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Weinberg Soft Constraints in Minkowski Space

Why do we not see massless spin-3 particles in nature?

p

q = g (p · ϵq)3 , q2 = p·q = ϵ2q = 0.

V(r) ∼ g2

rd−3︸ ︷︷ ︸
long-range force

=⇒

q

p1 p2

p3

qµMµ(q; p1, p2, p3)
q→0∼ g2 (p1 · ϵq)2 (p2 · ϵ3)3 + (1 ↔ 2) !

= 0.

Only solution is g = 0; no-go for spin-3 long-range forces [Weinberg 1964].

This talk: derive and analyze equivalent constraints in de Sitter space.
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De Sitter Holography

11.11
I

η = 0

η = −∞

ds2 =
L2dS
η2

(
−dη2 + dx2

)
, −∞ < η < 0.

Want a dS “amplitude”: Bunch-Davies wavefunction

ΨBD [φ] ≡
∫
Dϕ eiS[ϕ] ∼= eiSon-shell[φ]

!
= ⟨e−

∫
ddxφ(x)O(x)⟩︸ ︷︷ ︸

kinematic properties of a Euclidean CFT

ϕ(η, k) η→−∞∼ e+iη|k|
, ϕ(η, x) η→0+∼ η

d−∆
φ(x), m2L2dS = ∆(d− ∆).

Using a very weak version of the dS/CFT correspondence [Strominger 2001].

Import standard CFT technology to “on-shell boostrap” bulk interactions

⟨Ja1 Jb2 Jc3⟩ = fabc c1V1V2V3 + c2 (V1H23 + V2H31 + V3H12)
P3/212 P3/223 P

3/2
31

,
c1 = c2 ⇔ Yang-Mills
c1 = 5c2 ⇔ F3.
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UIRs of De Sitter Isometries

Free field theories in dSd ⇔ unitary irreducible representations of SO(d+ 1, 1).

AdS: (Pµ)† = Kµ︸ ︷︷ ︸
reflection positive

, vs. dS: (Pµ)† = Pµ, (Kµ)† = Kµ

Classified long-ago [Harish-Chandra; Bargmann; Gel’fand, Naimark 1947]

Symmetric traceless spin-s tensors, m2L2ds = ∆(d−∆) + (s− 2)(d+ s− 2)

• Principal Series (heavy spinning fields) ∆ = d
2 + iν , ν ∈ R.

• Complementary Series (light spinning fields) 1 < ∆ < d− 1

• Exceptional Series: (symmetric tensor gauge fields)

∆ = d− 1+ t, t = 0, 1, ..., s− 1.︸ ︷︷ ︸
depth

For t < s− 1, these fields are called partially massless and have no analogue in
either Minkowski or AdS.

Main problem: are there consistent interacting theories for partially massless fields?
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Partially Massless Gauge Fields

L2dSm
2 (not linear)

s

photon
1

(1, 0)

graviton
2

(2, 1) (2, 0)

(3, 2)
3

(3, 1) (3, 0)

(4, 3)
4

(4, 2) (4, 1) (4, 0)

Higuchi bound [Higuchi 1987]
L2dSm

2 ≥ (d+ s− 3)(s− 1)

Unitary representations
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Partially Massless Gauge Fields

Example: Partially massless spin-2(
□−

2
L2dS

−m2
)

ΦAB = 0, ∇AΦ
AB = 0, gABΦAB = 0.

m2 →
d− 1
L2dS

, ⇒ ΦAB ∼ ΦAB +

(
∇A∇B +

1
L2dS

gAB

)
α︸ ︷︷ ︸

decoupling of spin-0 longitudinal mode

,

(
□+

d+ 1
L2dS

)
α = 0.

Holographic dictionary for PM fields: [Dolan, Nappi, Witten 2001]

Spin-s, depth-t : ΦA1...As ⇐⇒ Xµ1...µs
(s,t) , ∂µ1 ...∂µs−tX

µ1...µs
(s,t) = 0︸ ︷︷ ︸

“partially conserved” current

.

Xµ
(1,0) = Jµ︸ ︷︷ ︸
photon

, Xµν
(2,1) = Tµν︸ ︷︷ ︸
graviton

, Xµν
(2,0), ∂µ∂νXµν

(2,0) = 0︸ ︷︷ ︸
PM spin-2

.
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Charge Conservation Constraints

Derive bounds using strategy introduced in [Maldacena, Zhiboedov 2011]

Charge operator: Qµ1...µt
(s,t) [Σ] ≡

∮
Σ
dSν1∂ν2 ...∂νs−t−1X

µ1...µtν1...νs−t−1
(s,t) .

⟨Q [Σ]O1(x1)...On(xn)⟩ =
n∑
i=1

⟨O1(x1)... [Q,Oi(xi)] ...On(xn)⟩ = 0.

[Q,Oi(x)] ∼
∑
j

cij ∂#ijOj(x)︸ ︷︷ ︸
local operator

, ⟨XOiOj⟩ ∼ cij

Gives a (quadratic) sum rule on cubic couplings∑
i

[
c1i∂#1i ⟨OiO2O3⟩+ c2i∂#2i ⟨O1OiO3⟩+ c3i∂#3i ⟨O1O2Oi⟩

]
= 0.
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Familiar Examples

Example 1: spin-1 current X(1,0) with scalar matter Oi i = 1, 2, 3

[Q(1,0),Oi(x)] = qiOi(x), ⟨O1(x1)O2(x2)O3(x3)⟩ =
λ123

x∆1+∆2−∆3
12 x∆2+∆3−∆1

23 x∆3+∆1−∆2
31

.

⟨
[
Q(1,0),O1O2O3

]
⟩ = 0 ⇒ (q1 + q2 + q3) ⟨O1(x1)O2(x2)O3(x3)⟩

!
= 0.

If λ123 ̸= 0 then must have q1 + q2 + q3 = 0: electric charge conservation.

Example 2: spin-2 depth-1 current X(2,1) with scalar matter Oi i = 1, 2, 3

[Qµ
(2,1),Oi(x)] = κi∂

µOi(x).

⟨[Qµ
(2,1),O1O2O3]⟩ = 0 ⇒

(
κ1∂

µ
1 + κ2∂

µ
2 + κ3∂

µ
3
)
⟨O1(x1)O2(x2)O3(x3)⟩

!
= 0.

If λ123 ̸= 0 then must have κ1 = κ2 = κ3 : Einstein equivalence principle.
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Un-Familiar Examples

As a warm-up, partially massless electrodynamics {X(s,t),O} [Deser, Waldron 2006]

O

O†

X(s,t)

O∆

O∆+1

X(s,t)

O

O

X(s,t)

X(s,t)

X(s,t)

X(s,t)

[Q(s,t), X(s,t)] = 0.

Example 1: spin-3 depth-0, [D,Q(3,0)] = 2Q(3,0) .

[Q(3,0)
2

,O(x)
∆

] = ic □
2
O(x)
∆

.

⟨[Q(3,0), X(3,0)(z1, x1)O(x2)O†(x3)]⟩ = ic (□2 − □3) ⟨X(3,0)(z1, x1)O(x2)O†(x3)⟩ = 0.

Only solution c = 0 ⇒ model is ruled out.

Example 2: spin-2 depth-0, [D,Q(2,0)] = Q(2,0) .

[Q(2,0)
1
,O(x)

∆
] = ic □

1
1/2O(x)

∆
???

Example 2: spin-2 depth-0, [D,Q(2,0)] = Q(2,0) .

[Q(2,0)
1
,O∆(x)

∆
] = c O∆+1(x)

∆+1
,

c⟨X(2,0)(z1, x1)O∆+1(x2)O∆(x3)⟩+ c⟨X(2,0)(z1, x1)O∆(x2)O∆+1(x3)⟩ = 0.

Only solution c = 0 ⇒ model is ruled out.

Straightforward to generalize to arbitrary spin-s and depth-t, ex.

c
(
□

1
2 (s−t−1)
2 (z · ∂2)t + □

1
2 (s−t−1)
3 (z · ∂3)t

)
⟨X(s,t)OO⟩ = 0, s even, t odd.

No-go for partially massless electrodynamics.

Generalizes previous no-go theorem for s− t = 3 [Sleight, Taronna 2021].
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Coupling to Einstein Gravity

Gravity couples to everything universally

X(s,t)

X(s,t)

T ∼
√
GN

T

T

T ∼
√
GN

[Pµ,O(x)] = ∂µO(x), for all local operators O(x)

[D,Q(s,t)] = (s− 1)Q(s,t), D ≡
∮
dSµxνTµν

s>1
=⇒ [Q(s,t), T(x)] ⊃ X(s,t)(x)

Current algebra reciprocity

⟨[Q(s,t), T X(s,t)]⟩ = ⟨[Q(s,t), T] X(s,t)⟩+⟨T [Q(s,t), X(s,t)]⟩ = 0, =⇒ [Q(s,t), X(s,t)(x)] ⊃ T(x),

Conformal + PM symmetry must combine into a larger higher-spin algebra.
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Coupling to Einstein Gravity

Strategy: analyze two sum-rules that cannot trivially vanish

⟨[Q(s,t), X(s,t)X(s,t)X(s,t)]⟩ = 0 “Møller scattering”

∑
O

O

Q(s,t) X(s,t)

X(s,t) X(s,t)

+ (1 ↔ 2) + (1 ↔ 3) = 0.

⟨[Q(s,t), X(s,t)T(2,1)T(2,1)]⟩ = 0 “Compton scattering”

∑
O

O

Q(s,t) X(s,t)

T(2,1) T(2,1)

+
∑
O′

Q(s,t) X(s,t)

T(2,1) T(2,1)

O′
+ (2 ↔ 3) = 0.
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Algorithm

1. Assume an initial spectrum of operators {T(2,1), X(s,t), ...}

2. Construct the most general possible current algebra

[Q(s,t), T(2,1)] = ..., [Q(s,t), X(s,t)] = ...

3. Construct the most general conformally invariant 3-point functions

⟨T(2,1)T(2,1)T(2,1)⟩, ⟨T(2,1)X(2,0)X(2,0)⟩, ...

4. Write down the charge conservation constraints

⟨[Q(s,t), X(s,t)X(s,t)X(s,t)]⟩ = ⟨[Q(s,t), X(s,t)T(2,1)T(2,1)]⟩ = ... = 0,

and then try to solve them simultaneously.

5. If there is no solution, then a model with the assumed spectrum is rigorously
excluded. Can then try to enlarge the initial spectrum and start again at step 1.
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Results: Graviton + PM Spin-2

Assume that the bulk contains a graviton and a PM spin-2 depth-0:[
Q(2,0), X(2,0)

]
= c1

[
□−

1
d− 1

(z · ∂)(∂ · Dz)
]
X(2,−1) + c2T(2,1) + c3(∂ · Dz)X(3,0),

[
Q(2,0), T(2,1)

]
= c4

[
□−

2
d
(z · ∂)(∂ · Dz)

]
X(2,0) + c5(∂ · Dz)X(3,1).

We analyzed the constraints in d = 3, 4, 5, 6, 7 (dSd+1):

• No go for minimal theory {X(3,0), T(2,1)} in all d.

• In d = 3 the simplest consistent theory requires

{T(2,1), X(2,0)} ⊕ any two of {X(2,−1), X(3,0), X(3,1)}.

• In d ≥ 4 the simplest consistent theory requires

{T(2,1), X(2,0)} ⊕ {X(2,−1)}.
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Results: Graviton + PM Spin-2

L2dSm
2 (not linear)

s

1
(1, 0)

2
(2, 1) (2, 0) (2,−1)

(3, 2)
3

(3, 1) (3, 0)

(4, 3)
4

(4, 2) (4, 1) (4, 0)

L2dSm
2 = (s+ t)(s− t− 1)

13



Results: Graviton + PM Spin-3

Assume that the bulk contains a graviton and a PM spin-3 depth-0:[
Q(3,0), X(3,0)

]
∼ c1∂2X(1,0) + c2∂T(2,1) + c3X(3,2) + c4∂X(4,1) + c5∂2X(5,0)

+ c6∂3X(2,−1) + c7∂4X(3,−2) + c8∂3X(4,−1),

[
Q(3,0), T(2,1)

]
∼ c9∂4X(2,−1) + c10∂3X(3,0) + c11∂2X(4,1).

We analyzed the constraints in d = 3, 4, 5, 6, 7 (dSd+1):

• No go for minimal theory {X(3,0), T(2,1)} in all d.

• In d ≥ 4 the simplest consistent solution requires

{T(2,1), X(3,0)} ⊕ {X(2,−1), X(4,1)}.

How do we know these remain consistent solutions when we impose more constraints?
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Non-Unitary Large-N Vector CFTs

Top-down approach: try to directly construct a CFT with partially conserved currents.

Zoo of non-unitary free U(N) vector CFTs:

S(k)bos =
N∑
a=1

∫
ddx ϕ†a□kϕa, S(k)fer =

N∑
a=1

∫
ddx ψa□k−1 /∂ψa.

δϕa = □k−1ϕa, δψa = □k−2 /∂ψa.

Simplest example: □2 CFT (k = 2) [Brust, Hinterbichler 2016]

X(0,−1), X(1,0), T(2,1), X(3,2), ...︸ ︷︷ ︸
massless tower

X(0,−3), X(1,−2), X(2,−1), X(3,0), X(4,1), ...︸ ︷︷ ︸
partially-massless tower

Consistent solution to our constraints d = 5 and d ≥ 7. In d = 3 spectrum contains an
operator that is neither primary nor descendant.

Unitary for k = 1, HS/CFT duality [Klebanov, Polyakov 2002; Giombi, Yin 2010]
Free bosonic/fermionic (unitary) U(N) vector CFT3 ⇐⇒ Type-A/B Vasiliev HS theory in AdS4

these are the only∗ consistent HS CFTs [Maldacena, Zhiboedov 2011].

Million won question: are the bulk duals of the non-unitary k > 1 models the only
consistent PM theories in de Sitter?
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(A)dS Higgs Mechanism

A no-go theorem is only as strong as it’s assumptions:

ΦA1...As ⇐⇒ Xµ1...µs
(s,t) , ∂µ1 ...∂µs−tX

µ1...µs
(s,t) = 0.

(Counter-)example:

S ⊃
∫
dd+1x

√
−g ΦABφ1∇A∇Bφ2, δΦAB =

(
∇A∇B +

1
L2dS

gAB

)
α.

Gauge invariant if |∆1 −∆2| = 1 or |∆1 +∆2 − d| = 1 (d = 3, m2
1 = m2

2 = 2)

X(2,0)

O2O2

∂µ∂ν⟨Xµν
(2,0)O1O2⟩ ∝

(
(∆1 + ∆2 − d)2 − 1

) ∫
dd+1x

√
−gKd+1K∆1 K∆2︸ ︷︷ ︸

∼ Γ(∆1+∆2−d+1)

∝ ⟨O1O1⟩⟨O2O2⟩.

Bulk gauge invariance broken by boundary conditions

∂µ∂νXµν
(2,0) ∝ O1O2︸ ︷︷ ︸

double-trace

PM gauge symmetry Higgsed at one-loop [Porrati 2001].
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Gauge invariant if |∆1 −∆2| = 1 or |∆1 +∆2 − d| = 1 (d = 3, m2
1 = m2

2 = 2)

X(2,0)

O2O2

∂µ∂ν⟨Xµν
(2,0)O1O2⟩ ∝

(
(∆1 + ∆2 − d)2 − 1

) ∫
dd+1x

√
−gKd+1K∆1 K∆2︸ ︷︷ ︸

∼ Γ(∆1+∆2−d+1)

∝ ⟨O1O1⟩⟨O2O2⟩.

Bulk gauge invariance broken by boundary conditions

∂µ∂νXµν(2,0) ∝ O1O2︸ ︷︷ ︸
double-trace

PM gauge symmetry Higgsed at one-loop [Porrati 2001]. 16



Conformal Gravity

This subtlety is important to understanding conformal gravity.

S =

∫
d4x
√

−gCABCDCABCD.

Expand fluctuations around de Sitter background

gAB = g(dS)AB + δgAB, δgAB → hAB︸︷︷︸
massless spin-2

⊕ ΦAB︸︷︷︸
PM spin-2

This should be a consistent solution to our constraints in d = 3, why don’t we find it?

X(2,0)

X(2,0)X(2,0)

∂µ∂ν
2

Xµν
(2,0)
2

= g : X(2,0)µν
2

Xµν
(2,0)
2

:

Standard quantization boundary conditions break PM gauge symmetry.

PM spin-2 gains mass correction at one-loop, ∆X = 2 + O
( 1
N
)
.
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Final Thoughts

Image credit: “Snowmass White Paper: The Cosmological Boostrap” [2203.08121]

Basic problem: classify consistent gauge theories in maximally symmetric spacetimes.

• Yang-Mills

• Einstein Gravity

• Vasiliev HS

• PM Vasiliev HS

• ???

• Yang-Mills

• Einstein Gravity

• Supergravity

• Yang-Mills

• Einstein Gravity

• Supergravity

• Vasiliev HS
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