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Asymptotic symmetry

e What is an asymptotic symmetry?

allowed gauge symmetry

asymptotic symmetry =
ymp Y Y trivial gauge symmetry

o Aren’t all gauge transformations trivial?
No. If you follow the Noether procedure, you notice that there is a falloff condition on the parameter for the

symmetry to be trivial.
e For gravity in asymptotically flat spacetimes, the asymptotic symmetry group is called the BMS group.
The BMS group extends the Poincaré group with an angle-dependent time translation called supertranslation.

Lorentz symmetry is generalized to superrotations.

e Asymptotic symmetries are symmetries of scattering processes:

{out|(Q"S — SQ)in) =0



Asymptotic symmetries and soft theorems

Over the past decade, a remarkable correspondence between soft theorems and asymptotic symmetries has been

uncovered:
A soft theorem is the Ward identity (or charge conservation) of an asymptotic symmetry.

{out|(QTS — SQ7)|in) =0 —= soft theorem

e LGT (or “superphaserotation”) <= Leading soft photon theorem
[He, Mitra, Porfyriadis, Strominger]

e BMS supertranslations <= Leading soft graviton theorem
[He, Mitra, Lysov, Strominger|

e Divergent LGT <= Tree-level subleading soft photon theorem
[Campiglia, Laddha]

e BMS superrotations <= Tree-level subleading soft graviton theorem
[Kapec, Lysov, Pasterski, Strominger]

e This extends to higher dimensions [He, Mitra]



Asymptotic symmetries and soft theorems

Schematically, here’s what happens (for superrotation):

The leading/subleading soft graviton theorems at tree-level are

2 w—0

Mok “20 (Lo +sulko) o,
Compute the future/past superrotation charges via covariant phase space method. They split into hard and soft parts
QF Y] = QulY]+Q5[Y]
A judicious choice of the sphere vector field Y4 yields
—(Q7S = SQ) = SoMu,  (QFS = SQ5) = lim (1 +w0,) Moy
The Ward identity is
QTS -8Q)=0 = iii%(l +wdy )My 1 = SoM,

This picks out the subleading soft graviton theorem in the soft expansion.



Log soft theorem

e In 2014, Bern, Davies and Nohle have shown that the subleading soft behavior of gluon and graviton amplitudes are
modified by loop effects. Using dimensional regularization, the subleading soft factors were shown to receive

one-loop corrections [Bern, Davies, Nohle ’14]

1-loop
%

1
So So + ESO,diva

and no further corrections at two loops and higher.

o In 2018, Laddha, Sahoo and Sen have shown using massive QED and massive scalars coupled to gravity in 4D, that

there must be a non-analytic term in the soft behavior of photons and gravitons [Laddha, Sen ’18] [Sahoo, Sen ’18]

lim M, 1 (wk, €) w20 (j}s_l(];?, €) +Inw S, (k) + O(wo)) M,

w—0

which is one-loop exact.



Log soft theorem

For external massive scalars coupled to gravity, the log soft factor is given by
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S¢! is the classical factor, S is the quantum factor, Bq, = /1 — (pp ?’5 ;2’)2

angular momentum operator.

is the relative speed, and Jg is the (orbital)



Log soft theorem

This log term is referred to as the logarithmic soft theorem — a new soft theorem!
The correspondence suggests that it is the Ward identity of an asymptotic symmetry.

Some earlier literature in this direction includes:

o Campiglia and Laddha 1903.09133

o Atul Bhatkar 1912.10229

e Donnay, Nguyen and Ruzziconi 2205.11477

o Agrawal, Donnay, Nguyen and Ruzziconi 2309.11220

In this talk, I would like to convince you that long-range interactions of photons and gravitons naturally give rise to

the logarithmic soft theorem.

For concreteness, we consider superrotation in a theory of massive scalar particles coupled to gravity. A similar story

follows for massive QED.



Superrotation on ¢

Massive particle trajectories asymptote to timelike infinities. A suitable resolution of timelike infinity is given by the

hyperbolic coordinates,

r

p_ /7t2—7"27

T=1t2—r2
where 7 — oo while p is fixed.
A superrotation on it is generated by the hyperboloid vector field Y*9, where
o) = [ @G YD, (€ (pa2)

where Y4 is the sphere vector field parametrizing superrotation on Z+ and G is the AdS; vector bulk-to-boundary

propagator in FEuclidean signature.



Hard charge on 7"

To find the asymptotic fields at i, we solve the Einstein equations and the Klein-Gordon equation perturbatively

starting from free fields.

Massive scalars give rise to sourced graviton at i+ (k = /327G is the coupling constant)

rooo 11 1 m2/<; o2 -1
hTT(Tay) = ;hTT(y)+7 h‘rT(y) = d3 I\/72 ( /)b(y/)

Solutions to the KG equations develop a phase that diverges as In T,
oo —imT
o(r,p,2) =" exp(3 thT In T)T/Qb(pfc) + (subleading in 7) + h.c.
T
The hard superrotation charge diverges as In 7, which we regulate by introducing an infrared scale A:

_ 1
Qu =lmA1QM™ 000, Qi :_Hm2/ By b bY *Ouh, .
it

This expression is “one-loop exact” in k.



Soft charge on Z*

Now we turn to the soft superrotation charge on Z+.

Just as the scalar field obtains a divergent phase on i, on Z* the shear obtains a log-divergent phase due to

graviton-graviton interactions which, after regularizing, leads to
24 N3y2 2 2z e 2z
Qs = | dud“z DY f?u()uC’ —InA EhM&JC’ +h.c.

Also, due to the presence of massive matter fields at i+, the shear develops a particular large-u behavior. By solving
the Einstein equations at Z|, one finds that

powers of In7 in T}, = %(ln u)™ in C, at u — oo.

We use ¢ and h,, to compute T},,: there is only one In7 in 7%, T, and none in T,g at leading order, from which it
follows that

1
C..(u,z,2) wx>e C’g)(z7 z) + Eczg)(z, Z)+ -

The 1/u term makes the u-integral of u9,C,, divergent.



Soft charge on Z*

We regulate the divergent integral using a large-time cutoff A=!. By choosing a suitably large but finite vy < A1, we

write
o0 —ug
/ duud,C,, = / / duu0,C,, + ---
—lnA~ (O - c07) 4
=InA~! / du (—0,u?0,C..) +
Thus the divergent part of the soft charge can be pulled out as

Qs =lmAT'QYM + ...,

= 1 55
gn) = /dud2 DSYZ (28uu’28uczz - hgrauczz) +h.c.
K KR

Again, this expression is “one-loop exact” in k.



Log soft theorem as superrotation Ward identity

The total superrotation charge is “1-loop exact” in x and has the expression
Q=A™ Q)+ Q8]+,
gn) = —km? /+ d3y bTbYaaallzTT,
0 — / dud?s D¥Y* (;auui’auczz - ih2r3u0“> +h.c.
The Ward identity (out|(Q*S — SQ~)|in) = 0 amounts to
lim In A 0,w?0y M1 (wh,€) = In A1 SEIM,, + O(A")
which is finite as the cutoff is removed A — 0.

The Ward identity of superrotation with interactions is exactly the classical log soft graviton theorem. The projection

lim,,_,0 0,,w?0,, kills all powers and picks out only Inw!



Summary

‘ The classical log soft graviton theorem is derived as the Ward identity of superrotation.

o We started from free fields and solved the equations of motion perturbatively in k. This naturally develops

logarithms in the solutions; no assumptions on falloffs were made.

e The corrections due to interactions make superrotation charge IR divergent, but with suitable regularization the
Ward identity is finite.

e The finite Ward identity is exactly the log soft graviton theorem. The soft graviton insertion has a projection
limy,_.0 9,w?0,, to Inw, and the remaining terms organize to the classical log soft factor.

e The Einstein equations and the KG equations are solved to all orders in the coupling, and we observe only one-loop

corrections. This is an independent derivation of the one-loop exactness of classical log soft theorem.



