
The goal of this mini course is to make sense of

this:Definition
A Calabi Yau manifold is a compact Kahler polarised
complexmanifold with trivial canonical

bundle.FamousExample appears in anydiscussion of StringTheory
Calabi Yau QwinticThreefold

Any smooth quintic hypersurface in mathbbR4 with Fubini Studymetric

e.g Fermat quintic hypersurface

XleftleftZ0ldotsZ4rightinP4z05ldotsz450right
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1 Complex

ManifoldsDefLet X topological space
An n dimensional complex chart on X is a homeomorphism

varphiUsimeqV
where UC backslash

open subset and VvarphileftUrightsubsetmathbbCn open subset
mathbbCnValphavarphialpha

Ualpha

Ubeta
varphialphabeta

mathbbCn
varphibeta

Vbeta

Two complex charts varphialphaUalpharightarrowValpha and varphibetaUbetarightarrowVbeta are

holomorphically compatible if the transition function

varphialphabetavarphibetacircvarphialpha1varphialphaleftUalphacapUbetarightsubsetmathbbCnrightarrowvarphibetaleftUalphacapUbetarightsubsetmathbbCn
is a holomorphism i.e holomorphicinvertible inverse also holo

Defu A complex manifold of complex dimension n is a

2ⁿᵈ countableHausdorff connected topological space X
equipped with a complex atlas a collection of holomorphically
compatible complex charts leftvarphialphaUalpharightarrowValphasubsetmathbbCnright
St cupalphaUalphaX



Examples

Euclidean space
mathbbCn

Standard globalcoordinate overrightharpoonzleftZ1ldotsZnright
i e global chart varphi0mathbbCurightarrowmathbbCu is given by varphi0leftoverrightharpoonzrightoverrightharpoonz

Note always have the decomposition zkxkiyk
where leftxkykright real coordinates every ex mfld of dim n

is in particular a real mfld of real dim an

Given overrightharpoonWleftw1ldotswnright another coordinate

varphi1mathbbCnrightarrowmathbbCn given by varphi1leftoverrightharpoonzrightoverrightharpoonw
the transition function is varphi01leftoverrightharpoonzrightvarphi1circvarphi01leftoverrightharpoonzrightoverrightharpoonWleftoverrightharpoonzright

varphi0varphi1 are compatible if overrightharpoonWleftoverrightharpoonzright is

holomorphic.e.goverrightharpoonWleftoverrightharpoonzrightleftz11ldotszn1right
overrightharpoonWleftoverrightharpoonzrightleftoverlineZ1overlineZ2ldotsoverlineZnright

complex conjugate



Complex Torus PiLambdamathbbCnLambda
Choose any lambda1ldotslambdaan inmathbbCnbackslashleft0right linearly indep over

mathbbR

LambdaspanmathbbZleftlambda1ldotslambda2nrightsubsetmathbbCn

leftoverrightharpoonzm1lambda1ldotsm2nlambda2nm1ldotsm2ninmathbbZright
Consider equivalence relation on mathbbCn

overrightharpoonzsimoverrightharpoonzcdotLeftrightarrowoverrightharpoonzoverrightharpoonzinLambda

Consider

latticeDefine

piLambdamathbbCnLambdamathbbCnsimleftleftoverrightharpoonzrightzinmathbbCnright
mathbbC

e g if n1
lambda2 lambda1lambda2 fundamental

domainZzlambda1

2lambda10 lambda1zlambda2

complex torus
ellipticcurveTopologicallyPiLambdasimeqmathbbR2nLambdasimeqleftS1right2n

What are the complex charts e.g

The importantthing
transitionfunctions
are translations
in mathbbCn

U U

U U

holomorphicNoticepiwedge is compact



ComplexProjectiveSpace
mathbbRn

space of complex lines through the origin in
mathbbCn1

mathbbDnleftmathbbCn1backslashleft0rightrightsim
with overrightharpoonzleftZ0ldotsZnrightsimleftlambdaZ0ldotslambdaZnrightlambdaoverrightharpoonz for any lambdainmathbbC

Equivalence classes leftoverrightharpoonzrightleftZ0ldotsZnright lines in mathbbCn1

mathbbC2leftleftlambdaZ0lambdaZ1rightlambdainmathbbCrightinmathbbD1
0leftZ0Z1right

Observe if z0neq0 then

leftZ0Z1ldotsZnrightsimleft1fracZ1Z0ldotsfracZnZ0right
RightarrowleftZ0Z1ldotsZnrightleft1fracZ1Z0ldotsfracZnZ0right

Famous open cover by affine charts

UileftleftZ0ldotsZnrightinmathbbRnZineq0right
leftZ0ldotsZnrightinmathbbCn1backslashleft0rightRightarrowmathbbRnUi0

varphiiUisimrightarrowmathbbCn
leftZ0ldotsZildotsZnright leftw1ldotswnrightinmathbbCn

beginmatrixw1ldotswkwk1ldotswnendmatrix

leftfracZZildotsfracZk1Zi1fracZk1ZildotsfracZaZirightrightarrowleftfracZ0ZildotsfracZk1ZifracZk1ZildotsfracZnZiright



transition function eg n3

leftZ0Z1Z2rightleftcdot1fracZ1Z0fracZ2Z0rightrightarrowleftW1W2rightleftfracZ1Z0fracZ2Z0right
varphi0

varphi1leftfracZ0Z11fracZ2Z1rightleftrightarrowleftwidetildeW1widetildeW2rightleftfracZ0Z1fracZ2Z1right
varphi01 leftw1w2rightrightarrowleft1w1w2rightleftfrac1w11fracw2w1rightvarphi1rightarrowleftfrac1w1fracw2w1right

varphi0leftU0capU1rightvarphi0leftleftz0z1neq0rightrightleftw1neq0right
varphi1leftU0capU1rightvarphi1leftldotsrightleftwidetildew1neq0right

Exercise find varphiij for arbitrary n

Note mathbbRn is compact

In particular on mathbbR1leftleftZ0Z1rightright we have two charts

U0leftz0neq0rightcongleftzfracZ1Z0inmathbbCrightcongmathbbC
and U1leftZ1neq0rightcongleftWfracZ0Z1inmathbbCrightcongmathbbC
with transition W1Z over U0capU1congmathbbC

W00mathbbR1simeq2 U1zinfty U0
zinfty

U

winfty

z0U0capU1congmathbbC
Z0

note mathbbDnnsimeqzn for ngeq2
In fact 8m cannot be a ex mfld for any m except m2 and 6

Famous open problem Hopfproblem Can 6 be a cxmfld



Quintic Threefold in mathbbR4 Fermat quintic

Consider subset of
mathbbR4 given as zero locus of

a homogeneous polynomial

Xleftz0ldotsz4rightinmathbbR4z05z15z25z35z450mathbbR4
Pleftoverrightharpoonzright

Notice
well defined b c underlineP is homogeneous underlinePleftlambdaoverrightharpoonzrightlambdaPleftoverrightharpoonzrightforalllambdainmathbbC

Xcx mfld b c can use Holomorphic Imesupset FT

fracpartialPpartialoverrightharpoonzleftbeginmatrix5z045z145z245z345z44endmatrixright
for any leftoverrightharpoonzrightinmathbbR4 at least one zi is nonzero

X is compact



52 Canonical Bundle

On XmathbbCn with coordinates leftZ1ldotsZnright just like in realdiffgeon
have holomorphic differentials dz1ldotsdzn

Theyspan the holomorphic cotangent space at every poverrightharpoonzinmathbbCn

TpXspanmathbbCleftdZ1ldotsdZnrightleftt1dZ1ldotstndZnoverrightharpoontinmathbbCnright
Thinkingof mathbbCn as XmathbbRmathbbR2n with zkxkiyk and ctgt space

TpXmathbbRspanmathbbRleftdx1dy1ldotsdxndynright
we have dzkdxkidykinTPXmathbbRotimesmathbbCLambdaP1X

11spanmathbbCleftdx1dy1ddxndynright
Notice TPXnsubseteqTPXmathbbRotimesmathbbC

11

spanmathbbCleftdx1idy1ldotsdxnidynrightLambdap10X
complementary
subspace 50l anmathbbCleftdx1idy1ldotsdxnidynrightLambdap01X

11

span mathbbCleftdoverlinez1ldotsdoverlineznright

RightarrowLambdap1XLambdap10XoplusLambdap01X
we will return to this decomposition



TpX are fibres of the holomorphic cotangent
bundle:holomorphic

vector
bundle
with fibres

coprod_pinXTpXTXleftarrowTpX
TPXcongmathbbCnmathbbCn leftpright

Holomorphicdifferential one forms are the holomorphicsections

OmegaX1 EE
nsomegaleftbeginmatrixTXdownarrowXendmatrixrightGammawe leftTXright
leftwf1leftoverrightharpoonzrightdz1ldotsfnleftoverrightharpoonzrightdznright
holomorphic
functions

fiUsubsetXrightarrowmathbbC

spanchileftdz1ldotsdznright

Holomorphic two forms

OmegaX2leftomegasum_ijfijleftoverrightharpoonzrightdziwedgedzjrightholo
span xleftdziwedgedzjijright

2ⁿᵈexterior power
of OmegaXOmegaX1wedgeOmegaX1Lambda2OmegaX1

GammalocleftLambda2TXright
where Lambda2TpX span mathbbCleftdziwedgedzjijrightcongmathbbCleftn2nright2



OmegaXnLambdanOmegaX1
leftwfleftoverrightharpoonzrightdz1wedgeldotswedgedznrightholo

spantimesleftdz1wedgeldotswedgedznrightGammalocleftLambdanTXright
where LambdanTpX span mathbbCleftdZ1wedgeldotswedgedZnrightcongmathbbC

OmegaXn is sections of a line bundle over X

OmegaXn is the top exterior power of
Omega
X b c OmegaXn1left0right

OmegaXn is called the canonical bundle of XmathbbCn

notation OmegaXtoOmegaXomegaXKX

OmegaXOmegamathbbCn admits a nowherevanishing global section

omegadz1wedgeldotswedgedzninH0leftXOmegaXright
called a holomorphic volume form on X

If overrightharpoonwleftw1ldotswnright another coordinate on
mathbbCn then

dw1wedgeldotswedgedwndetleftfracdoverrightharpoonwdoverrightharpoonzrightcdotdz1wedgeldotswedgedzn
Jac det is nowhere vanishing



More generally any Xcx mfld has a holo agtbundlelocal
hot
sections

1
backslashI XrightarrowXOmegaX

Defn The canonical bundle of X is the line bundle

OmegaXLambdanOmegaX1 where ndimX

Defn We say OmegaX is trivial if it admits a nowhere

vanishing global section i.e if X admits a holomorphic
volume form

If leftUvarphiright ex chart on X then

tauXleftarrowtauUleftarrowfracsimvarphitaumathbbCnV TmathbbCn

sptilde mathbbCnVUX
varphi

i e OmegaU1OmegaX1UGammalocleftTUrightspanUleftomega1ldotsomeganright
where omegaivarphileftdziright

If leftUalphavarphialpharightleftUbetavarphibetaright twocharts on X then

OmegaUalpha1leftleftarrowOmegaUbeta1rightUalphacapUbeta

Defu mp idealofall hotFusvanishingat p

Then TpXmpmp2

OmegaX1DeltaleftIDeltaIDelta2right



Examples

For xmathbbCn

OmegaX span Xleftdz1wedgeldotswedgedznrightcongOX trivial

For chipiLambdamathbbCnLambda
The volume form dz1wedgeldotswedgedzn on

mathbbCn is translation
invariant descends to a volume form on X

omegadz1wedgeldotswedgedzninH0leftXOmegachiright
RightarrowOmegaXcongOX for any

wedge

For XmathbbRn
First study the case XmathbbR1leftleftZ0Z1rightright
Here OmegaXOmegaX1
Recall affine charts

U0leftz0neq0rightcongleftZfracZ1Z0inmathbbCrightcongmathbbC
U1leftZ1neq0rightcongleftWfracZ0Z1inmathbbCrightcongmathbbC

with transition function znicefrac1W
So OmegaU01spanU0leftdzright and OmegaU11 span U1 dw

OmegaU01U0capU1rightarrowOmegaU11U0capU1dzrightarrowfracdzdwdwfracddwleftfrac1wrightdwfracdww2



dz has a pole of order 2 at zinfty

dz does not define a global non vanishing hot see of OmegamathbbRl
dz does not define a volume form on

mathbbR1

Does mathbbR1 admit a volume form

Suppose omegainH0leftmathbbR1OmegamathbbR1right is a volume form
Then in the two affine charts we have

wleftzrightfleftzrightdz and wleftwrightgleftwright dw

where fg nowherevanishing entire hot Frs
related over U0capU by

fleftzrightdzgleftwleftzrightrightdwleftzrightgleftnicefrac1zrightfracdzz2
For simplicity

assume

theyhave
Taylorexpansionsie fleftzrightgleftnicefrac1zrightcdotfrac1z2

with inf
radiusofconvergencell

sum_k0inftygkcdotleftfrac1zrightkcdotfrac1z2sum_k0inftyfkcdotzk
Rightarrowf0f1ldots0 and g0g1ldots0

RightarrowH0leftmathbbR1OmegamathbbRrightleft0right
mathbbR1 does not admit a volume form

Omegap is not trivial



We have also shown that OmegamathbbDsimeqOmathbbDleft2right
Defn For any kinmathbbZ the line bundle Op1leftkright is the lb
obtainedby gluing trivial line bundles over U0 and U1 using
the transition function g01zkleftz1z0rightk
i e a section of OPleftkright is givenby two functions

S0U0rightarrowmathbbC and S1U1rightarrowmathbbC
s0leftzrightzks1leftnicefrac1zrightrelated over U0capU1 by

11

sum_i0inftyaicdotzizksum_i0inftybizi
aibi0forallik and a0bk a1bk1ldots

a global section of Orholeftkright is a polynomial sum_i0kaizisum_i0kaileftfracz1z0rightk
RightarrowH0leftmathbbR1OmathbbRleftkrightright Higherk

e

T.lu
mi

Z

at

o

s

z1congmathbbCk1
only Oplleftk0rightOp admits a global nonvanishing

section.DefuOver XmathbbRn for any kinmathbbZ the line bundle OmathbbRnleftkright
is the line bundle obtainedby gluing trivial line bundles over

each affine chart Ui using the transition map

gijleftZjZirightk

H0leftmathbbRnOpnleftkrightright 1 98 1 P
n

ol
I
fantasiescongmathbbCleftbeginmatrixknnendmatrixright



Important property Opnleftk1rightotimesOpnleftk2rightcongOp1leftk1k2right

A local section of Omegapn over any UileftzineqorightcongmathbbCw1wnnsubsetmathbbRn
wifileftoverrightharpoonwright C w1wedgeldotswedgedwn

e g for n2varphi01leftw1w2rightleftwidetildeW1widetildeW2rightleftfrac1w1fracw2w1right

RightarrowdwidetildeW1wedgedwidetildeW2dleftfrac1w1rightwedgedleftfracw2w1rightfrac1w13dw1wedgedw2
for n3varphi01leftw1w2w3rightleftwidetildew1widetildew2widetildew3rightleftfrac1w1fracw2w1fracw3w1right

leftZ0Z1Z2Z3rightleftcdotfracZ1Z0fracZ2Z0fracZ3Z0rightrightarrowleftW1W2W3rightleftfracZ1Z0fracZ2Z0fracZ3Z0right
leftfracZ0Z11fracZ2Z1fracZ2Z1rightleftrightarrowleftwidetildeW1widetildeW2widetildeWright3leftfracZ0Z1fracZ2Z1fracZ3Z1right

leftw1w2w3rightrightarrowleft1w1w2w3rightleftfrac1w11fracw2w1fracw3w1rightleftrightarrowleftfrac1w1fracw2w1fracw3w1right11leftwidetildeW1widetildeW2widetildeW3right
RightarrowdwidetildeW1wedgedwidetildeW2wedgedwidetildeW3dleftfrac1W1rightwedgedleftfracW2W1rightwedgedleftfracW3W1right
frac1w14 dwin dw2wedgedw3

Lem OmegapncongOpnleftn1right
Exe prove this lemma

OmegamathbbRn is not trivial for any n

mathbbRn does not admit a volume form



For Xleftz05ldotsz450rightsubsetmathbbR4
FACT 1 Adjunction Formula

If XsubsetY smooth hypersurface then

OmegaXcongleftOmegaYotimesOYleftXrightrightX
Fact 2 If YmathbbRn and x hypersurface of degree d then

OYleftXrightcongOmathbbRnleftdright

So if X sm hypersurf of deg cl then

OmegaXcongleftOmegamathbbRnotimesOmathbbRnleftdrightrightX
congleftOPnleftn1rightotimesOPnleftdrightrightX
congOmathbbRnleftdn1rightX

trivial dn1415 quintichypersurface

our X admits volume form i e OmegaX is trivial



53 Calabi Yau Manifolds

Recall if X ex mfld of dim n then the complexified

real cotangent space of the underlying real mfld XmathbbR

forallpinXLambdaP1XTPXmathbbRotimesmathbbC
decomposes as

Lambdap1XLambdap10XoplusLambdap01X
where forallpinX and local coords

overrightharpoonz near p

Lambdap10XspanmathbbCleftdz1ldotsdznright
Lambdap91XspanmathbbCleftdoverlinez1ldotsdoverlineznright

RightarrowLambda1Xcoprod_pinXLambdap1XLambda10XoplusLambda001Xl_pinXleftLambdap10XoplusLambdap01Xright
Look at 2nd exterior power

Lambdap2XleftLambdap10oplusLambdap01rightwedgeleftLambdap10oplusLambdap01right
leftLambdap10wedgeLambdap10rightoplusleftLambdap10wedgeLambdap01rightoplusleftLambdap01wedgeLambdap01right

Lambdap20oplusLambdap11oplusLambdap02

RightarrowLambda2XLambda20XoplusLambda11XoplusLambda02X
CY geometry liveshere



Definitions
A hermitian metric on a ex mfld X is a Cinfty section

hinCinftyleftXmathbbRLambda10XotimesLambda01Xright
locally given by

hlochleftoverrightharpoonzoverrightharpoonoverlinezrightsum_ijhijleftoverrightharpoonzoverrightharpoonoverlinezrightdziotimesdoverlinezj
where lefthijright is a smoothly varying pos definite hermitian matrix

i.e lefthijrightTlefthijright
The fundamental form of leftxhright is a left11right form

omegainCinftyleftXmathbbRLambda11Xright
defined in local coords leftoverrightharpoonzoverrightharpoonoverrightharpoonzright by

omegaomegaleftoverrightharpoonzoverrightharpoonoverlinezrightfraci2sum_ijhijleftoverrightharpoonzoverrightharpoonoverlinezrightdziwedgedoverlinezj
The fundamental form w is closed i.e dw 0 if
hij satisfies the system of PDEs

fracpartialhijpartialzkfracpartialhkjpartialzi and fracpartialhijpartialoverlineZkfracpartialhkjpartialoverlineZi
domegafraci2sum_ijkleftfracpartialhijpartialZkdZkwedgedZiwedgedoverlinezjfracpartialhijpartialoverlinezkdoverlinezkwedgedziwedgedoverlinezjright

A Kahler metric h on a ex mfld X is a hermitian metric

on X with closed fundamental form w Kahlerform i.e domega0

A Kahler ex mfld is a pair leftXomegaright



Since domega0 a Kahler form determines a cohomology class

leftomegarightinH2leftXmathbbRmathbbRright
called Kahler class

If leftomegarightleftomegaright then omegaomegaipartialoverlinepartialf

for some smooth real valued function fXmathbbRrightarrowmathbbR i e

wleftoverrightharpoonzoverrightharpoonzrightfraci2sum_ijlefthij2fracpartial2fpartialZicdotpartialoverlinezjrightdziwedgedoverlinezj
A Kahler polarised ex mfld is a pair leftXleftomegarightright
A Calabi Yau manifold is a compact Kahler polarised
ex mfld leftXleftomegarightright with trivial canonical bundle i.e OmegaXcongOX



Examples

For xmathbbCn

standard hermitian metric h0sum_idziotimesdoverlinezi
omega0fraci2sum_idziwedgedoverlinez
domega00RightarrowleftXomega0right is Kahler

OmegaX span a leftz1wedgeldotswedgedznrightcongOX
But X is not compact

RightarrowleftmathbbCnleftw0rightright not Calabi Yau

For XpiLambda
Std Kahler form omega0 on

mathbbCn is translation invariant
descends to the quotient XmathbbCnLambda

Rightarrowleftpiwedgeleftw0rightright is Kahler polarised
Recall X is compact and OmegaXcong0X
RightarrowleftPiLambda1leftomega0rightright is CY



2 For XmathbbRn

Fubini Study metric

if leftZ0Z1ldotsZnright homog coords on
mathbbRn

on an affine chart e g U0leftZ0neq0right
let ZiZiZ0 and define

omegaFSfraci2partialoverlinepartiallogleft1leftoverrightharpoonzright2rightfraci2sum_ijfracpartial2logleft1leftoverrightharpoonzright2rightpartialzipartialoverlinezjdziwedgedoverlinezj
hFSfraci2sumudziotimesdoverlinezj

FACT hFS is hermitian and domegaFS0
RightarrowleftmathbbDnleftWFSrightright is Kahler polarised

Recall mathbbRn is compact
But OmegamathbbRncongOmathbbRnleftn1rightncongOPn
RightarrowleftPnleftWFSrightright not CY

For XleftZ05ldotsZ450rightsubsetmathbbR4

omegaomegaFSX and hhFSX
RightarrowleftXleftomegarightright is Kahler polarised
X compact

Recall OmegaXcongOX
RightarrowleftXleftomegarightright is CY



Curvature and
Physics7curvature

tensorMetrich on amfld my mathbbRlefthright

traceRicci
curvatureRicch

A metric he is Ricci flat if Riclefthright0

In physics Ricci flat metrics represent vacuum solutions

of Einstein's field equations w o cosmological constant

Calabi Yau Theorem

If leftXleftomegarightright is CY then exists representative

omegaRFinleftomegaright
such that the corresponding K ahler metric hRF
is Ricci flat



Examples
For xpiLambda the std Kahler metric h0 is Ricciflat

For Xleftz05ldotsz450rightsubsetmathbbRa
1
the FS metric hFS

is not Ricci flat But CY Thm says
existsl hRF St

leftwRFrightleftwFSright and RieleftomegaRFright0
This means there is a sm real function fXmathbbRrightarrowmathbbR 5

omegaRFomegaFSipartialoverlinepartialf

i e hRFleftoverrightharpoonzoverrightharpoonzrightfraci2sum_ijleftlefthFSrightij2fracpartial2fpartialzipartialoverlinezjrightdziotimesdoverlinezj
Hugedifficulty f is extremely complicated and nonexplicit


