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• Flow velocity 𝛿𝑣𝛿𝐸×𝐵  is not 

constant along poloidal 𝜃 due to 

changing 𝐵-field strength

⇒   There is an 𝑚 = ±1
          flow divergence

• When divergence is not com-

pensated, an 𝑚 = ±1 pressure

mode emerges

• Radial currents form and

reverse the electric field

• Let’s assume: A source generates poloidally and 

toroidally symmetric perturbation of electric field 𝛿𝐸

𝛿𝐸 × 𝐵 - flow, 𝛿𝑣𝛿𝐸×𝐵  (“zonal flow”)
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• Geodesic-acoustic-mode (GAM) is oscillatory 

counterpart to zonal flows

• GAMs are important to study, as they regulate 

turbulence levels

• To study GAM dynamics, usually gyrokinetics is 

necessary (complex)

• Previous studies established reduced model: 

GAM dynamics is well described by 

cubic nonlinear Schrödinger equation (NLSE)

• Linear part of NLSE is based on gyrokinetics

• Nonlinear part has not yet been analytically derived
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• A nontrivial solution (𝛿𝜙 ≠ 0) is obtained, when the 

operators from lin. GK QN eq. are zero. This 

happens, when

                                       

•                    is the dispersionless GAM frequency 

(ASDEX Upgrade: 5-25 kHz [Conway et al., 08]). 

•                        is the dispersive coefficient, which 

can be positive or negative depending on                

• This linear dispersion relation coincides perfectly 

with the linear Schrödinger equation:

LINEAR DISPERSION RELATION
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[A] Linear case: 

1.  Invert operators in GK Vlasov equation:

2. Enter result into linear QN equation:

The GAM linear particle response 𝜹𝑭𝑮𝒊
𝑳

For the GAM, we assume 𝜔𝐺𝛿𝑔𝑠
𝐿 ≫ 𝑣0⋅ ∇𝛿𝑔𝑠

𝐿 , i.e. that 

the oscillation is fast compared to plasma movement.
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[B] Nonlinear case:

1. Also invert operators in GK Vlasov equation 

Naïve first approach: 

𝑁𝐿 ∝ 𝛿𝑣𝛿E×B ⋅ ∇𝛿𝑔𝑠
𝐿 + 𝛿ℰ ⋅
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How does the GAM actually interact with itself?

⇒ must be a three-way interaction
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Before we can insert in QN equation, make sure that 
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GAM is dominantly electrostatic (𝛿𝐵 ≈ 0)      

   ⇒ only quasineutrality eq. relevant

ELECTROSTATIC GK VLASOV-MAXWELL SYSTEM

NONLINEAR SCHRÖDINGER 

EQUATION

Nonlinear dynamics of GAM electric field has been 

shown to obey a cubic Nonlinear Schrödinger equation 

• Linear terms 𝐹𝜓, −
1

2
𝐺𝜕𝑟

2𝜓  based on linear GAM 

dispersion relation from gyrokinetic theory

• Cubic nonlinear term 𝛼𝑁𝐿 𝜓
2𝜓 

• is “educated guess” from literature, 

• agrees well with numerical studies (see [E. Poli 

Phys. Pl. 21], [D. Korger JPP 25])

• But: so far not “proven” with rigorous derivation

(NLSE)
Linear GK Simulation (𝛿𝑛𝑖

𝐿)

SOLVING THE GK SYSTEM FOR UNKNOWN 𝜹𝒈𝒊, 𝜹𝒈𝒆, 𝜹𝝓, [e.g. M. V. Falessi NJP 23]
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Utilize linear Dispersion relation:
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Fully analytically derive the 

reduced GAM model (NLSE) from gyrokinetics.

AIM OF THIS WORK
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2𝜓  based on linear GAM 
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We retrieve the nonlinear 

Schrödinger equation:

• Result:             

Oscillation of the zonal flows

= the GAM

GK simulation (ORB5) vs. NLSE model [Korger 25]

(s = electrons, ions)
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𝑁𝐿 does not oscillate

at 𝜔 = 𝜔𝐺 when generated

in two-way interaction

Nonlinear GK Simulation (𝛿𝑛𝑖
𝑁𝐿)Intermediate result

From GAM-GAM coupling:

𝜹𝑭𝒊,𝐙𝐅𝐙𝐅
𝑵𝑳 + 𝜹𝑭𝒊, 𝟐𝐧𝐝 𝐡𝐚𝐫𝐦𝐨𝐧𝐢𝐜

𝑵𝑳

∝ sin 𝜃 𝛿𝐸𝑟∝ 𝛿𝐸𝑟
1

𝑟
𝜕𝜃

= OPVl.
−1{ 𝛿 Ԧ𝑣𝛿E×B ⋅ ∇ 𝛿𝑔𝑠

𝐿 }

= OPVl.
−1{ 𝛿𝐸𝑟

2
cos 𝜃 }

∝ sin2 𝜔𝐺𝑡

=
1

2
(1 + cos 2𝜔𝐺𝑡)

RETRIEVING THE NONLINEAR SCHRÖDINGER EQUATION

To obtain analytic expression for 

𝛼𝑁𝐿 |𝛿𝐸|
2𝛿𝐸, we need to evaluate 

this expression (still in progress)
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Due to Fourier ansatz for GAM 

structures, NL must be cubic 

(3rd power = GAM coupling to 

quadratic ZFZF or 2nd harmonic) 
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similar to [H.S. Zhang, Nucl. F. 09]

[L. Chen 

EPL 2014]

(suppressed)


	Folie 1: Toward a nonlinear Schrödinger equation description for  geodesic-acoustic-modes in tokamaks:  Analytic gyrokinetic studies of the nonlinear self-interaction

