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HYDRODYNAMICS AND CAUSALITY

HYDRODYNAMIC VALIDITY

Hydrodynamics central to simulations
Validity of fluid description not always clear
Typically derived as expansion around
equilibrium
Sometimes system is far from equilibrium
(early times, near jets)
Not definitive: hydro can be valid far from
equilibrium
Relativistic causality: definitive test
How important is this issue? Quantify with
Bayesian analysis
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BAYESIAN ANALYSES

Bayesian inference: used to extract physical properties from
data with systematic treatment of uncertainty
JETSCAPE performed large-scale analysis of soft sector
Phys.Rev.C 103 (2021) 5, 054904

How are these results affected if we don’t allow hydro to be used
in acausal regime?
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ISRAEL-STEWART HYDRODYNAMICS

Modern hydrodynamic theory used in simulations:

Tµν = εuµuν − (P + Π)∆µν + πµν

∂µTµν = 0,

τΠΠ̇ + Π = −ζθ − δΠΠΠθ + λΠππ
µνσµν

τππ̇
〈µν〉 + πµν = 2ησµν − δπππµνθ + ϕ7π

〈µ
α π ν〉α − τπππ〈µα σ ν〉α + λπΠΠσµν

Common parameterizations:
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LINEAR CAUSALITY

Simplest situation: infinitessimal
perturbation around static global equilibrium
Linearize equations of motion. Demanding
signal propagation v < c gives condition

nstatic ≡ c2
s +

4
3

η

τπ(ε+ P)
+

ζ

τΠ(ε+ P)
≤ 1

τπ = bπ
η

sT

τΠ = bΠ
ζ( 1

3 − c2
s
)2

(ε+ p)

Prior (and posterior) allows violation of linear
causality!
Small dependence of observables on τπ and
τΠ gives flat posterior and no strong effect
on conclusions about other parameters
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Trajectum 1: Phys. Rev. C 103, 054909 (2021)

JETSCAPE: Phys. Rev. C 103, 054904 (2021)
Trajectum 2: Phys. Rev. C 106, 044903 (2022)
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NONLINEAR CAUSALITY

Recently-derived (necessary) conditions for general, nonlinear case:
Phys. Rev. Lett. 126, 222301 (2021)

n1 ≡
2

bπ
+
λπΠ

τπ

Π

ε + P
−
τππ

2τπ

|Λ1|
ε + P

≥ 0,

n2 ≡ 1−
1

bπ
+

(
1−

λπΠ

2τπ

)
Π

ε + P
−
τππ

4τπ

Λ3

ε + P
≥ 0,

n3 ≡
1

bπ
+
λπΠ

2τπ

Π

ε + P
−
τππ

4τπ

Λ3

ε + P
≥ 0,

n4 ≡ 1−
1

bπ
+

(
1−

λπΠ

2τπ

)
Π

ε + P
+

(
1−

τππ

4τπ
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3
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)2
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(
2
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λπΠ
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+
δΠΠ
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s

)
Π

ε + P

(
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λΠπ

τΠ

+ c2
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ε + P
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n6 ≡ 1−
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s +

4
3

1
bπ

+ bΠ

(
1
3
− c2

s

)2
)

+

(
1−

2
3
λπΠ

τπ
−
δΠΠ

τΠ

− c2
s

)
Π

ε + P
+

(
1−

3δππ + τππ

3τπ
−
λΠπ

τΠ

− c2
s

)
Λ3

ε + P
≥ 0.

In practice, n6 is the most stringent condition
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QUANTIFYING ACAUSALITY

JETSCAPE model: Trento→ Free
Streaming→ Hydrodynamics→
Cooper-Frye
We perform a b = 0 simulation
and quantify the fraction of system
(defined by totel energy) that is in
an acausal regime at onset of
hydrodynamics
What happens if we make cuts on
the posterior?
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Eacausal/Etotal(%)
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98.8% of posterior Eacausal/Etotal <  80%

98.2% of posterior Eacausal/Etotal <  60%

97.4% of posterior Eacausal/Etotal <  40%

85.4% of posterior Eacausal/Etotal <  20%

70.9% of posterior Eacausal/Etotal <  10%

27.9% of posterior Eacausal/Etotal <  1%

6.48% of posterior Eacausal/Etotal <  0.0001%
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OBSERVABLES (MAP WITH AND WITHOUT ACAUSALITY CUTS)
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OBSERVABLES

Ability to fit data not destroyed by stringent causality demands
Maximum probability (Maximum a Posteriori, MAP) of original posterior is ∼ 3 times as likely
as best-fit after the strongest cut
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1D PARAMETER POSTERIORS

1D marginalized posterior
distributions
Demanding causality alters
posteriors
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1D PARAMETER POSTERIORS

1D marginalized posterior
distributions
Demanding causality alters
posteriors
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shear relaxation time factor b

Without causality analysis
Eacausal/Etotal <  1 %

Eacausal/Etotal <  0.1 %

Eacausal/Etotal <  0.0001 %
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1D PARAMETER POSTERIORS

1D marginalized posterior
distributions
Demanding causality alters
posteriors
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VISCOSITY POSTERIORS

Shear viscosity not signifantly
affected
Large bulk viscosity disfavored by
causality cuts
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CONCLUSIONS

Hydodynamic simulations typically enter acausal regimes, at least sometimes
Demanding limits on acauasality has nonnegligible effects on existing Bayesian analyses
In the era of precision heavy-ion physics, it is an issue that should be addressed

Improve pre-hydrodynamic description
Further developments in hydrodynamic theory
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BONUS: JET/MEDIUM INTERACTION

Early times: system is far from equilibrium and must thermalize/hydrodynamize
Same considerations near jets: energy lost by the jet must thermalize/hydrodynamize
May have observable affects?

Chapter 3. Source hydrodynamization 36

where there is a slow rise in acausality at later times. Including a 100 GeV source on the

bottom right panel, however, does not perturb the causal profile around ⌧ = 2 fm/c as we

would expect. That full causal incorporation of the perturbing source seems to contradict

what we had just noted about ideal simulations transmitting signal information. If in one

hand the fluctuations and signals propagate with no suppression, on the other hand, the

quick thermalization seems to extinguish the source term. However, we are looking at the

causality evolution, not the evolution of energy and momentum distributions. The initial

state and source structures are preserved, even when they are promptly hydrodynamized

– or have their acausal state suppressed.

A more energetic source in the large collision however, results in a completely different

picture.

Figure 16 – Causality maps of an ideal PbPb simulation with a 500 GeV source. Last panels
show the energy percent evolution of causality categories.

The 500 GeV source in energy and momentum is not able to equilibrate in the ideal

simulation of Figure 16. There is significant delay for the source deposition to affect the

causality profiles as acausality starts to form at 2.5 fm/c, while the reaction to the 10

GeV in pPb had promptly emerged in the first time step. Moving to the right while

increasing acausality, instability fully dominates the evolution. First it emerges from the

source, and later it’s joined by the expansion of the outer acasual ring. Temperature

drops slowly, leading to a very late freeze-out. The instability effect happens with a 50

GeV source in the pPb ideal simulation too, but there is no time delay reacting to the

deposition. This is only for the ideal case, as a 500 GeV source behaves exactly as a 100
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1D PARAMETER POSTERIORS

1D marginalized posterior
distributions
Demanding causality alters
posteriors
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