values of h where
U is differentiable. For those values,

1 0
! = il +
W(h) = Jim !ALI oy n (Z5, 50)
= lim (0;) > lim + (o
L—00 !ALI z;AL Hision L—oo \AL| zGZA:L H,(03) = 1154(00)

where we used that the derivative of a differentiable convex function that is the limit of
differentiable convex functions is the limit of the derivatives, and that ,u; , 1s translation
invariant. Now, for any K > 1,

lim Z’LLAL,,Bh 0;) < lim —<|AL\AL K|+ Z Iu7,+AK76h( )>

L—oo ‘AL’ icny L—oo |A ’ g
1
— T + _ .t
= lim e d 1 50(00) = 1k es.(00)-

One can then take the infimum over K and use that, by Corollary 1.5.3, inf x> /JXK Boh
Mg o0 3 .5.4(00) = 115, (00) to obtain Wy(h) < it (09), and thus W(h) = uf (00

Proceeding in the same fashion using p~ instead of u™, one obtains W/ (h 5(h)
ug,h(ao)-

n(o
)-

]

With a little more work (still using monotonicity and convexity), one can show the
following more refined result.

Lemma 1.5.6. For any 8 > 0, h € R, one has

0 0
%‘I’(ﬂ, h) = ME,h(UO)a - ——VY(8,h) = NE,h(UO)-

Exercise 1.14. Show that y§, (00) = pz,(00) implies pg ), = g ,, and thus [G(3, h)| =
1. Hint: you only need to prove u;h(nv) = pgp(ny) for allV & 74, Also, note that
Zie\/ n; —ny s an increasing function. Try to compare its expectation under ug’h and
under fig .

1.6 Phase transitions

1.6.1 Definitions of phase transitions

Loosely speaking, a phase transition is an abrupt change of behaviour of a system as
some parameters are varied through a certain threshold.
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(a) High temperature (b) Curie temperature (c) Low temperature

Figure 1.1: Samples of the Ising model at 0 magnetic field, going from a disordered (param-
agnetic) state to a globally ordered (ferromagnetic) state as temperature decreases.

The classical way to look at phase transitions is through regularity properties of
the pressure. We say that (3, h) is

Not a phase transition point if U is analytic in both variables at (3, h).
A first order transition point if ¥ is not differentiable at (5, h).

A critical point if ¥ is differentiable but not analytic at (3, h).

Another way to look at phase transitions is through the structure of G(/3,h). In
this case, one says that there is a first order phase transition at (5, h) if |G(5,h)| > 1.
It is a general feature that this definition of first order points is equlvalent to the one
using the pressure. To grasp higher order transitions, one needs to look further at the
finer properties of the Gibbs measure.

1.6.2 Existence of Curie temperature

Note that h — W(3, h) being convex, it is almost everywhere differentiable. In par-
ticular, by Lemma 1.5.5 and the Exercise following it, one has that |G(8,h)| = 1 for
almost every h. Introduce the spontaneous magnetisation

9
m* () = Jim (o) = Jim % U h) = U(B )| = w0 (19)

where the first two limits are taken along any sequence of A’s such that |G(5,h)| =1,
and pgp denotes the unique infinite volume Gibbs measure.

Let piy.53 = pirpo- As the functions py (o) are non-decreasing in § (by GKS
inequality), one has that m*(3) = ,u;f(ao) is non-decreasing in 3. In particular, defining
the inverse Curie temperature

Be = Be(d) =inf{8 >0: m*(3) > 0}, (1.10)
one has

e for any 5 < ., ¥ is smooth at (3,0), |G(5,0)| = 1, and m*(3) = 0;
e for any 5 > (., ¥ is non-differential at (53,0), |G(5,0)| = +o00, and m*(S) > 0.

In particular, the Ising model provides a “decent” model for the ferro/para-magnetic
transition provided 5. € (0, +00).

15



1.6.3 No phase transition at high temperature

Theorem 1.6.1. For d > 1, there s Sy > 0 such that for all 0 < 8 < By,

w5 (00) = m*(8) = 0.
In particular,
o 0p+¥(5,0) = 0,-V(5,0) and ¥ is differentiable in h at 0.
. ME = g, and there is therefore only one infinite volume Gibbs measure at (3,0).

If moreover d =1, By = +o0.

Proof. The proof of this result feature a first graphical expansion of the Ising model:
the high temperature expansion. This expansion is based on the identity: for w;,w; €

{-1,1},
e = cosh(f) + wiw; sinh(B) = cosh(B)(1 + wiw; tanh(B)).
Denote B
Ex={{i,j} cZ: |i—jl=1,{i,j}NA #a}.
For ) C E,, denote
deg;(m) = Y Tgijen
jEA:j~i
the degree of i in the graph (A, 7). Define
on={i e A: deg;,(n) is odd}.
Then, one has the expansion
Bwiw;
1ix.5(00) = 2weny wolliy €™
’ ZWGQX HZN] eﬁwiUJj
~cosh(8)N 3D, Suear wo Il e, tanh(B)ww;
- E
COSh(ﬁ)| a ZnCEA ZwGQX H{i,j}€n tanh(ﬁ)wiwj
deg; 1,—
B chEA tanh(ﬁ)m‘ Eweﬂj\' [Ticawi B+ izo (L11)
o deg, : :
chEA tanh(ﬂ)'nl Zweﬂj{ Hie/_\ W g (1)

Now, the key (simple) observation is

deg; deg; i
Z Hwi 2:(n) _ 2|A‘]18nc(9A, Z Hwi egi(m+li—o _ 2|A‘]1068nC8A~

weQy i€A weQ} i€EA

In particular, (1.11) yields

ZUCEA: 0€onCoA tanh<6)|n|
chEA;ancaA tanh(ﬁ)'”‘

The next observation is that for any n with 0 € 9n C OA, there is an edge-self-avoiding
path from 0 — JA using only edges in 7. We define 7.(n) as a sequence of (directed)
edges as follows.

/J’X;B(O-O) =
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1. Fix a total order of Ey. Set k =0, ig = 0, and n® = 1.
2. Let e = {4y, ix41} be the smallest edge in ) having i), as an endpoint.

3. Update n*+1) = n®)\ L5y ip ).

4. If ipyq ¢ OA, update k = k + 1, and repeat 2. to 4.. Else, go to 5..

5. Return v.(n) = (ip = 0,41, ..., igr1)-

Note that for a given path v : 0 — OA, having ~.(n) = v implies that some edges
(those smaller than the ones of v but sharing an endpoint with one of the edges in )
were never chosen in the exploration process, and therefore must have been not present
in 7. Denote ¥ the smallest set of edges such that f(n) = 1,,¢;)= can be determined
only by looking at whether each of the edges of 4 is present in 1 or not. Then, noting
that for n with 0 € 9n C 9A, 9(n \ 7«(n)) C IA,

vl ZWCEAWI nCOA tanh(ﬁ) Il

v:0—=0A ZWCEA:BUC@A tanh(ﬂ)m'

where sums over v are over edge-self-avoiding paths. Finally, the number of edge-self-
avoiding paths of length n is at most 2d(2d —1)"~! (2d choices for the first step, 2d — 1
for the next ones as backtrack is not allowed), we get

whso0) <> Y tanh(B)"

n>L ~v:0—-0AL,|y|=n

2d n .
< Qd_lztanh(ﬁ) (2d — 1)".

n>L

Taking 3 small enough in d > 2 gives a term that goes to 0 with L, whilst when d = 1,

o tanh(s 7] 9 tanh(3)"
i s(00) = 3 tanh( W\ZnCEA\7~17C6A (B 2tanh(p)

00 D nC By onCon tanh(8)" 1+ tanh(p)

1.6.4 First order phase transition at low temperature
Theorem 1.6.2. For d > 2, there is [y < oo such that for all 5 > [y,

i (00) = m*(8) > 0.
In particular,

e 0,+V(5,0) > 0> 0,-V(B,0) and V is therefore not differentiable in h at 0.

° M,JBF,O # Mg, and there is therefore more than one (infinitely many) infinite volume
Gibbs measure at (5,0).
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Proof. Consider d = 2. Use the shorthand pu}., = py, .5, The set Qf is in a one-
to-one mapping with the set of Peierls contours: lines separating the +1’s from the
—1’s (see Figure 1.2). More formally, let A} be the graph dual to Ay (see Figure 1.3).
Then, a contour configuration is an edge-subgraph of A} so that all vertices have even
degrees. Denote &£, the set of such graphs.

e The spins of the Ising configuration are recovered from n € £ by setting them
to be w;(n) = +1 for i € A°, and w;(n) = (1)) where crossed;(n) is the
number of edges that are crossed by any fixed path going from A¢ to ¢. This
number can depend on the path, but its parity does not.

e The contour configuration is obtained from the spins by setting n(w) to be the
set of edges dual to edges of the form {7, j} with w;w; = —1.

Figure 1.2: Peierls contours.

In particular, og(w) = (—1)ossedo((@)  We obtain

117.5(00) = puf.(there is an even number of contours surrounding 0)

vV
=:Evg

— . 5(there is an odd number of contours surrounding 0).

~~
=:0ddg

Note that Oddg U Evy = QXL, and that Oddy N Evy = @. Also, remember that 0 is an
even number, and that odd numbers are > 1.

The idea is to use a many-to-one principle to compare the probability of the two
events. We first define the outermost contour surrounding 0 in w by looking at the
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Figure 1.3: Planar duality and outermost contour surrounding 0 (in black). The green
contours are the other parts of the boundary of the +1-connected component of A .

connected component of A¢ in the graph obtained by deleting all sites that are —1
from Z?, and looking at the dual edges that form its boundary (see Figure 1.2). This
gives a collection of contours. Denote 7o (w) the only one that has 0 in its interior,
see Figure 1.3 (7Yext(w) = @ is allowed).

Define then ¢ : Oddg — Evg as follows:

w; if 7 is not in the interior of Ve (w)

(V(w))i = {

—w; if 7 is in the interior of ey (w)

In words, 1 erases the outermost contour surrounding 0 in w. Then

,uLﬂ (Oddy) = Z :uLB ({w})

Yo D = Y lue=e IL ((éj,}i,)) Le{w'}),

weOddg 7 surr. 0 w'€Evq

where we multiplied by 1 in a clever way. Now, for w,w’ such that ¢ (w) = ', and
Yext (W) = 7, one has

Z wiw;j — Z wgw; = Z (—1—1) = =2

i~jEA i~jEA {3,7} dual to an edge in v

Thus,

/Lz;ﬁ({w}) _ eﬂzwjel\ijf _ 6_25|7|,
S ]) ~ T

Using this, we get

uip(0ddo) = Y ({0 Yo e YT L= Lu=w

w'€Evq ~ surr. 0 w€e0ddyg

-~

<1
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where we used that the only thing needed to reconstruct w from 1 (w) is Yext(w). Now,
the number of contours surrounding 0 with a fixed length n is at most nd™ (the n
accounts for the intersection of the contour with a fixed half-coordinate axis closest
to 0, and the 4" bounds the number of contours with length n starting from a given
point). Thus,

117,5(0ddg) < Z pg.s({w'} Z Z e 2 < uz;ﬁ(Evo)Zne’w%“.

w'€Evq n>4 ~ surr. 0: |y|=n n>4

For 3 large enough, we get i ,(Oddy) < 5uf.5(Evo). In this case, uj5(Evo) > § as

N o

1= MZ,,B(EVO) + /”LZﬁ(OddO) S Iu’—[":;ﬁ(EVO)7

and therefore

115(00) = 1i5(Evo) — pi7,5(0ddo) > pif 5(Evo) (1 — 3) =

This bound is uniform over L and therefore gives the wanted claim. O

wl}—‘

1.7 A few further results without proof

In this section we describe (part of) what is currently known about the Ising model/lattice
gas transition. We will not have time to prove these statements, but references are
given for the interested reader.

1.7.1 Sharpness of the phase transition

Theorem 1.7.1. For any 0 < B.(d), there is ¢ > 0 such that for any L large enough,

MXL;B(UO) L@

This result was first proven in [2]. A new proof is provided in [9].

1.7.2 Analyticity properties of the pressure

The Ising model is one of the rare model (i.e.: the only one...) where one can un-
derstand the full phase diagram (i.e.: one can identify the analytic properties of the
pressure at any point (5, h)).

The first result in this direction is the famous Lee-Yang Theorem.

Theorem 1.7.2 (Lee-Yang). The partition functions ZX;B’,Z are non-zero for any h €
C with Re(h) # 0. In particular, h — W(B,h) is analytic in h in the half spaces
{Re(h) > 0} and {Re(h) < 0}, and there is no first order phase transition whenever

Re(h) # 0.

The first proof of this result is due to Lee and Yang [15, 21]. Asano gave an alter-
native proof introducing the so-called Asano contraction method, which was further
refined by Ruelle. See [6, 19]. See also [10] for a pedagogical presentation.
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Nowadays, the full picture is available.

Theorem 1.7.3. (8,h) — W(B,h) is real-analytic everywhere but on the line h =
0,52 Be.

This was proved in [17] relying on several previous works on fine properties of the
Ising model.

1.7.3 Structure of the set of Gibbs measures

A wealth of general properties of the set of GGibbs measure is available in more larger
generalities than the Ising model. The main source is [12].

In dimension 2, a remarkable phenomenon occurs, and it turns out that all Gibbs
measure are convex combination of the pu*, u~ measures we constructed.

Theorem 1.7.4. For any >0, h € R, G(B,h) = {tug, + (1 —t)uz, : t €[0,1]}.

See [14, 1| for the original proofs, and [13] for an elegant simpler alternative proof.

1.7.4 The Curie temperature

The main result available at (f,0) is the following.
Theorem 1.7.5. For d > 2, m*(f5.) = 0. In particular, |G(B.,0)| = 1.

The proof of the case d = 2 was given by Yang, relying on previous work of
Onsager, through integrability. The case d > 4 follows from the work of Aizenman
and Fernandez, 5], and the case d = 3 from the “recent” paper of Aizenman, Duminil-
Copin, and Sidoravicius, [4].

Another remarkable result concerns the d = 2 case. In this case, combinatorial
miracles allows to compute the value of 5.(2).

Theorem 1.7.6. 3.(2) = 1 In(1 + v2).

The first proof of this result is due to Onsager, [16] using integrability. One can
“guess” this result by looking at the low and high temperature expansion of the Ising
model, and noting that they provide the same combinatorial object. This realization
is due to Kramer and Wannier and is called Kramer- Wannier duality.
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Chapter 2
Scaling Limits

We only discuss extremely briefly and informally this topic. More details and references
can be found in [10, 11].

2.1 Scaling limits: general idea

In taking scaling limits, we do the reverse operation than when taking thermodynamic
limit: we fix some volume V C R? (say [—1,1]? or RY), fit a grid with small meshsize
approximating the volume, put our Ising model on that graph, and take the mesh to
0. The resulting object should be “a random function from V' to {—1,1}” but it is not
a very well defined notion. Instead, we shift our viewpoint and see the Ising model as
a random distribution. To simplify the discussion, we work on the volume R¢, and fix
some u € G(5,h).

We first fix some local observable O : Q@ — R (e.g.: O =g or O = Zzzl 000e, —
p(ogoe,)), and define 0,0 its translate by x (e.g: if O = 0y, O, = 0,). Then, for
a € R, we define for any 6 > 0,

O {(—1, 1P 5 R, O%(w) = 60, 5(w).
We then view O%(w) = (O2(w)),esz¢ as a distribution by setting for any f : R? — R
infinitely differentiable:
(O°w). ) = ) ONw)f(@).

x€8Z4

Note that this is formally equivalent to view O°(w) as the signed measure
Ow) = Y Ow)d,
FISYA

with &, the Dirac mass at =. In particular, under p, O? is a random distribution. The
convergence towards a scaling limit is the existence of a probability measure () on the
a suitable distribution space such that

6—0

p((0°, 1) = [ dQ(v){v. [),

for all test functions f (for example, all compactly supported infinitely differentiable
functions). The number o = d — A, with A the scaling dimension of the field, has to
be chosen properly depending on 3, h, O in order to get a convergence.
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2.2 High temperature limit: white noise

A first example is the scaling limit of the Ising model with g < 5., h =0, O = 0y, the
magnetisation field. There, a result of Newman gives that for a = g, O’ converges
towards a white noise in the limit (formally, each point of R? gets an independent
value, and all are identically distributed and Gaussian). Another way to phrase this is

that the empirical magnetisation in a hyper-cubic box satisfies a central limit theorem.
A similar result holds for any O, and any (3, h) with either 5 < 3. or h # 0.

2.3 Low temperature limit: Wulff construction

When 8 > (., the most interesting phenomena occurs in the canonical ensemble. Look

at MXL?BJV[L with Mz L7220 ) ¢ (—=m*(B), m*(5). Then, scale the graph to have mesh

A
d=1/L, and loolk La[t O = 0y, a = d (so that we are effectively doing local empirical
averages). This gives a sequence of random distributions on the volume [—1,1]%. The
scaling limit will be a “function” taking value —m*(f) in some random translate of a
deterministic shape, the Wulff shape, and value +m*(/3) outside.
This construction has first been performed rigorously in dimension 2 by Dobrushin,

Kotecky, and Shlosman in [8], and in dimension > 3 by Bodineau in [7].

2.4 Critical point

At the critical point, some additional symmetries emerge in the scaling limit, and the
scaling limit of, say, the magnetisation field is expected to be conformally invariant at
(B, 0). In dimensions greater or equal to 4, one can identify the scaling limit, see the
work of Aizenman and Duminil-Copin [3], references therein and subsequent works.

When d = 3, nothing in known rigorously (and there remain challenges even for
physicists).

When d = 2, the status is more satisfactory due to many integrability properties
of the Ising model on the square lattice.

2.4.1 Dimension 2

In dimension 2, the set of conformal symmetries is much larger. One can therefore
classify the possible “random distributions” that can be conformally invariant. The
interested reader is invited to have a look at [11] for a full introduction to the topic.
We mention here a few known results about the 2D Ising model at (5., 0).

Spin field
Taking the observable O = o0y, one has that the correct exponent is o = %, the scaling

limit exists and is conformally invariant.

Energy field

Taking the observable O = 0y0e, + 0¢0e, — (000, + 0006, ), one has that the correct
exponent is a = 1, the scaling limit exists and is conformally invariant.
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SLE/CLE approach

Another route towards conformal invariance is to look at the Peierls contours between
+1 and —1. Keeping only the one that are “‘large enough”, one can construct a limit of
this “random collection of random loops™ the CLE measures. This model is a random
collection of random curves in R? that is conformally invariant.
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Appendix A

Probability theory

The modern mathematical foundation of probability theory, formalized by A.N. Kol-
mogorov in 1933, treats probability strictly within the framework of measure theory.
By abandoning intuitive but ill-defined notions of “chance,” probability becomes the
study of specialized measure spaces where the total mass is normalized to unity.

A.1 Probability Spaces

Definition A.1.1 (Probability Space). A probability space is a triplet (£2, F, P) where

e () is the sample space, an arbitrary non-empty set representing all possible out-
comes.

e F is a g-algebra on €2; i.e., a collection of subsets of ) containing €2, closed under
complementation and finite or countable unions.

e P is a probability measure on (€, F): a function P : F — [0, +00) satisfying

Normalization: P(2) =1, P(@) = 0.
Countable Additivity: For any sequence of pairwise disjoint sets
Ay, Az, €F,

P(Ups1 Ay) = i P(A,).

n=1

The pair (2, F) is called a measurable space. If the condition P(2) = 1 is dropped, P
is called a measure.

Example A.1.1 (Finite or countable sample space). On a finite or countable set €2,
one usually considers F = P(QQ) := {A: A C Q}. Then, probability measures can
be specified by a probability vector/mass function, p : @ — [0,1] with > p(w) = 1.
Then, the probability measure associated to p is

Py(A) = ZP(W)-
w€eA
Example A.1.2 (Borel spaces). If (Q, T) is a topological space (e.g.: Q = R? with the
usual topology), one can define the Borel o-algebra on (2,7) by B(Q,T) = Nes7 F
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where the intersection ranges over all o-algebras over ). It is easy to check that this
is a o-algebra. By construction, it is the smallest contains the open sets.

Notation. When (Q,7) is R? with the usual topology, we will write B(R?) for the
associated Borel o-algebra.

Probability measures enjoy various useful properties.

Theorem A.1.1. Let (2, F, P) be a probability space. Then, all of the following hold.
1. P(@) =0, P(Q) =1, and for any event A, P(2\ A) =1 — P(A).

2. If two events A, B are such that A C B, P(B) = P(A)+ P(B\ A). In particular,
P(A) < P(B).

3. For two events A, B, P(AUB) = P(A) + P(B) — P(AN B).

4. Finite and countable o-additivity: if I is a finite or countable set, and A; € F, i €
I are events such that A;NA; = & for i # j, then

zEIA ZP

el

5. Finite and countable o-sub-additivity: if I is a finite or countable set, and A; €
F, i €1 are events, then

zGIA ZP

el

6. Monotone convergence: if Ay, Ao, ... are events such that either A; C A;11 for
all i’s, or A; D Aijyq for all i’s, then

lim P(A,) = P( lim A,).

n—oo n—o0

A.2 Random Variables as Measurable Functions

In rigorous terms, a random variable is neither random nor a variable; it is a deter-
ministic function mapping the sample space to a state space, typically (R, B(R)).

Definition A.2.1 (Random Variables). Let (2, F), (X, €) be a measurable spaces. A
function X : Q@ — X is a (X-valued) random variable if it is (F, £)-measurable,
meaning that for every set B € &,

X 1'(B)={we: X(w) € B} e F.

If P is a probability measure on (2, F), the law of X under P is the probability measure
on (X,€) given by Po X1,

We will often look at real random variables. When nothing is said explicitly, a
random variable X : Q — R? is a (F, B(R?))-measurable function.
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Example A.2.1 (Finite or countable sample space). On (2, P(€2)) with € finite or
countable, all functions are measurable, and so any function is a random variable.

A.3 Integration and Expectation

Let (2, F, P) be a probability space. The expectation of a real random variable X :
2 — R is its Lebesgue integral with respect to the probability measure P:

Ep(X) = / dP(w)X (w) = /dPX
Q
The construction is done in a three-step program:
Simple functions: for indicator functions, define Ep(1,4) = [, dP(w)f(w)la(w) =
P(A). By linearity, for a simple function g = Y"1 | ¢;14,, we define:

n

Ep(g) = /Q dP(w)g(w) =Y _ ¢;P(A;).

=1

Non-negative measurable functions: For any measurable function X > 0, the

expectation is defined via an “approximation from below” by simple functions
bounded above by X:

Ep(X) =sup{Ep(g) : 0 < g < X, g is simple}.

General measurable functions: we split X = X — X~ where X = max(X,0)
and X~ = max(—X,0). If Ep(X™) < 00 or Ep(X ™) < oo, we define:

Ep(X) = Ep(X,) — Ep(X_).

If Ep(]X]) < oo, we say that X is P-integrable, and write L'(Q, F, P) the set of
real, P-integrable functions.

Example A.3.1 (Finite or countable sample space). On a finite or countable set
(equipped with P(£2)), if P, is the probability measure associated to the mass function
p, one has

Fr,(X) = 3 plw) X ().

A.3.1 Convergence Theorems for expectations

The power of measure-theoretic probability lies in large part in its convergence theo-
rems, which allow the interchange of limits and integrals under much broader condi-
tions than what can be done using, for example, Riemann calculus.

Theorem A.3.1 (Monotone Convergence Theorem - MCT). Let (Q, F, P) be a prob-
ability space. If 0 < X7 < X5 < ... is a sequence of non-negative random variables
converging almost surely® to X, then:

n—o0

4 X, (w) === X (w) for all w € D with D € F a set such that P(D) = 1.
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Theorem A.3.2 (Dominated Convergence Theorem - DCT). Let (Q, F, P) be a prob-
ability space. Let X, : Q — R, n > 1, be a sequence of random wvariables such that
X, = X almost surely. If there exists an integrable random variable Y (Ep(Y) < o0)
such that | X,,| <Y almost surely® for all n, then X is integrable and:

n—o0

*| X, (w)| < Y(w) for w € D with D € F a set such that P(D) = 1.

These theorems play a central role when dealing with infinite dimensional proba-
bility spaces.

A.3.2 Weak Convergence and Topology

When (2 is a metric space (often a Polish space), the space of all probability measures
on 2, M;(Q), is typically endowed with the topology of weak convergence (which is in
fact weak-x convergence in the functional analytic sense, see Section B.5). A sequence

of measures p,, converges weakly to p (denoted p, weak, ) if:

lim fdunz/fdu
Q Q

n—o0

for all bounded, continuous functions f € Cy(€2).

28



Appendix B

Distribution theory

B.1 Introduction and Motivation

The classical notion of a function is insufficient for many problems in partial differential
equations (PDEs) and harmonic analysis. For instance, the Dirac delta “function” d,
defined intuitively by its sampling property [o,d(x)f(z)dz = f(0), cannot be realized
as a Radon measure without losing its character as a differential object, nor can it be
defined as a pointwise function.

The theory of distributions, formalized by Laurent Schwartz in the late 1940s, re-
solves this by shifting the paradigm from pointwise evaluation to functional evaluation
against a space of highly regular test functions. Put in words: instead of being able
to look at the value of the object at a point, one can only observe weighted average
values of the object over non-trivial portions of space. The regularity of the weight
used in the weighted average then compensates for the irregularity of the considered
object.

B.2 The Space of Test Functions D(R?)

We denote by C>° = C°(R%, R) the vector space of real valued infinitely differentiable
functions with compact support'. To define a topology on C°, we first introduce a
notion of convergence.

Definition B.2.1 (Convergence in C2°). A sequence of functions fi, fo, -~ € C° is
said to converge to f € C° if there exists a fixed compact set K C R? such that fj, is
supported on K for all k’s, and one has that for every multi-index a € N¢, the sequence
of derivatives® D f;, converges uniformly to D*f on K, i.e.,

lim sup | D fi(x) — D f(x)| = 0.

®Recall D* = H?Zl(a%i)"‘i.

The space C>° equipped with this locally convex topology is denoted by D(R?).

'Recall that a function f: R? — R is supported on D C R if f(x) = 0 for all = ¢ D.
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B.3 Distributions

Definition B.3.1 (Distribution). A distribution on R is a complex-valued continuous
linear functional on D(RY). The space of all distributions is denoted by D’:

D' ={u:D — C: F is linear and continuous}.

In terms of sequential convergence, a linear functional u : D(R?) — C is a distribu-
tion if and only if for every compact K C R?, there exist constants C > 0 and N € N
such that

(Al <C S sup |D*f(a)

la|<N zeK

for all f € C° supported on K. Here, (u, f) denotes the dual pairing (u, f) — u(f).

Example B.3.1 (Regular Distributions). Any locally integrable function? g € L] (R?)
defines a regular distribution 7, € D’ via:

T f) = [ o@)f@)de, vfeCz.

The mapping g — T, is injective, allowing us to embed L (RY) C D'

loc

Example B.3.2 (Singular Distributions). The Dirac delta distribution J, centred at
a € R? is defined by:

(00, [) = fla).

This distribution is singular; it cannot be represented by any Li

e function.

Remark B.3.1. We consider here the “most regular” space of functions, D(R?). This
gives us the largest space of distributions (i.e.: the least regular one can define). We
could consider functions with less regularity, such as C? for p > 1, leading to smaller
space of distributions. Having a distribution in a smaller space means having a more
regular distribution.

B.4 Calculus of Distributions

One of the main points behind the introduction of distribution theory is that every
distribution is infinitely differentiable, and the differentiation operator is continuous
with respect to the weak-x topology on D’.

Definition B.4.1 (Distributional Derivative). Let u € D’. For any multi-index «, the
distributional derivative D®u is defined through integration by parts:

<Dau>f> :<_1)|al<u7Daf>7 erosoa
where |a| = S0, |l

Since f € O == D*f € C*, this definition is always well-defined and yields
another distribution.

2Integrable over compact subsets of R¢.
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Remark B.4.1. If u = T} is the distribution associated to f a continuously differen-
tiable function (as in Example B.3.1), its distributional derivative matches the classical
derivative of f. However, functions with jump discontinuities yield singular structures
under distributional differentiation (e.g., the Heaviside step function differentiates to
the Dirac delta).

B.5 Structure and Convergence

The space D' is typically endowed with the weak-x topology.

Definition B.5.1 (Weak-* topology). A sequence u; — win D’ if and only if (u;, f) —
(u, f) for every f € D(R?).

B.6 Probability measures as distributions

Consider M;(R?) the set of probability measures on R? (measures with total mass 1).
They can be viewed as distributions in the following fashion. For p € M (R%), define
T, via

T )= [ dula) @) = B,

This is a linear mapping, and it is R-valued as f € D is continuous and compactly sup-
ported, hence bounded. We need to show that this mapping is continuous in the sense
that if fy “==% fin D(R?), then (T}, f) =% (T, f). But this is an exercise: by def-
inition of convergence in D(R?), there is K compact such that f, converges uniformly
over K to f, so for any € > 0, there is k. > 1 such that sup ¢ supy, | fu(z)—f(2)] < e
Thus, for any k > k., -

B0 = B < [ dulal ) = Fo)] < e

Note that we did note use the full power of probability measures: working with
locally finite measures would have been sufficient! Moreover, we only used the fact
that f was continuous and compactly supported, so the linear mapping extends to
a larger set of test functions than C2°. This is due to the fact that, in some sense,
measures are the next best thing after functions in terms of regularity, but there are
much wilder objects in the space D'.
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Appendix C

Solutions to some Exercises

Solution to Exercise 1.1. To lighten notations, we drop (, h from the notation. We
check the identity on singleton event {w'}, the identity for more complicated events is
obtained by summing over w’ € A. One has

LB @) ()

1 efﬁHA(w’)JrhMA(w’) )
Z5,

z

> mv(fwhui(w'h = )

wef wEQi,

(C.1)

Now, when ' € QY,

—BHy (w) + hMy (w) =7 Z wiw; + 15} Z W;W;

{i.}CAri~j i€M,jEAC: invj
+ > wiw; + WM (w) + Mana(w)
{i,j}CA'UOAN\A: i~j
=p Z wiw; + B Z Wi
{i,j}CAz i~y i€A,jEAC: i~
+ 5 Z W;W; + hMA(w) —+ MA/\A(U}/)
{i,}CAVUDA\A: imj
= —BHp(wpw)e) + hMy (waw)e)

+ B Z wgw} + hMA/\A (w').
{17} CA'UOA\A: i~vj

So, still when w' € QY,

— ﬁHA:(w) + hMA/ (w) — BHA(w') + hMA(w')
= _/BHA(WAW;\C) + hMA(wAwﬁ\c) + h My (OJ/) — BHy (w’) (02)

Now, summing over w € €, is the same as summing over w, € {—1,1}* and over

wana € {—1,1}*" and extending the configuration using &. Moreover, Z5 = Zf\/
and Qi = Qi for any &, ¢ such that £, = &,. Using these, the notation A = A"\ A,
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and (C.2) in (C.1), one gets

> mv({whu =3t acac W) PN Ahe M (nhe) R My )y o
A c
weQ A’ WALWA A °
1 ! !
— —BHp (waw) e )+hMp (waw!yc)
D) Y Ly e P nh g
WALWA : Z/L\UAWA4
1 _ /
= Mi/({w/}> Z ZW/AW’AC e~ BHA(wAW)e)+hMa(waw)e) — MA’({ /}) Zw/ :
WA A

as wanted
Solution to Exercise 1.2. See [10, Lemma 3.19] (freely available online).

Solution to Exercise 1.3. This uses some non-trivial results in general topology and
probability. First, by Tychonoff’s Theorem, {2 is compact. One can moreover put a
metric on it. Thus, the set of probability measures on €2 equipped with the product
o-algebra is sequentially compact by Prokhorov’s Theorem. One can then take any
fixed ¢ and extract a converging subsequence from uf\L;/j’h, L > 1. Verifying the DLR
condition for the limit is left to the reader.

Solution to Exercise 1.11. We deduce only the first part, the rest is a direct con-
sequence of the correspondence between the 17, measure and the Ising measures.
Introduce

Z‘]’h(f) _ Z ez{i,]’}CA Jijwiwi+> iEAhiwif(W).

- we{-1,1}7
Let h < /. Then, for any function f,
ZJ@’(f) — Z @Z{i,j}CA Jijwiwi+y iEAhiwz‘eziEA(h;—hi)wif(w) _ ZJ,ﬁ(fFﬁ’—ﬁ)
we{-1,1}4

where F,(w) = e €A% g non-decreasing whenever a > 0.
In particular, for any f by a non-decreasing function,

,(f) — ZJ,E(f) _ ZJ,Q(be/_b)ZJ@(l)
o Ziw(1)  Zip()Zyn(Fy—p)

MJh(f —n) o Pan(F)rn(Fyn)
an(Fw-n) — pan(Fw-n)

= NJ,b(f)

by the FKG inequality.
Solution to Exercise 1.14. First, as oy = 2n; — 1, u}; , (00) = pig ,(00) iff pf, (no) =
t51(no). Now, for any V' & Z*, not that Y, i, n;—ny is non-decreasing. In particular,
as u;,h stochastically dominates pg,,
ME,h<an‘ —nv> > #§,h<zni - nv)-
eV eV
Using linearity and re-arranging, we get
0< Mg,h(”v) — pgp(nv) < Z (Ngh(nz) - Mgh(nz)) = !V!(ME,h(no) - ME,h(nO))
eV
by translation invariance of the measures. This last term is 0 by assumption, so
11, (nyv) = pg,(ny) for all V€ Z¢, and therefore puf, = pg .
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