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Analytic IBW dispersion, crash course: W

Linearized ion Vlasov equation: Oif +v - 0xf +v X 2-0pf — 020 - Opgo = O

n m’u2
an- v) = e 2T (set n=T=m=1 later, but
background Maxwellian: ~ go(v) (27 T)3/2 need T derivative)
with non-adiabatic distribution function h(v) = f(v) + %go(v):
simple advection | 9,k 4+ v - Ogh + v x 2 - Oph = godyp+— SOUrCe lerm
along helices famous

: _ _ _ _ _ “Gordeyev function”
integrate source along helices — Fourier transformed non-adiabatic density:

o
] . . 27,2 2 i__ 2 .
msa(w) = [ [t = i [T emehd e bt g ) = G2 K)oe)
0
9,9 . 9 4 o plasma dispersion function
use Bessel functions to represent e 2¢i*1 50" 3 I'p(x) := e "I(x)  (Landaudamping parallel 2)

.._M:_ n w) = — 2 1.2 11— w S Fp(ki) Ww—Pp
X = gy = 1 M) = —1 4 Gk R2) = -1 _Z Vo Z|Z<f|kzy)
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Ip(z) = e "Ip(z) . 0 .
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— e'xz IG(XZ) 1.0:—
oer e~ 1(x%) 0.5F 1 — Re(2)
0.4F ‘ — e Iy(x?) 0.0} ] Im(Z)
0.2 ] — E_Xz fa(XZ) —0.5F
0'0_1 __:,/"1-—__ n 1 ___71 |_- _1IO:- L L L L L I L L L L 1 L L n " 1 L n L L I L L
OI‘\11I1|‘2I1l13lll‘4.1ll5l‘lI6- -10 -5 0 5 10
. filters certain perpendicular . represents parallel ion resonances
wavenumbers depending on p (real part) and Landau damping

(imaginary part)
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Standard ion Bernstein waves k, = 0: k. —0 W

l © 12
w—Pp I'p(k1)
7 (22) <o 3 D)
- ¥ T G 2
Dispersion relation: e B
Xi Tt Xe = 0 : ! zk
. usually one p resonance “ ol , “ o
balances constant terms or ol | >
dominant p=0 term , 1_L
¢ no Imaglnary part In XZ’ Xe 00 5 16 115 20 DD 5 1.0 1I5
for k, — 0 k. k.
adiabatic electrons fixed charge background
: : .
—>F)nly h.|gh gradients cause Yo = — e — 1 Yo =0
instability ( Tmw > 0) ¢

In the following we always use adiabatic electrons.
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v Gaussian from
z,resonant

IBWs are damped for &k, # 0 =2 (rjesonam o
. _ _ t
for k. 7& 0, the plasma dlsper3|on functlon Z enter§/ ensity

\/_|k| (:’}ka') Z(x) = iy/me ™™ —5—%4—...

L S e LAY B s e e B e S e e e e e S B e S e e e e O LN B s e s s s s e s s e e e B ML S

w w
. imaginary part always positive (with flat Maxwell equilibrium) for w <0
. derivative 9J,Rex; (practically) everywhere positive for w <0

. all possible modes are damped, i.e., Imw < 0 | since the dispersion relation enforces
0 = Imy; (w) &~ Imy;(Rew) + Imw - 0, x; ~ Imy; (Rew) + Imw - 0, Rex;
“ =~ S —

>0 =<0 >0

Lo(@rgument analogous for w > 0 ) (~ Landau damping) coOATEITIMES 6



additional source term to Vlasov equation

Gradients: /
Oth +v - 0gh+v X 2:-0yh = [0 — 0y (kn, + K70T)] 900
1 1
/in:L—n:—&,;lnn /ﬁ:T:L—T:—&BlnT 8TgO‘T: =
1 — T (k2) W—p domi
= — 1 —(w+ kR, + kRO p J_Z( ominates
X gb ( Y yhr T))p;oo \/§|k2| \/§|kz| for large v
Uz,resonant

Imaginary part for just one resonance p<0 (exact calculation):

7 _Uz,res dlnF (l{:Z) k RT
Imy; = \/;e 2 [—w — kykn — (vires + dlnpkLL — 1) y2

. can always make Imy; < O for small gradients if k,x7 > 0 and v. .es large enough
. for this, need small k- since v, ,es = (w — p)/k. , keep w —p constant
Therefore possibility to flip sign of imaginary response:

V2

dlan(/ci) 1 k’yliT <0
dln]ﬂ_
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Instability condition:

dInT, (k3 k
Imy; <0< —w — kykp — v nl'y( L)—l y“T<0
’ dlnk | 2
for w <0 | A
1 3k = =
Fu'n: ,/4{, p— , y = ——
' o0 : U\m \Af
| | ~ W \/ V
(large gradients for visibility) =% — o — . . . ...~

Taylor expansion of X: invalid if Imy; too large and more detailed analysis (TLDR):
. there needs to exist a v. res, SO that Imy; = 0, then we have instability

. i.e., when p <0, kyrr > 0 | instability if | — I,
1/ dwr (k) - |z // is
- L =57 [he
= kylin < —p -+ 5 (1 — dlnp]{J_ ) ky/iT “ts—l"c 2/
. only valid for small gradients, but arbitrary k and w .

. p=0: exact gyrokinetic ITG threshold condition (gyrokinetics assumes small gradients)

<FOOTER> <DATE/TIME> 8



Verification
Very difficult to solve dispersion relation for stable/unstable eigenmodeS'

) e k2 -
Xi+xe=n——n—=—2—(w+k/fn+/~c/<aT3T Z Ly )Z<w p)

6 ¢ S V2lk T \V2lk.|
Very easy to solve for gradients ~,, K7 at prescribed w (real and imaginary eq.)!

|m(a{)=0 _

|||||||||||

« zero growth rate lines for density and
temperature gradient at given

1
ky =k, =2, k.

50 /—\ L=
. lowest gradients at / | )
WiBwp——2(ky, = 2) = —2.178 / i

Ky = 07 kT = 0.027 230 -2.25 220 215 210 205  -200

1.0F

. lowest gradient threshold close to original IBW frequency
« checking the numbers confirms “hand waving” calculation
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Verification
Very difficult to solve dispersion relation for stable/unstable eigenmodeS'

| 2 _
Xi+Xe:&_&:—2—(w+kﬁn+k/‘GTaT Z Lplk] )Z<w p)

¢ Q5 pP=—00 \/_|k | \/§|kz|
Very easy to solve for gradients ., K7 at prescribed complex w (real and imaginary eq.)!
1 1.0
ky=Fk1L =2k, I
- 50 0.8}
. lowest gradients at o6l

~
C(}IBW’p:_Q(ky == 2) = —2.178
kn = 0, kp = 0.027 0.2f

0.0
-1.0

« single zero growth rate line in gradient space K”
. red indicators point in direction of instability/positive growth rate
. lowest gradient threshold close to original IBW frequency
 checking the numbers confirms “hand waving” calculation
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Verification threshold behavior for decreasing k.

b 7 T T T T T
k., = |
5._
W
I IBW ]
s 3 N/
ol
4.1
1 _ w=-2.1 \
=-1.1.%
r: D 4 _o-ﬁu_ \\\\‘“\\\\\"
N e e TG
-4 -3 -2 -1 0 1 2
Kn Kn

« most unstable IBW close to standard IBW frequency (w =p —€, 0 <e < 1)
e« ITG w~0 and IBW w = p + ¢ Instability thresholds decrease with k.,
« IBW thresholds overtake ITG thresholds in their decrease
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Verification threshold behavior for decreasing k.
What happens |f we don’t admit finite k:z, SW|tch off parallel Landau damplng’?

———— 6

k. = 0.05 ; k.=0
o 1 0° _
I | purely
al 4 | perpendicular,
[ 1 “reactive”
1 instability
4 ¥|~. 3

Kn Kn

« much higher threshold for purely perpendicular IBW/ion cyclotron instability
. minimal temperature gradient threshold close to standard IBW frequency
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Conclusions W (

. always possible to find unstable gradients for non-gyrokinetic modes

« temperature gradient required, no n; threshold; density gradient tends to boost instability
« non-gyrokinetic instability possible for arbitrarily small gradients or wavenumbers

. extended slab ITG threshold criterion to non-gyrokinetic ion Bernstein waves

Outlook

« much stronger instabilities when electron physics is included, since not limited by gyroradius
e.g. first shot at driftkinetic electrons: Im(e)=0.01

1 m; I
kipi=17, k.pi = —, = 3600 i
P PL= 60" me |
growthrate Im(w):O.Olw;1 ] S \ —:,;

at Kk, = 0.13p; ', kp = —0.13p; " A

_gil | R
-0.95 -0.90

« Open research area with many new opportunities!
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