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We are interested in the form of the gravitational scattering amplitude

 in the Ultra-Planckian Limit:
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S � t � m2

Regimes:

Inspirals

High Energy: Rel. inspiral

Regge Limit

1) What is the structure of the peturbrative series in G (non-
analytic dependence on t)  for the amplitude as well as the 
classical observables?

2) Can we sysematically perform resummations of non-analytic terms?



What can we learn from YM Theory?

Generic Hard Scattering 
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Jest composed of collinear modes: 
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⇠ (Q,Q,Q) (Off-shell)
EFT Approach:  
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L = Ln + Ln̄ + Ls

Bauer et al: [hep-ph/0005275]  

• [hep-ph/0011336] [hep-ph/0202088]  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SU(N)n ⌦ SU(N)n̄ ⌦ SU(N)sEmergent gauge symmetry G

Drell-Yan
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kµG ⇠ (⇤2,⇤2,⇤) (Off-shell)Challenge is to prove that G does not 
contribute to all orders

Challenge is to prove that G does not 
contribute to all orders

CSS (1985), EFT proof IZR/Stewart (un-published)
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H HG

EFT needs Augmentation (GSCET) IZR/Stewart • [1601.04695]  

What can we learn from YM Theory?



What can we learn from YM Theory?

Regge Limit: s>>t Now the Glauber becomes the object of interest
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S
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To maintain calculational control we must have method to resum the Regge logs.

However, these logs are not RG logs, they are rapidity logs and necessitate a distinct 
treatment.



What can we learn from YM Theory?

invariances), collinear, anti-collinear and soft, and one can build the action from gauge invariant

operator building blocks, the details of which can be found in the appendix. It is because

the leading order action can be factored in this way that is it relatively simple to write down

factorization theorems when the Glauber mode is included, as it is the only mode which has

the ability to connect various sectors through operators. Here we are only interested in bosons

scattering so the collinear partons will be labelled � and h for the scalar and graviton respectively.

Glauber exchanges will generate the following set of non-local (in the transverse plane) gauge

invariant operators
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On the left-hand side the subscripts indicate that these operators involve three sectors {n, s, n̄},

while the first and second superscript determine whether we take a (scalar) quark or graviton

operator in the n-collinear or n̄-collinear sectors. There are other operators involving only two

rapidity sectors (soft and (anti)collinear) that are discussed in the appendix.

4.3 The Need for Power Suppressed Operators

If we are interested in higher order corrections we will need to include operators suppressed by

powers of �. This is due to the superleading �-scaling of the leading power Glauber Lagrangian,

which scales asOij

nsn̄ ⇠
s

M
2
pl

⇠
1
�2↵Q. If we consult the power counting formula given in Eq. (B.12),

we can see that each additional Glauber insertion will enhance a diagram by ↵Q��2
⇠

s

M
2
pl
. As we

can see in Fig. 1, we may add leading power Glaubers to obtain power enhancements. A power

suppressed operator Ok which scales as Ok ⇠ �2k, k > 0 may then be inserted into a diagram with

k+1 Glaubers to have the same � scaling as the tree amplitude, and more Glauber insertions then

served to further raise the enhancement. Sub-leading operators represent quantum corrections

and thus if we are interested in classical pieces one would think that they can be ignored at the

outset. In general this is true, as the interference like terms between super classical and quantum

will not contribute to the classical phase in Eq. (4.3). However, there are exceptions, as there

are power corrections to the Glauber operators that lead to classical corrections that must be

included in the classical phase. The need for power-suppressed operators is not unique to the

SCET approach to forward scattering in gravity presented here. In the Heavy Particle E↵ective

Theory (HEFT) formalism for example, power suppressed, or quantum, operators are known to

be necessary for higher order classical results [68–71]. To the order we will be working in this

paper, we wont need any such power suppressed operators.

4.4 The Rapidity Regulator

Since there is no hard matching, there are no hard logs that need to be resummed. However,

there are rapidity logs that get resummed to form the Regge trajectory (and beyond), and when

working with the set of modes defined above, loop integrals will need to be regulated even in

the presence of dimensional regularization. These divergences arise as consequence of the eikonal
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One Gber exchange operator
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Figure 4: Tree level matching for n-n̄ Glauber operators. In (a) we show the full theory diagrams
with a t-channel pole. For scalar-scalar scattering this is su�cient to extract the Glauber operator,
but for scalar-graviton scattering, one must also include s- and u-channel graphs, as well as the
4-point contact term. In (b), we show the corresponding Glauber operator for each scattering
process. The dashed lines represent collinear scalars, and the coiled lines are collinear gravitons.
The dotted red line is used to signify a Glauber 1/P2

? potential.

We now match the Glauber operators onto the tree-level graphs shown in Fig. (4). We

expand each diagram to leading power in �, and we have
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One may then write down the Lagrangian for Glauber operators which match the amplitudes,

which takes the form

L
nsn̄

G =
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Here i and j run over the particle species of the projectiles, which in this case is just scalars and

gravitons. To match onto the full-theory diagrams in Eq. (B.4), where there are no soft-graviton

emissions, we find that the soft operators reduces to OS = 2P2
? to cancel one of the Glauber
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Figure 6: The matching for one soft graviton emission. In (a), we show the 7 full-theory diagrams
which can contribute. In (b), we have the lone SCET diagram, which reproduces the gravitational
Lipatov vertex, along with its Feynman rule.

matching conditions, and in the end the one graviton matching yields 5 constraints:

2 = C1 � C5 + 2C6 � C7,

0 = C1 � C2 + C7,

0 = 4C1 � 4C2 + C4 + 2C5 � 4C6 � 4C7 + C8, (C.13)

8 = 4C1 + C4 � 2C5 + 4C6 + C8,

4 = C4 � C3.

Combining this with the constraint from zero graviton emissions, we are able to fix 6 of the eight

coe�cients:

C1 = 2, C4 = 4 + C3, C5 = 0, C6 = 1� C2/2, C7 = 0, C8 = �2C2 � C3. (C.14)

At two soft graviton emissions, there are 40 full-theory Feynman diagrams which contribute.
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ds n ·AS(x+ ns)

◆
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(4.10)

where FT is for Fourier transform, and P stands for path ordering. The Fourier transform

is often written out in momentum space which enables making explicit the notation for the

multipole expansion (the lines remain local in the coordinate corresponding to residual momenta,

even though they are extended for the larger momentum associated with the s coordinate shown

here). Under a collinear gauge transformation ⇠n ! Un⇠n, Wn ! UnWn, so �n is invariant,

and a similar property holds for the other fields with transformations that have support in their

respective momentum sectors. Although we show only one direction in Eq. (4.10) the integrals

could instead extend over [0,1]. Expressions for Wilson lines over (0,1) and (�1, 0) and their

Feynman rules are summarized in App. B.4, and we note that the di↵erence corresponds to the

choice of n̄ · k ± i0 in eikonal propagators. In general the direction of the Wilson lines in the

fields in Eq. (4.10) can be discussed in the context of matching calculations from full QCD. As we

will discuss in some detail, in SCET there are soft and Glauber 0-bin subtractions for collinear

Wilson lines which cancel this direction dependence (which comes from the region n̄ ·k ! 0). The

same thing happens for soft Wilson lines due to Glauber 0-bin subtractions. Ultrasoft Wilson

line directions in SCETI are determined by the physical directions since their diagrams do not

have subtractions. At various points below we will discuss the direction of Wilson lines explicitly.

Note that we follow a convention where the subscript on the collinear field indicates the

type of collinear gluon field that the operator contains, rather than the light-like direction of the

Wilson line. Thus the n subscript on collinear building blocks means something di↵erent than

the n superscript on soft building blocks.

We denote fundamental collinear Wilson lines by Wn, where n̄ ·An = n̄ ·AA
nT

A in Eq. (4.10),

and adjoint collinear Wilson lines by Wn, where n̄ · An = n̄ · AA
nT

A

adj with (TA

adj)BC = �ifABC .

Note that

W †

nWn = , W
AB

n W
CB

n = �AC , (4.11)

and

(n̄ ·D)Wn = 0 , (n̄ ·D)Wn = 0 . (4.12)
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(e.g.)

gluon of momentum pi. We are also using a 3̄ representation for the antiquark spinors and color

generators.5

We begin our analysis by discussing the SCETII operators whose tree level matrix elements

reproduce the results in Eq. (5.8). The four SCETII operators whose matrix elements reproduce

Eq. (5.8) factorize into collinear and soft operators separated by 1/P2
?

factors, so we adopt the

notation:

Oqq

nsn̄ = O
qB

n

1

P2
?

O
BC

s

1

P2
?

O
qC

n̄ , Ogq

nsn̄ = O
gB

n

1

P2
?

O
BC

s

1

P2
?

O
qC

n̄ ,

Oqg

nsn̄ = O
qB

n

1

P2
?

O
BC

s

1

P2
?

O
gC

n̄ , Ogg

nsn̄ = O
gB

n

1

P2
?

O
BC

s

1

P2
?

O
gC

n̄ . (5.9)

On the left-hand side the subscripts indicate that these operators involve three sectors {n, s, n̄},

while the first and second superscript determine whether we take a quark or gluon operator in

the n-collinear or n̄-collinear sectors. Without soft gluons we have O
BC
s = 8⇡↵s�BC

P
2
?
.

The n-collinear quark and gluon terms, which occur in the first square bracket in each of the

four terms in Eq. (5.8), are matrix elements of the n-collinear operators

O
qB

n = �nT
B
n̄/

2
�n , O

gB

n =


i

2
fBCD

B
C

n?µ

n̄

2
· (P+P

†)BDµ

n?

�
. (5.10)

Each of these operators are bilinears in the quark or gluon building blocks. For the gluon operator,

an extra factor of 1/2 is included to compensate for the symmetry factor from switching the two

Bn?s when computing the corresponding Feynman rules. The operator O
gB
n is even under this

swap because both the color factor and momentum factor n̄ · (P +P
†) give a change of sign. The

n̄-collinear quark and gluon terms appear as the contributions in the last square brackets of each

of the four terms in Eq. (5.8), and are matrix elements of the operators,

O
qB

n̄ = �n̄T
B
n/

2
�n̄ , O

gB

n̄ =


i

2
fBCD

B
C

n̄?µ

n

2
· (P+P

†)BDµ

n̄?

�
. (5.11)

Examining Eqs. (5.10) and (5.11) we see that the n-collinear and n̄-collinear results are the same,

just with n $ n̄. These collinear operators are bilinears of the fundamental quark and gluon

gauge invariant building block operators in SCET. Furthermore, both of these operators are

octet combinations of the building blocks. Due to momentum conservation, and the fact that

there are only two building blocks in each collinear sector, each collinear bilinear has a conserved

momentum in its large ⇠ �0 component. This implements the forward scattering kinematics. The

5The relation between our notation and that of Ref. [91] is
⇥
v̄n̄(4)

n/

2 T̄
Cvn̄(1)

⇤us
= �

⇥
v̄n̄(1)

n/

2 T
Cvn̄(4)

⇤Peskin
,

where T̄C = �(TC)T and vn̄(i, ")
us = [v⇤n̄(i, #)]

Peskin. Our use of conjugate fields for antifermions puts the quarks

and antiquarks on the same footing. Quarks and antiquarks have the same collinear propagators with a momen-

tum flowing forward, we use T̄ a for the antiquark color generator, and there are no additional signs for external

antiquarks. This setup is commonly used in the spinor-helicity literature [92]. See App. B.5 for further details.
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As a consequence each Feynam rule will be individually gauge invariant 
reproducing multiple full theort contributions.

e.g. ``Lipatov vertex” for soft emission corresponding to multuple 
soft emissions will be gauge invariant.



Despite breaking of factorization we can still write the amplitude in convolutive form For any number of Glauber potential insertions, one can then factorize the soft and collinear

operators to give a factorized expression for the amplitude for scattering of projectile  with 0 is

M
0
= i

X

MN

Z Z

?(N,M)
JN ({l?i}, ✏, ⌘)S(N,M)({l?i}; {l

0
?i
}, ✏, ⌘)J̄0M ({l0?i

}, ✏, ⌘)

(4.12)

where, following the notation in [42], we defined

Z Z

?(N,M)
=

(�i)N+M

N !M !

Z NY

i=1

MY

j=1

[dd
0
li?]

l2
i?

[dd
0
l0
j?]

l02
j?

�̄d
0
(
X

li? � q?)�̄
d
0
(
X

l0j? � q?), (4.13)

 and 0 label the external states, i.e. scalars or gravitons. Note that in Eq.(4.12) all of the

Glauber light cone momentum integrals have been performed, as have all of the soft and collinear

loops, that is why J, S depend upon the regulators ✏ and ⌘. All of the Glauber loops correspond to

box integrals 9 which are rapidity finite and give a result independent of the perp momenta. Since

the Glauber light-cone momenta are dropped in the soft function. After performing the Glauber

energy integral by contours we then use the result for the rapidity regulated kz integration

Z
[dkz]

�2kz +A+ i✏
|
2kz
⌫

|
�⌘= �

1

4
. (4.14)

More generally it was shown in [43] that the n-Glauber box diagram generates a factor of i
n

n! as

which is necessary to form the semi-classical phase. This explains why the amplitude is defined

with the factorial prefactors in Eq.(4.13).

The jet function are defined as time ordered products, e.g. at the one and two Glauber gluon

level

J(k?) =

Z
dx±1 hp | T ((O�

n +Oh

n)(k?, x
±
1 ) | p

0
i

J(k?, k
0
?) =

Z
dx±1 dx

±
2 hp | T ((O�

n +Oh

n)(k?, x
±
2 )(O

�

n +Oh

n)(k?, x
±
1 ) | p

0
i, (4.15)

The jets are written in this way because the combination (O�
n + Oh

n), see equation (B.6) for the

definition, is an eigen-vector of ⌫ d

d⌫
. At tree level the individual jet functions for n Glauber

exchange

J (0)
�n

= (n · p)n+1
⇣
2

⌘
n

J (0)
hn

= (bµ⌫✏
µ✏⌫)2 (n · p)n+1 (



2
)n (4.16)

where

bµ⌫ = n̄ · p1g
µ⌫

? � n̄µp⌫1? � n̄⌫p⌫4? +
p1? · p4?n̄µn̄⌫

n̄ · p2
. (4.17)

9
Cross box integrals vanish with this regulator.
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Decompose color channels into irreps [2401.00931] Gao et al)



Since we have artifically separated soft from collinear 
modes this introduces divergences what are not regulated 
by dim. Reg.

What can we learn from YM Theory?

 

Rapidity Factorization scale

Ct

k

Need to introduce a rapidity 
factorization scale.

propagators generated by the Wilson lines as well as the fact that the Glauber gluon propagator

is proportional to 1/p2?, i.e. one drops the sub-leading light cone momentum, which is a step that

is necessary to maintain manifest power counting. Rapidity divergences arise in the EFT, since

collinear and soft modes have the same invariant mass and one must define a rapidity factorization

scale to distinguish them in integrals. A typical rapidity divergence integral takes the form of the

box diagram

I =

Z
[ddk]

1

(n · k ��1)

1

(n̄ · k ��2)

1

k2?

1

(k? � q?)2
(4.7)

This divergence is due to the transverse nature of the Glauber momentum. There are other

rapidity divergences which are due to the eikonal lines resulting from the Wilson lines. Such

divergences take the form

I =

Z
[ddk]

1

(n · k ��1 + i✏)

1

(n̄ · k ��2 + i✏)

1

k2
1

(k � q?)2
. (4.8)

To regulate these divergences we introduce a rapidity regulator following [47, 48] in both the

Glauber operator as well as both soft and collinear Wilson line couplings. As emphasized in [62],

these two regulators must be kept independent of each starting at the two loops level. The authors

emphasized that one must the two distinct parameters ⌘ and ⌘0 for the collinear/soft loops and

Glauber loops respectively and that ⌘0 must be taken to zero prior to ⌘. These regulator are

implemented at the level of the action by modifying the Wilson lines and Glauber operators such

that Glauber loops between collinear generates a factor of w | 2kz/⌫ |
�⌘ while collinear loops

aquire a factor of w | n · k/⌫ |
�⌘ and soft loops 2w | 2kz/⌫ |

�⌘/2. Here w is a book keeping

coupling used to calculate anomalous dimensions by endowing it with the following ⌫ dependence

@w2(⌫)

@⌫
= �⌘w2 lim

⌘!0
w = 1. (4.9)

More details about the use of the regulator at two loops can be found in [62]. For readers not

interested in performing resummations these issues are irrelevant.

4.5 Factorization of the Amplitude from Glauber SCET for YM

Using this action we can write down a factorized form for the amplitude that looks e↵ectively two

dimensional. To include e↵ects of the Glaubers within the EFT following [42, 43, 62] we start

with the time evolution operator

U(a, b;T ) = lim
T!1(1�i0)

Z ⇥
D�

⇤
exp


i

Z
T

�T

d4x
�
L
(0)
nn̄s(x) + L

II(0)
G

(x)
��

, (4.10)

one then expands in the number of Glauber potential insertions attaching to the n and n̄ projec-

tiles, given by i and j respectively, so that

exp


i

Z
T

�T

d4x
�
L
II(0)
G

(x)
��

= 1 +
1X

i=1

1X

j=1

U(i,j). (4.11)
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d

d⌫
(JA ⌦ SA,B ⌦ JB) = 0

For p1/p4 the incoming and out going momenta respectively. The tree level soft function for (i, j)

is given by

S
(0)A1...Ai;B1...Bj

(i,j) (li?; l
0
i?) = 2�iji

jj!
jY

a=1

l02
i?

j�1Y

n=1

�̄d
0
(ln? � l0

n?) (4.18)

Note that S(0)
(1,1) = 2il2? and J (0)

1 = (n · p)2 2 , such that the leading order, one Glauber, tree level

exchange gives

M0 = �s2
2

2t
. (4.19)

We will need the form of the tree level results for the purposes of renormalization.

4.6 Summing the Logs using the Rapidity Renormalization Group (RRG)

While the amplitude is free of rapidity divergences, the individual components are not, and they

obey the RRG equations

⌫
@

@⌫
J(i) =

1X

j=1

J(j) ⌦ �J(j,i),

⌫
@

@⌫
S(i,j) = �

1X

k=1

�S(i,k) ⌦ S(k,j) �

1X

k=1

S(i,k) ⌦ �S(k,j), (4.20)

⌫
@

@⌫
J̄0(i) =

1X

j=1

�J̄(i,j) ⌦ J̄0(j).

�(i,j) are the anomalous dimensions, which will be defined below.

In Yang-Mills theory Each Ji and S(i,j) is decomposed into irreducible representations of the

SU(N) gauge symmetry and operators with di↵erent numbers of Glaubers, but in the same irrep,

can mix (for a discussion of the general structure see [42]). This is one complication that will

obviously not arise in the case of gravity which will present a di↵erent set of challenges. Another

significant simplification that arises in the gravitational case is that SM,N / �MN due to RPI

invariance which is the invariance of the physics under small deformations of the choice of light

cone directions for the partons [72]. Which is to say that, in the EFT we must choose a large light

cone momentum around which to expand and there is arbitrariness in that choice. Technically

this correponds to invariance under a shifts of the light cone directions n and n̄ that leave the

inner products n · n = n̄ · n̄ = 0 and n · n̄ = 2 invariant. In the case at hand we will utilize the

fact that RPI implies that every amplitude scales as nan̄b with a = b10. In this particular case,

RPI corresponds to nothing more than Lorentz invariance. Any amplitude can only depend upon

the product of the two large incoming (conserved) light cone momenta n · pn̄ · p. Each insertion

of a Glauber graviton generates a factor of (n · p�1, n̄ · p�1) from the associated collinear and

anti-collinear propagator to which they connect i.e. if the collinear/Glauber momenta are p/k

then
1

(p� k)2
⇡

1

n · p(n̄ · k �
k
2
?

n·p)
. (4.21)

10
This is called RPIII in the language of [72].
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We can sum the logs by 


running the soft/Jet functions  to  
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⌫ = (
p
t,
p
s)



Running of S(1,1) leads to the Gluon Regge Trajectory

What can we learn from YM Theory?

5 The Rapidity Renormalization Group and the Regge Trajectory

Let us calculate the leading order running of the S(1,1), which will yield the Regge trajectory.

This correction is down by a factor of ↵Q relative to the Glauber contribution. There is only one

diagram to calculate in the EFT, the so-called “eye-graph”, which if opened up into the full theory

would correspond to the soft graph topologies corresponding to vacuum bubble, box and cross

box graphs. The flower graph also contributes at this order but does not contain any rapidity

divergences. The same can be said for the scalar vacuum bubble. To calculate the anomalous

dimensions we are only interested in the rapidity divergent term which is given by

n

n̄

= �i
4s2w2

8⇡⌘
(3� 2✏)q2?

Z
[dd

0
k?]

k2?(k? � q?)2

= i
4s2w2

32⇡2⌘
(3� 2✏)

�(�✏)2�(1 + ✏)

�(�2✏)

✓
�t

µ̄2

◆�✏

. (5.1)

Since there is only one Glauber exchanged the renormalization is multiplicative, as opposed

to convolutive, and we have
R
?(1) = i/q2?. We then can write

SB

(1,1) = Z̃S

(1,1)S
R

1,1. (5.2)

Recalling that that at leading order S(1,1) = 2it, and that two factors of s/2 get absorbed

into the J ’s we find

Z̃S

(1,1) =
2t w2

16⇡2⌘
(3� 2✏)

�(�✏)2�(1 + ✏)

�(�2✏)

✓
�t

µ̄2

◆�✏

. (5.3)

which leads to the RRG equation

⌫
dSR

(1,1)

d⌫
= ��̃S(1,1)(t)SR, (5.4)

with �̃S(1,1) being given by

�̃S(1,1) = �
2t

16⇡2
(3� 2✏)

�(�✏)2�(1 + ✏)

�(�2✏)

✓
�t

µ̄2

◆�✏

. (5.5)

We way then identify !G(t) = �
1
2 �̃

S

(1,1)(t) as the graviton Regge trajectory 11

!G(t) =
2t

16⇡2

✓
�
3

✏
+ 3 log

�t

µ2
+ 2 +O(✏)

◆
. (5.6)

We can compare is this leading order Regge trajectory found in the literature. Our results

11
Note that there is an additional factor of 1/2 because the trajectory is defined as M ⇠ (s/� t)!.
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Running of S(2,2) leads to the BFKL equation

n

n̄

n

n̄

n

n̄

Figure 2: Diagrams needed for the renormalization of S(2,2). The first two diagrams are soft eye
insertions into a Glauber rung, while the third diagrams is H graph.

agree with those given in [17], for the physical non-local piece. The only other result that we are

aware of for the Regge trajectory was given in [18]. The log(t) coe�cient seems to disagree with

ours result, but the result in [18] has dependence on both t as well as an impact parameter z (the

transverse separation between the Wilson lines), so it’s not clear how to compare.

5.1 The Systematics of the Regge Trajectory

The Regge trajectory is defined as the IR divergent anomalous dimensions of S(1,1) which is not

physical. Nonetheless, it is of considerable theoretical interest. In this paper we have calculated

the leading order trajectory which sums terms of the form t

M
2
pl
log

⇣
s

�t

⌘
. For this to be a sysematic

resummation we would need t

M
2
pl
log

⇣
s

�t

⌘
⇠ 1, at least for Einstein Gravity, since the existence of

counter-terms starting at order ( t

M
2
pl
)4 will dominate higher order terms in the re-summation if

the criteria above is not met. The same conclusion applies to the running of higher dimension soft

operators (or collinear for that matter), and their subsequent BFKL type of equations. There is

evidence that N = 8 supergravity is finite, having the same UV behavior as N = 4 SYM theory

[73]. If this were indeed the case then resummation program for N = 8 [29, 30] would indeed be

systematic. However, even that conclusion would be model dependent, as the lack of divergences,

while compelling, does not necessarily imply that the counter-terms, the existence of which are

still being debated [74], don’t contribute to the amplitude. If the theory were truly UV complete

then these contributions would vanish and resummation would be systematic.

6 The Gravitational BFKL Equation

In this section we derive the gravitational BFKL equation, which was first given for the total

cross section in [75]. As shown in [42], the BFKL equation is derived in the EFT through the

renormalization of S(2,2). We perform this renormalization, and then we generalize this result

and renormalize S(N,N) for arbitrary N . It is worth emphasizing that there is nothing special

about N = 2 other than the fact that this is the first soft operator which obeys convolutional

running. There are also BFKL like equations for higher N . The caveats about the systematics

in the previous discussion of the Regge trajectory apply here as well.
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soft eye boxes as

iMSEB = �
6s3w2

32⇡⌘

Z
[dd

0
k1?][d

d
0
k2?]

(k1? + q?)2(3� 2✏)

(k1?)2(k2?)2(k1? + k2? + q?)2

✓
⌫2

�(q? + k1?)
2

◆⌘/2

+O(⌘0).

(6.4)

In the above, we have already performed the small Glauber k± ⇠ �2 integrals.

The factorized O(↵Q) matrix elements is then written as

iMH + iMSEB = J (0)
(2) ⌦ S(1)

(2,2) ⌦ J̄ (0)
(2) . (6.5)

Expanding out the convolutions, the amplitude becomes

J (0)
(2) ⌦S(1)

(2,2)⌦ J̄ (0)
(2) =

1

4

Z
[dd

0
k1?][dd

0
k2?]

(k1?)2(k1? + q?)2(k2?)2(k2? + q?)2
J (0)
(2) (k1?)S

(1)
(2,2)(k1?, k2?)J̄

(0)
(2) (k2?).

(6.6)

Since J (0)
(2) and J (0)

(2) are independent of the transverse momentum (from their definition in Eq.(

4.18), we can extract S(1)
(2,2) from the amplitudes in Eqs. (6.3) and (6.4). The bare 21 one loop

soft function then given by

S(1)
(2,2)(k1?, k2?, ⌘) =

�8w2

⌘


2

8⇡
KGR(k1?, k2?) + �̄d�2(k1? � k2?)k

2
2?(k2? + q?)

2(!G(k1?) + !G(k1? + q?))

�
,

(6.7)

where !G is the Regge trajectory given in Eq. (5.6), and KGR is the convolutional kernel

KGR(k1?, k2?) =

✓
q4? � 2q2?

(k22?(k2? � q?)2 + (k1? � q?)2k22?)

(k1? � k2?)2
+

(k41?(k2? � q?)4 + (k1? � q?)4k42?
(k1? � k2?)4

◆
.

(6.8)

The leading RRGE is

⌫
@

@⌫
S(2,2)(k1?, k2?) =

1

2

Z
[dd

0
p?]

p2?(p? � q?)2
�
�(2,2)(k1?, p?)S(2,2)(p?, k2?) + S(2,2)(k1?, p?)�(2,2)(p?, k2?)

�
.

(6.9)

Using the result of Eq. (4.20) for S(0)
(2,2), we can then extract the anomalous dimension �(2,2) at

leading order:

�(1)(2,2)(k1?, p?) =
2

4⇡
KGR(k1?, p?)+2�̄d�2(k1?�p?)p

2
?(p?�q?)

2(!G(p?)+!G(p?�q?)). (6.10)

This rapidity RGE reproduces the gravitational analogue of the BFKL equation, given by Lipatov

[78], in his Eq. (80). It is interesting to compare this anomalous dimension to the one computed

21
We will drop the B superscript from here on. The bare objects dependence upon ✏ and ⌘ will be made explicit.
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n

n̄

n

n̄

Figure 4: Prototypical diagrams needed to renormalize S(N+1,N+1). The diagram on the left
is the N + 1-rung Glauber box with a soft eye insertion, and the diagram on the right is the
multi-rung H diagram. The soft graviton exchange can be between any two Glauber rungs, and
the soft eye can similarly be inserted into any individual rung. The H graph contribution to
S(2,2) has no additional Glauber rungs.

in QCD. There, one has[43]

�A1A2;B1B2

(2,2),YM =4↵sf
A1B1CfA2B2CKYM(k1?, k2?) (6.11)

+ 2�A1B1�A2B2 �̄d�2(k1? � k2?)k
2
2?(k2? � q?)

2(↵R(k2?) + ↵R(k2? � q?)),

where ↵R is the gluon Regge trajectory, and the QCD kernel is given by

KYM(k1?, k2?) = q2? +
k22?(q? � k1?)2 + k21?(k2? � q?)2

(k2? � k1?)2
(6.12)

The QCD and gravity anomalous dimensions have obvious structural similarities, in that they

are both the sums of a kernel representing a gluon/graviton exchange and a Reggeization term

on each Glauber exchange. Quite remarkably, there is also a relation between the convolutional

kernels. Specifically, one has

KGR(k1?, k2?) = (KYM(k1?, k2?))
2 + scaleless, (6.13)

where the “+ scaleless” means terms which lead to scaleless integrals in the convolutions and

thus vanish. It has long been appreciated that there exists a double copy relation between the

QCD and gravitational Lipatov vertices [33, 78, 81], so it is perhaps not too surprising that

this extends to the emission piece of the anomalous dimension. The authors are unaware of any

previous mentions of this squaring relation in the literature, although it could have been noticed

as early as [78]. At higher orders the terms that are scaleless become scaleful 22 , and contribute

thus breaking the direct relations between the GR and YM BFKL kernels.

6.2 The BFKL Equation for all Soft Functions

We now extract the one loop anomalous dimensions of S(N+1,N+1) for arbitrary N . There is a

very limited class of diagrams which can contribute: N -Glauber boxes with a soft eye insertion on

one rung, or N -Glauber boxes with a graviton exchanged between two rungs, i.e. the H diagram

22
We thank Vittorio del Duca, Riccardo Gonzo, Emanuele Rossi and Franscesco Alessio for pointing this out to

us.
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Figure 4 : Prototypical diagrams needed to renormalizeS(N +1 ,N +1) . The diagram on the left
is the N + 1-rung Glauber box with a soft eye insertion, and the diagram on the right is the
multi-rung H diagram. The soft graviton exchange can be between any two Glauber rungs, and
the soft eye can similarly be inserted into any individual rung. The H graph contribution to
S(2,2) has no additional Glauber rungs.

in QCD. There, one has[43]

! A 1A 2;B 1B 2
(2,2),YM =4 " sf A 1B 1C f A 2B 2C K YM (k1! , k2! ) (6.11)

+ 2#A 1B 1 #A 2B 2 #ød" 2(k1! ! k2! )k2
2! (k2! ! q! )2(" R(k2! ) + " R(k2! ! q! )) ,

where " R is the gluon Regge trajectory, and the QCD kernel is given by

K YM (k1! , k2! ) = q2
! +

k2
2! (q! ! k1! )2 + k2

1! (k2! ! q! )2

(k2! ! k1! )2 (6.12)

The QCD and gravity anomalous dimensions have obvious structural similarities, in that they
are both the sums of a kernel representing a gluon/graviton exchange and a Reggeization term
on each Glauber exchange. Quite remarkably, there is also a relation between the convolutional
kernels. SpeciÞcally, one has

K GR (k1! , k2! ) = ( K YM (k1! , k2! )) 2 + scaleless, (6.13)

where the Ò+ scalelessÓ means terms which lead to scaleless integrals in the convolutions and
thus vanish. It has long been appreciated that there exists a double copy relation between the
QCD and gravitational Lipatov vertices [ 33, 78, 81], so it is perhaps not too surprising that
this extends to the emission piece of the anomalous dimension. The authors are unaware of any
previous mentions of this squaring relation in the literature, although it could have been noticed
as early as [78]. At higher orders the terms that are scaleless become scaleful22 , and contribute
thus breaking the direct relations between the GR and YM BFKL kernels.

6.2 The BFKL Equation for all Soft Functions

We now extract the one loop anomalous dimensions ofS(N +1 ,N +1) for arbitrary N . There is a
very limited class of diagrams which can contribute:N -Glauber boxes with a soft eye insertion on
one rung, or N -Glauber boxes with a graviton exchanged between two rungs, i.e. the H diagram

22 We thank Vittorio del Duca, Riccardo Gonzo, Emanuele Rossi and Franscesco Alessio for pointing this out to
us.
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In Regge Gravity we have three expansion parameters:and the classical and quantum corrections are controlled by the parameters

! Q !
t

M 2
pl

< 1 ! C !
st

M 4
pl

< 1, (4.2)

and ! Q " ! C . ! C ! st
M 4

pl
< 1 implies that classical non-linearities are sub-leading such that we

are not in the region where black hole formation occurs6. However, we can study the approach
to black hole formation as a function of ! C .

As discussed in the introduction, there exist an inÞnite number hard scattering operators
which are kinematically enhanced and pose an obstruction to a sensible power counting, but we
can maneuver around this by restricting ourselves to non-local observables. However, this does
not su! ce to make the power counting canonical. As mentioned in the previous section the
Glauber operator is super-leading in that it scales as! C

! Q
# s

M 2
pl

compared to the kinetic terms.

Such a state of a" airs is usually a death knell for any EFT since to maintain calculational control
we must rescale the action such that the superleading interaction scales as unity, which would
make the kinetic pieces sub-leading and the theory would have no propagating degrees of freedom.

However, since the Regge limit is a semi-classical in nature the amplitude has su! cient
structure that calculational control can be maintained. To see this note that the semi-classical
nature of the process ensures that the amplitude can be written in impact parameter space [2] in
the form

M (b, s) #

!

(1 + [
"

i =0

! i
QCi (bs)])ei " (0)

Cl

!
j =0 (! j

C D j (bs)) $ 1

#

, (4.3)

where " (0)
Cl is the Fourier transform of the leading order Glauber result

" (0)
Cl = Gs##(øµ2b2)##($ $). (4.4)

add here puzzle about eikonlizaiton and massless partons, cite vnzo
Knowing the form of the amplitude allows us to maintain calculational control over both the

classical and quantum expansions. Notice that a direct calculation of terms which scale as powers
of ! C would not su! ce to extract the classical piece since, as we can see from the form of the
amplitude, the expansion of the exponent will yield powers of! C (from the leading term) that
will hit quantum terms in the prefactor and generate classical scaling contributions (st ! 2

Q = ! C ).
Figure one shows the general structure of the series. We see that the classical contribution skips
orders in the PM expansion since we need an extra Glauber exchange to get a factor ofs/M 2

pl

to accompany a quantum suppression oft/M 2
pl . The RRG sums all the logs along the green

lines, as each step to the right generates another log, whereas vertical motion does not. The
bottom green line generates the leading order Regge trajectory. These logs can arise from either
soft or collinear emissions. As we will discuss below in the EFT all diagrams get contributions
from soft and collinear partons. In the soft sector it is easy to determine which diagrams are
classical and which are quantum, as any loop which does not involve an eikonal line is necessarily

6Here t is the typical momentum in one graviton (Glauber) exchange, which is called t individual in [26, 27], and
should not be confused with the physical t which results from a coherent Þeld of Glaubers which constitutes the
shock wave.
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1 Introduction

Quantum gravity as an e! ective Þeld theory, at least formally, is well understood[1] as long as
all invariants are su" ciently small compared to the fundamental scaleM pl . In this regime the
non-renormalizability of gravity is tamed save for the fact that as we aspire to higher accuracy
we introduce more unknown UV parameters that must be Þxed from experiment, or matched
from some UV completion. The renormalization group ßow into the IR is not terribly interesting
since all logs are power suppressed and there is no limit in which a resummation can be done
systematically.

However, we know this can not be the only kinematic regime for which we can maintain
calculational control as, after all, we certainly can predict astronomical orbits with high accuracy.
This super-Planckian scattering, corresponding to the limit s ! t, i.e. the so-called ÒReggeÓ
regime, must be within our calculational reach even though the graviton coupling scales ass/M 2

pl

and t/M 2
pl when the emission occurs o! of energetic/soft partons. Note that even if we work in

the regime s ! M 2
pl ! t, we are immediately faced with a severe power counting challenge given

the growth of coupling in the super-Planckian limit. In fact, matters are made worse by the
existence of large (ÒReggeÓ) logs of the ratios/t , and, more importantly, this regime of forward
scattering is enhanced due to the t-channel graviton exchange by a factor of 1/t .

The super-Planckian limit is a double edged sword. On the one hand, the growth of the
cross section ins, at Þxed t, leads to, at least naively, a violation of unitarity, but also pushes
the process into the semi-classical (eikonal) regime (for an extensive review of progress using
the eikonal approximation see [2]) over which we would expect to have calculational control.
In the case of massless particle scattering, the classical picture of the initial state consists of
two Aichelburg-Sexl shock wave metrics, and for impact parameterb " 1/t large compared to
the e! ective Schwarzchild radiusRS = 2G

#
s, is tractable by classical GR[3]. As the impact

parameter diminishes we reach the regime of black hole production and a thermal Þnal state,
as per HawkingsÕ result. Thus it seems that, at least fort < R S, super Planckian scattering is
dominated by IR physics. We might glibly conclude that we may maintain calculational control
by simply working at large impact parameter such that only-non local interactions will contribute,
since contact interactions will be suppressed for localized incoming wave packets. However, this is
premature as it is possible for local operators to mix with non-local operators via soft exchanges
of gauge bosons. In fact this occurs in NRQCD [4Ð6], the theory of non-relativistic bound states.
But as we shall discuss gravity does not allow for this mixing to happen for the class of observables
which are of relevant to this work.

The goal of this paper is to build a Lagrangian formalism which allows one to calculate
systematically in a double expansion in! Q $ t/M 2

pl and ! C $ st/M 4
pl . These ratios control

quantum and classical corrections respectively. In addition we will be working to leading order
in " =

!
t/s . Our motivating factors for generating this formalism are: Formally, we would like
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and the classical and quantum corrections are controlled by the parameters

! Q !
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M 4
pl
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M 4
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are not in the region where black hole formation occurs6. However, we can study the approach
to black hole formation as a function of ! C .
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which are kinematically enhanced and pose an obstruction to a sensible power counting, but we
can maneuver around this by restricting ourselves to non-local observables. However, this does
not su! ce to make the power counting canonical. As mentioned in the previous section the
Glauber operator is super-leading in that it scales as! C
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compared to the kinetic terms.

Such a state of a" airs is usually a death knell for any EFT since to maintain calculational control
we must rescale the action such that the superleading interaction scales as unity, which would
make the kinetic pieces sub-leading and the theory would have no propagating degrees of freedom.

However, since the Regge limit is a semi-classical in nature the amplitude has su! cient
structure that calculational control can be maintained. To see this note that the semi-classical
nature of the process ensures that the amplitude can be written in impact parameter space [2] in
the form
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"
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#
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Cl is the Fourier transform of the leading order Glauber result
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Knowing the form of the amplitude allows us to maintain calculational control over both the

classical and quantum expansions. Notice that a direct calculation of terms which scale as powers
of ! C would not su! ce to extract the classical piece since, as we can see from the form of the
amplitude, the expansion of the exponent will yield powers of! C (from the leading term) that
will hit quantum terms in the prefactor and generate classical scaling contributions (st ! 2

Q = ! C ).
Figure one shows the general structure of the series. We see that the classical contribution skips
orders in the PM expansion since we need an extra Glauber exchange to get a factor ofs/M 2

pl

to accompany a quantum suppression oft/M 2
pl . The RRG sums all the logs along the green

lines, as each step to the right generates another log, whereas vertical motion does not. The
bottom green line generates the leading order Regge trajectory. These logs can arise from either
soft or collinear emissions. As we will discuss below in the EFT all diagrams get contributions
from soft and collinear partons. In the soft sector it is easy to determine which diagrams are
classical and which are quantum, as any loop which does not involve an eikonal line is necessarily

6Here t is the typical momentum in one graviton (Glauber) exchange, which is called t individual in [26, 27], and
should not be confused with the physical t which results from a coherent Þeld of Glaubers which constitutes the
shock wave.
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4 Glauber Gravitational SCET

4.1 Power Counting

There are multiple kinematic scenarios of interest depending upon whether or not the scatterers
are massive or not. In this paper we will consider massless case. As mentioned in the introduction
the EFT will be valid when the following hierarchy is satisÞed

s ! M pl ! t. (4.1)

As in the case of QCD we will be working to leading order in the parameter! =
!

t/s . However,
we will be working to all order in the parameters

" Q "
t

M 2
pl

< 1 " C "
st

M 4
pl

< 1, (4.2)

which control the quantum and classical loop corrections. " C " st
M 4

pl
< 1 implies that classical

non-linearities are sub-leading such that we are not in the regime where black hole formation
occurs10. However, we can study the approach to black hole formation as a function of" C .

As opposed to QCD, the gravitational Glauber interaction is powerenhanced, i.e. 1/ ! . Such
a state of a! airs is usually a death knell for any EFT since power counting forces us to rescale the
action such that the superleading interaction scales as unity, which would make the kinetic pieces
sub-leading, and the theory would have no propagating degrees of freedom. However, since the
Regge limit is a semi-classical in nature the amplitude has su" cient structure that calculational
control can be maintained. To see this note that the semi-classical nature of the process ensures
that the amplitude can be written in impact parameter space [2] in the form

M (b, s) #

"

(1 + [
#

i =0

" i
QCi (bs)])ei ! (0)

Cl

!
j =0 (" j

C D j (bs)) $ 1

$

, (4.3)

where #(0)
Cl is the Fourier transform of the leading order Glauber result

#(0)
Cl = Gs$#(øµ2b2)##($ %). (4.4)

The function D(bs) is a series of logs.
Given this form of the amplitude we may treat the kinetic term as being as the same order

as the Glauber interaction. Furthermore, this form of the amplitude allows us to cleanly separate
the classical from the quantum 11 . This need not have been the case given that we have three
dimensionful parameters (s, t, M 2

pl ), the dimensionless couplings! , " Q and " C are not independent

(
" 2

Q
$2 = " C ). This would not be a problem save for the fact that the theory contains (Glauber)

10 Here t is the typical momentum in one graviton (Glauber) exchange, which is called t individual in [27, 28], and
should not be confused with the physical (impulse) t ! Gs/b which results from a coherent Þeld of Glaubers which
constitutes the shock wave.

11 In the massive case there is an alternative path one can take by working in an EFT of potentials. Then the
super classical terms that show up in iterations are cancelled when matching onto the EFT [ ? ].
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Figure 1 : The structure of the perturbative series. The blue circles correspond to classical con-
tributions in the Post-Minkowskian expansion. The pink circles are super classical (box diagrams)
while the greens lines indicate quantum corrections from soft and collinear loops. The classical
contributions occur at odd orders in the PM expansion. Each soft/collinear loop generates a log
while Glauber loops generatei ! .

collinear soft Glauber operators (see appendix), is of order
!

s
t

s
M 2

pl

"
where the quantity in the

brackets is the scaling of the leading order Glauber exchange.

4.2 The Action

As mentioned in the introduction, the sca! olding of our calculations will be Glauber SCET, and
here will will quickly review this topic in preparation for the introduction of the crucial factoriza-
tion theorem (4.12) upon which our analysis hinges. For the case of hard scattering a version of
SCET for gravity was developed in [69, 70]. Here we will be considering the complementary case
which describes the Regge region. Some of atomistic gauge invariant objects upon which we build
our theory can be ported over from the EFT for gravity for the case of hard scattering in [69, 70].
The EFT for near forward scattering in gravity is structurally very similar to the case of YM
theory [44]. The starting point for building the EFT is to determine the modes necessary to re-
produce the IR physics of the full theory. The relevant modes are Þxed by determining, given the
regime of validity of the theory, the kinematic regions for which IR singularities arise. There is no
distinction between the modal analysis in gravity and in YM theory, though the power counting
of the Þelds components are di! erent (see below). For high energy scattering the relevant modes
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Each soft/collinear loop will
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<latexit sha1_base64="gc/bIh02p4RIk7PLeLBYYoVfSIg=">AAACGHicbVDLSgMxFM3UV62vUZdugkVoEaczVarLohs3hQr2AZ1aMmnahmYyQ5IRytDPcOOvuHGhiNvu/BvTdgRtPRA495x7ubnHCxmVyra/jNTK6tr6Rnozs7W9s7tn7h/UZRAJTGo4YIFoekgSRjmpKaoYaYaCIN9jpOENb6Z+45EISQN+r0Yhafuoz2mPYqS01DELlRyvVvLQldSHLgv6DzE/K45zsqDypz/1eVJbltUxs7ZlzwCXiZOQLEhQ7ZgTtxvgyCdcYYakbDl2qNoxEopiRsYZN5IkRHiI+qSlKUc+ke14dtgYnmilC3uB0I8rOFN/T8TIl3Lke7rTR2ogF72p+J/XilTvqh1THkaKcDxf1IsYVAGcpgS7VBCs2EgThAXVf4V4gATCSmeZ0SE4iycvk3rRckpW6e4iW75O4kiDI3AMcsABl6AMbkEV1AAGT+AFvIF349l4NT6Mz3lrykhmDsEfGJNvEa+dSw==</latexit>

M (nP M ) ! logn ! 2(s/t ) + log n ! 3(s/t ) + ...



GGSCET Izr/Saavedra • 	2412.04428 [hep-th]

Hard scattering GSCET:

Relevant Degrees of Freedom:
<latexit sha1_base64="k7xRdJaZJqKDBKvSn/TYRS5NgOc=">AAACMXicbVBNS8MwGE79nPOr6tFLcAgeRmlFpsehlx0nuA9Ya0mzdAtL05Kkwij9S178J+JlB0W8+ifMtgpz84GQ532e9yV5nyBhVCrbnhhr6xubW9ulnfLu3v7BoXl03JZxKjBp4ZjFohsgSRjlpKWoYqSbCIKigJFOMLqb+p0nIiSN+YMaJ8SL0IDTkGKktOSbjYGfuVEKXZ7mj7IKF0tcXawyN0AC8rwK3WRIfWzN71/ZNyu2Zc8AV4lTkAoo0PTNV7cf4zQiXGGGpOw5dqK8DAlFMSN52U0lSRAeoQHpacpRRKSXzTbO4blW+jCMhT5cwZm6OJGhSMpxFOjOCKmhXPam4n9eL1XhjZdRnqSKcDx/KEwZVDGcxgf7VBCs2FgThAXVf4V4iATCSodc1iE4yyuvkval5dSs2v1VpX5bxFECp+AMXAAHXIM6aIAmaAEMnsEbeAcfxosxMT6Nr3nrmlHMnIA/ML5/ABF5qiI=</latexit>

gs
µ ! , gc

µ ! , gøn
µ ! , ! c.! øn

 Symmetries:
<latexit sha1_base64="qRU7Tnva4CFo2NQJFqRpRT2wsMI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiQi1WVRFy4r2Ac0IUymk3boZBJmboQS+gtu/BU3LhRx686df+P0saitBwbOPede7twTpoJrcJwfq7C2vrG5Vdwu7ezu7R/Yh0ctnWSKsiZNRKI6IdFMcMmawEGwTqoYiUPB2uHwZuK3H5nSPJEPMEqZH5O+5BGnBIwU2JVbHkWBxh7wmGk8reRikXshUViOA7vsVJ0p8Cpx56SM5mgE9rfXS2gWMwlUEK27rpOCnxMFnAo2LnmZZimhQ9JnXUMlMSv9fHrRGJ8ZpYejRJknAU/VxYmcxFqP4tB0xgQGetmbiP953QyiKz/nMs2ASTpbFGUCQ4In8eAeV4yCGBlCqOLmr5gOiCIUTIglE4K7fPIqaZ1X3Vq1dn9Rrl/P4yiiE3SKKshFl6iO7lADNRFFT+gFvaF369l6tT6sz1lrwZrPHKM/sL5+Afj2nSI=</latexit>

Dif f s ! Dif f n ! Dif f øn

• 	1207.4926 [hep-ph]Beneke and Kirilin

1710.07685 Okui and Yunesi

The basic algorithm is the same the complication arises in that 
we need the full non-linear gravitational Wilson lines

https://arxiv.org/abs/2412.04428
https://arxiv.org/abs/1207.4926
https://arxiv.org/abs/1710.07685


Now we can build a collinear diff invariant operator which mediates one Glauber exchange
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Og = ø! n ! n
1
q2 ø! øn ! øn

The (rapidity) anomalous dimension of this operator is the Regge trajectory 
(S(1,1))

The anomalous dimensions are then deÞned by imposing

!
d

d!
Ji ({ l ! i } , ", #, ! ) = 0 , (4.25)

Then the anomalous dimensions are then given by

$(i )
J = ! (!

d
d!

ZJ
i )ZJ " 1

i , (4.26)

similarly
(4.27)

where the bold faced lettering denotes the convolutional nature of the equation.

5 The Rapidity Renormalization Group and the Regge Trajectory

Let us calculate the leading order running of theS(1,1), which will yield the Regge trajectory.
This correction is down by a factor of %Q relative to the Glauber contribution. There is only one
diagram to calculate in the EFT, the so-called Òeye-graphÓ, which if opened up into the full theory
would correspond to the soft graph topologies corresponding to vacuum bubble, box and cross
box graphs. The ßower graph also contributes at this order but does not contain any rapidity
divergences. The same can be said for the scalar vacuum bubble. To calculate the anomalous
dimensions we are only interested in the rapidity divergent term which is given by

n

øn

= ! i
&4s2 w2

8'#
(3 ! 2")q2

!

!
[dd!

k! ]
k2

! (k! ! q! )2

= i
&4s2 w2

32' 2#
(3 ! 2")

! (! ")2! (1 + ")
! (! 2")

"
! t
øµ2

# " !

. (5.1)

Since there is only one Glauber exchanged the renormalization is multiplicative, as opposed
to convolutive, and we have

$
! (1) = i/q 2

! . We then can write

SB
(1,1) = ÷Z S

(1,1)S
R
1,1. (5.2)

Recalling that that at leading order S(1,1) = 2 it , and that two factors of &s/ 2 get absorbed
into the J Õs we Þnd

÷Z S
(1,1) =

&2t w2

16' 2#
(3 ! 2")

! (! ")2! (1 + ")
! (! 2")

"
! t
øµ2

# " !

. (5.3)

which leads to the RRG equation

!
dSR

(1,1)

d!
= ! ÷$S

(1,1)(t)SR, (5.4)
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with ÷! S
(1,1) being given by

÷! S
(1,1) = !

" 2t
16#2 (3 ! 2$)

! (! $)2! (1 + $)
! (! 2$)

!
! t
øµ2

" ! !

. (5.5)

We way then identify %G(t) = ! 1
2 ÷! S

(1,1)(t) as the graviton Regge trajectory 12

%G(t) =
" 2t

16#2

!
!

3
$

+ 3 log
! t
µ2 + 2 + O($)

"
. (5.6)

We can compare is this leading order Regge trajectory found in the literature. Our results
agree with those given in [17], for the physical non-local piece. The only other result that we are
aware of for the Regge trajectory was given in [18]. The log(t) coe" cient seems to disagree with
ours result, but the result in [18] has dependence on botht as well as an impact parameterz (the
transverse separation between the Wilson lines), so itÕs not clear how to compare.

5.1 The Systematics of the Regge Trajectory

The Regge trajectory is deÞned as the IR divergent anomalous dimensions ofS(1,1) which is not
physical. Nonetheless, it is of considerable theoretical interest. In this paper we have calculated
the leading order trajectory which sums terms of the form t

M 2
pl

log
#

s
! t

$
. For this to be a sysematic

resummation we would need t
M 2

pl
log

#
s

! t

$
" 1, at least for Einstein Gravity, since the existence of

counter-terms starting at order ( t
M 2

pl
)4 will dominate higher order terms in the re-summation if

the criteria above is not met. The same conclusion applies to the running of higher dimension soft
operators (or collinear for that matter), and their subsequent BFKL type of equations. There is
evidence that N = 8 supergravity is Þnite, having the same UV behavior asN = 4 SYM theory
[73]. If this were indeed the case then resummation program forN = 8 [29, 30] would indeed be
systematic. However, even that conclusion would be model dependent, as the lack of divergences,
while compelling, does not necessarily imply that the counter-terms, the existence of which are
still being debated [74], donÕt contribute to the amplitude. If the theory were truly UV complete
then these contributions would vanish and resummation would be systematic.

6 The Gravitational BFKL Equation

In this section we derive the gravitational BFKL equation, which was Þrst given for the total
cross section in [75]. As shown in [42], the BFKL equation is derived in the EFT through the
renormalization of S(2,2). We perform this renormalization, and then we generalize this result
and renormalize S(N,N ) for arbitrary N . It is worth emphasizing that there is nothing special
about N = 2 other than the fact that this is the Þrst soft operator which obeys convolutional
running. There are also BFKL like equations for higher N . The caveats about the systematics
in the previous discussion of the Regge trajectory apply here as well.
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Agrees with Lipatov seems disagrees with 
Schnitzer et al.



BFKL Equation (renormalizing two Glauber Exchange)

n

øn

n

øn

n

øn

Figure 2 : Diagrams needed for the renormalization ofS(2,2). The Þrst two diagrams are soft eye
insertions into a Glauber rung, while the third diagrams is H graph.

6.1 Renormalizing S(2,2)

There are only two loop topologies which renormalizeS(2,2) corresponding the H graphs and eye
graphs as shown in Þgure (2). Graphs such as those involving scalar contributions to the Glauber
polarization have no rapidity divergences. The H-graph, shown on the right hand side of Þgure
(2) with no additional Glauber rungs, is calculated using the Feynman rule for the Lipatov vertex
in Fig. ( 7b), and is given by

iM H =
i ! 6s3

8

! [ddkn ][ddkøn ] w!4
"
"
"k!

n " k+
øn

! "

"
"
"
" 2" "

N (kn , køn)

((kn ! køn)2 + i ")
#

p+
1 + k+

øn + (køn # + q# / 2)2

p!
1

+ i "
$ #

p"
2 ! k"

n + (kn # + q# / 2)2

p+
2

+ i "
$

DG

,

(6.1)
where we have deÞned

DG = d1 d2 d3 d4,

N (kn , køn) =
%

q2
# ((kn ! køn)2 + q2

# ) ! (d1 + d4)(d2 + d3) !
1

k+
n køn

(d1d4 + d2d3)(d1 + d2 + d3 + d4 ! 2q2
# )

!
1

(k+
n køn)2

&
(d1 ! d3)(d2 ! d4)(d1d4 + d2d3) + d5(d1d4 ! d2d3)(d1 ! d2 ! d3 + d4)

! d2
5(d1d4 + d2d3)

'
(

w2
"
"
"
"
k+

n + k"
øn

#

"
"
"
"

" "

, (6.2)

d1 = kn# 2 , d2 = ( kn# + q# )2, d3 = k2
øn# , d4 = ( køn# + q# )2, d5 = ( kn# ! køn# )2.

To compute the H-graph we must be sure to handle the$ regulators properly, as discussed in
[42], by integrating over the O(%2) Glauber k"

n and k+
øn components of momenta, expanding in$!

and taking w! " 1. In principle we must make a choice of± i " in the eikonal factors of (k+
n ± i ")

and (k"
øn ± i "), but as discussed in [42, 43], any additional contributions are removed by zero-bin

subtractions [76](which vanish), and so the result for the integral is independent of the choice.
Changing variables tok+

n ! k"
øn = k0 and k+

n + k"
øn = k3, we can perform thek0 integral by contours

12 Note that there is an additional factor of 1 / 2 because the trajectory is deÞned asM ! (s/ " t)! .
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Using the result of Eq. (4.18) for S(0)
(2,2) , we can then extract the anomalous dimension! (2,2) :

! (2,2)(k! , p! ) =
" 2

4#
K GR (k! , p! )+2 $ød" 2(k! ! p! )p2

! (p! ! q! )2(p2
! %G(p! )+( p! ! q! )2%G(p! ! q! )) .

(6.10)
This rapidity RGE reproduces the gravitational analogue of the BFKL equation, given by Lipatov
[75], in his Eq. (80). It is interesting to compare this anomalous dimension to the one computed
in QCD. There, one has[42]

! A 1A 2;B 1B 2
(2,2),YM =4&sf A 1B 1C f A 2B 2C K YM (k! , ' ! ) (6.11)

+ 2$A 1B 1 $A 2B 2 $ød" 2(k! ! ' ! )' 2
! (' ! ! q! )2(&R(' ! ) + &R(' ! ! q! )) ,

where &R is the gluon Regge trajectory, and the QCD kernel is given by

K YM (k! , ' ! ) = q2
! +

' 2
! (q! ! k! )2 + k2

! (' ! ! q! )2

(' ! ! k! )2 (6.12)

The QCD and gravity anomalous dimensions have obvious structural similarities, in that they
are both the sums of a kernel representing a gluon/graviton exchange and a Reggeization term
on each Glauber exchange. Quite remarkably, there is also a relation between the convolutional
kernels. SpeciÞcally, one has

K GR (k! , ' ! ) = ( K YM (k! , ' ! )) 2 + scaleless, (6.13)

where the Ò+ scalelessÓ means terms which lead to scaleless integrals in the convolutions and
thus vanish. It has long been appreciated that there exists a double copy relation between the
QCD and gravitational Lipatov vertices [ 32, 75, 77], so it is perhaps not too surprising that
this extends to the emission piece of the anomalous dimension. The authors are unaware of any
previous mentions of this squaring relation in the literature, although it could have been noticed
as early as [75].

6.2 The BFKL Equation for all Soft Functions

We now extract the one loop anomalous dimensions ofS(N +1 ,N +1) for arbitrary N . There is a
very limited class of diagrams which can contribute:N -Glauber boxes with a soft eye insertion on
one rung, or N -Glauber boxes with a graviton exchanged between two rungs, i.e. the H diagram
with additional Glauber rungs. We may write the contribution of the amplitude then as

!

j>k

iM jk
H +

!

j

iM j
SEB = J (0)

(N +1) " S(1)
(N +1 ,N +1) " øJ (0)

(N +1) , (6.14)

where M jk
H denotes a graviton exchange between Glauber rungsj and k, and M j

SEB denotes an
insertion of the soft eye on rungj . Adding additional Glauber rungs does not complicate the
calculation of the diagrams, since, as discussed above, the soft loops are insensitive to the Glauber
k± . Each additional Glauber loop, beyond the Þrst, adds a factor of (! i )i 2" 2 s

2[dd!
ki ! ]/k i ! 2 ,

as well an additional factor that arises, from performing the Glauber lightcone integrals, of
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Agrees with Lipatov Result.   

Allows us to extract higher PM classical logs without having to do higher loops integrals
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QCD



Hunting Classical Logs

To calculate the leading classical  log at (2N+1) PM we need to calculate the N loop correction 
to the (N+1,N+1) Glauber.

n

øn

n

øn

n

øn

Figure 3 : Diagrams needed for the renormalization ofS(2,2). The Þrst two diagrams are soft eye
insertions into a Glauber rung, while the third diagrams is H graph.

the leading order trajectory which sums terms of the form t
M 2

pl
log

!
s

! t

"
. For this to be a sysematic

resummation we would need t
M 2

pl
log

!
s

! t

"
! 1, at least for Einstein Gravity, since the existence of

counter-terms starting at order ( t
M 2

pl
)6 will dominate higher order terms in the re-summation if

the criteria above is not met. The same conclusion applies to the running of higher dimension soft
operators (or collinear for that matter), and their subsequent BFKL type of equations. There is
evidence that N = 8 supergravity is Þnite, having the same UV behavior asN = 4 SYM theory
[76]. If this were indeed the case then resummation program forN = 8 [30, 31] would indeed be
systematic. However, even that conclusion would be model dependent, as the lack of divergences,
while compelling, does not necessarily imply that the counter-terms, the existence of which are
still being debated [77], donÕt contribute to the amplitude. If the theory were truly UV complete
then these contributions would vanish and resummation would be systematic.

6 The Gravitational BFKL Equation

In this section we derive the gravitational BFKL equation, which was Þrst given for the total
cross section in [78]. As shown in [43], the BFKL equation is derived in the EFT through the
renormalization of S(2,2). We perform this renormalization, and then we generalize this result
and renormalize S(N,N ) for arbitrary N . It is worth emphasizing that there is nothing special
about N = 2 other than the fact that this is the Þrst soft operator which obeys convolutional
running. There are also BFKL like equations for higher N . The caveats about the systematics
in the previous discussion of the Regge trajectory apply here as well.

6.1 Renormalizing S(2,2)

There are only two loop topologies which renormalizeS(2,2) corresponding the H graphs and eye
graphs as shown in Þgure (3). Graphs such as those involving scalar contributions to the Glauber
polarization have no rapidity divergences. The H-graph, shown on the right hand side of Þgure
(3) with no additional Glauber rungs, is calculated using the Feynman rule for the Lipatov vertex
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which is given at one loop by

iM (log)
H = ! log

!
! 2

! t

"
2G3s3

!
øµ2

! t

" 2! !
!

6 ! 4"
3

B (1, 1)B (1, 1 + ") + B (1, 1)2
"

, (7.3)

where B (a, b) is the coe! cient of the one-loop bubble integral in 2! 2" dimensions:

(4#)! !
#

[d2! ! k" ]

[$k2
" ]a[($k" + $q" )2]b

=
B (a, b)

4#
($q2

" )1! ! ! a! b, (7.4)

with

B (a, b) =
" (1 ! a ! ")" (1 ! b! ")" (! 1 + a + b+ ")

" (a)" (b)" (2 ! a ! b! 2")
. (7.5)

which leaves for the 3PM classical log in impact parameter space

%(2,log)
Cl = i log

!
! 2

! t

"
G3s2

b2

$
øµ2b2

%3!

#1! ! 24!

" (1 ! 3")" (! ")3

3" (2")

!
3" (! ")" (1 + ")2

" (! 2")2 ! 2
(3 ! 2")" (1 + 2 ")

" (! 3")

"
,

= i log(s)
4G3s2

b2

!
!

1
"

+ 2
" $

øµ2b2
%3!

#1! ! 24! + O("). (7.6)

This reproduces the result [78, 79]. As a cross-check, this also reproduces theO("3) of the eikonal
phase given in [80? ? ] for N = 8 supergravity. However, our result at order "4 seems to disagree
with the Òpossible guessÓ made for this term.

The phase is imaginary indicating that it is a consequence of real radiation. At next order
(5PM) the leading log will be real since it will arise from S(3,3) which has an additional Glauber,
each of which generates a factor ofi . This process will continue asN is increased.

7.2 Extracting Classical Logs to any PM Order

This procedure may be generalized to extract classical logarithms at any PM order by solving
the rapidity RGEs for higher Glauber soft functions. To see this consider the (2N + 1)PM term.
This contribution to the amplitude will scale as

M (2N +1)PM "
Gs2

t
&N

C "
Gs2

t
(Gs)N &N

Q . (7.7)

Since each Glauber loop generates an enhancement of" s/M 2
pl , a classical term will generally

involve N Glauber loops andN soft loops. To obtain the (2N + 1)PM term, we then need to
calculate the N -loop correction to S(N +1 ,N +1) , as this is the only operator in the EFT that has
the appropriate number of s/M pl enhancements. That is, only need to consider one of the soft
operators at each order in theP M expansion. As a concrete example, we have already computed
the one loop correction toS(2,2), which gave the 3PM correction to the amplitude. To calculate
the log at 5PM, it seems that we need the two loop correction toS(3,3). However we can get that
log indirectly via the RRG. By computing the one soft loop correction to S(N +1 ,N +1) , we can
extract the lowest-order anomalous dimension and write down the leading RRGE. The solution
of this equation generates a series of logs in powers of&Q log(s), and so by picking out the N th
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Now we can get the 5PM log by iterating RRG equation for S(3,3).



Comparing the sum of Eqs. (6.15) and (6.16), we can obtain S(1)
(N +1 ,N +1) :
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The leading RRGE is then given by
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Recalling the deÞnition ofS(0)
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we Þnd the anomalous dimension is given by
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A few comments are in order. Firstly, we note that although it appears that the anomalous
dimension might be imaginary for evenN , this is somewhat illusory, as the factor ofi N +1 drops
out in the convolution. This is also the case with the overall factor of (N +1)!. Secondly, we note
that this does return ) (2,2) in Eq. (6.10) when setting N = 1. To see this, we apply" momentum
conservation to setk2 = q ! k1 and $2 = q ! $1. This also reproduces) (1,1) after setting N = 0.
We simply drop the terms involving K since there is no convolution at the one Glauber level, and
we have

) (1,1) = iq2
! &G(q! ). (6.23)

The reason for the discrepancy of a factor ofiq2
! between this anomalous dimension and the

Regge trajectory computed in Section5 is that this factor comes from the convolution for S(1,1),
and in Section 5 this factor has been absorbed into the anomalous dimension, as the convolution
is trivial. For N # 2, this cannot be consistently done, and so the factor from the convolution has
been pulled out. Lastly, we mention that the anomalous dimension is symmetric underki ! $ $i ! .
This is not obvious given the deÞnition of the kernelK in Eq. (6.17). Under the support of the
" delta-functions in the convolutions, one can see that) (N,N ) is indeed symmetric.
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Comparing the sum of Eqs. (??) and (??), we can obtain S(1)
(N +1 ,N +1) :
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The leading RRGE is then given by
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Recalling the deÞnition ofS(0)
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we Þnd the anomalous dimension is given by
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A few comments are in order. Firstly, we note that although it appears that the anomalous
dimension might be imaginary for evenN , this is somewhat illusory, as the factor ofi N +1 drops
out in the convolution. This is also the case with the overall factor of (N +1)!. Secondly, we note
that this does return ) (2,2) in Eq. (??) when setting N = 1. To see this, we apply " momentum
conservation to setk2 = q ! k1 and $2 = q ! $1. This also reproduces) (1,1) after setting N = 0.
We simply drop the terms involving K since there is no convolution at the one Glauber level, and
we have

) (1,1) = iq2
! &G(q! ). (6.23)

The reason for the discrepancy of a factor ofiq2
! between this anomalous dimension and the Regge

trajectory computed in Section ?? is that this factor comes from the convolution for S(1,1), and
in Section ?? this factor has been absorbed into the anomalous dimension, as the convolution is
trivial. For N # 2, this cannot be consistently done, and so the factor from the convolution has
been pulled out. Lastly, we mention that the anomalous dimension is symmetric underki ! $ $i ! .
This is not obvious given the deÞnition of the kernelK in Eq. (??). Under the support of the "
delta-functions in the convolutions, one can see that) (N,N ) is indeed symmetric.
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Solve iteratively:

using (??) and (??) which leaves for the 3PM classical log in impact parameter space
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This reproduces the result [? ? ]. As a cross-check, this also reproduces theO($3) of the eikonal
phase given in [? ? ? ] for N = 8 supergravity. However, our result at order $4 seems to
disagree with the Òpossible guessÓ made for this term. Note theLog(s) comes from the fact that
to eliminate all of the large logs from the collinear sector, and place them into the soft sector, we
choose" 2 = s.

The phase is imaginary indicating that it is a consequence of real radiation. At next order
(5PM) the leading log will be real since it will arise from S(3,3) which has an additional Glauber,
each of which generates a factor ofi . This pattern will continue as N is increased.

i#! ! 22! 8! (G5s3)b10! ! 4 exp(9%$)
#

3
8#4$2 !

3
#4$

!
3&(3)
4#4 +

5
32#2 +

15
2#4

$
log2(s); (7.4)

7.2 Extracting Classical Logs to any PM Order

This procedure may be generalized to extract classical logarithms at any PM order by solving
the rapidity RGEs for higher Glauber soft functions. To see this consider the (2N + 1)PM term.
This contribution to the amplitude will scale as

M (2N +1)PM "
Gs2

t
' N

C "
Gs2

t
(Gs)N ' N

Q . (7.5)

Since each Glauber loop generates an enhancement of" sG, a classical term will generally involve
N Glauber loops andN soft loops. To obtain the (2N +1)PM term, we then need to calculate the
N -loop correction to S(N +1 ,N +1) , as this is the only operator in the EFT that has the appropriate
number of s/M pl enhancements. That is, we only need to consider one of the soft operators at
each order in the P M expansion. As a concrete example, we have already computed the one
loop correction to S(2,2), which gave the 3PM correction to the amplitude. To calculate the
log at 5PM, it seems that we need the two loop correction toS(3,3). However we can get that
log indirectly via the RRG. By computing the one soft loop correction to S(N +1 ,N +1) , we can
extract the lowest-order anomalous dimension and write down the leading RRGE. The solution
of this equation generates a series of logs in powers of' Q log(s), and so by picking out the N th
order term in the series, we have selected the classical log generated by the RRG. Moreover,
this tells us that the (2N + 1)PM contribution will generically contain log N (s). At 3PM, we
see this with the single log(s), and at 5PM we can expect the logarithmic term to be a log2(s).
These logs predicted by the one loop RRGÕs will also be the leading logs at each PM order.
Rapidity anomalous dimensions are independent of" and therefore of log(s), so the RRG can
only generate a single power of log(s) at each order. An m-loop diagram can then at best generate
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iM (b) =

Alessio,Del Duca,Gonzo,Rosi,IZR,Saavedra

It is interesting to ask what set of topologies will not be included in our subset consisting of
all diagrams which are symmetric under Glauber interchanges? Non-symmetric diagrams arise
one we start including the so-calledn ! s Glaubers which are Glaubers exchanged between softs
and collinears (these are as opposed to øn ! n Glaubers).

Figure 3 : A diagram which does not vanish by our proof. The intermediate vertical lines are
øn ! s and n ! s Glauber lines.

9 Soft Radiation

Another Classical observable of interest is the radiated momentum and angular momentum.
These observalbes are less interesting in the sense that for identical incoming partons the result
will vanish to all order by symmetry under n ! øn interchange and Lorentz covariance since the
radiative momentum must be proportional to qµ

! which is odd under n ! øn interchange. This
result is born our in the result for massive partons whenm1 = m2.

10 Checks Against Known Fixed Order Results

S(l i , ki ) = 16 log2 !
!

[d2l "1][d2l "2]
l "12l "22(q ! l "1 ! l "2)

" (3,3)(l
"
i ; k1, k2, q ! k1 ! k2)" (3,3)(l i ; l "i ) (10.1)

11 Conclusions and Future Work
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What does this have to with the Relativistic Black Hole Inspiral case(s>>m^2>>t) ?

We will show that
1) The MSF diagrams do not contribute to the radiated   momentum,


at all order in the PM expansion. No leading  logs in radiated momentum up to 


m^2/s corrections.

All of these claims follow from two emergent properties of the GGSCET

a) Reparameterization invariance (non-linear realization of Lorentz)

b) Rapidity Renormalization Invariance.

c) Factorization

3) Leading log at each PM order will be identical to the massive case, 


up to corrections of order m^2/s.

2) The leading log at each order in PM does not contribute to the impulse.



1) Leading log at each PM order is maximally SF


 We can fix all the logs either by considering the Jets or the Soft, so 
we can focus on the Soft function at leading Log (collinears will 
untroduce powers of G.

RPI dictates that 
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S( I,J ) ! ! IJ

for the entries. The functions J, S, ZJ , ! have the following counting

J! =
!
O(g1), O(g2), O(g3), O(g4), . . .
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, (3.20)
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The counting for the collinear functions tracks the lowest order result in Eq. (3.8). Here, 1Õs
appearing on the diagonal terms ofS and ZJ are deÞned to be the leading order expression of
S(i,i ) as in Eq. (3.7). The order counting in g is easiest to see in the soft sector. For example, the
Þrst non-trivial transition is the 2 ! 3 transition arising from the so called Òtennis courtÓ graph

, (3.24)

which is O(g3) in the soft sector from the three Glauber-soft couplings.4 The generalization to
higher n ! m transitions is straightforward.

These matrices are similar to what appears for the ReggeW operatorÕs evolution in Ref. [19].
The closest analogy is to the evolution of ourS, since both equations have a similar matrix form.
There are however some important di! erences, related to the fact that the Glauber exchanges

4This diagram again illustrates the distinction between Glaubers and Reggeons. In the Reggeon Field such a
diagram would violate signature.
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=0
Glauber light cone momenta only appear in the collinear propagators. Moreover, the soft light
cone momenta only show up in soft lines since they are sub-dominant when they run through
collinear lines and thus multi-pole expanded away. Thus we may perform all of the Glauber light
cone momentum integrals with relative ease.

In this paper we will not be concerned with collinear corrections since we can calculate all of
the terms of interest (Logs) purely from the soft function 16, so a generic diagram will take the
following form Note that all cross boxes vanish when we use the regulator where each Glauber

á á á á á á á á á á

Figure 2 : The vertical lines are Glaubers while the blob represents all possible soft loops.

rung with momentum ki is weighted by a factor of| 2kz
i

! |! " . In the absense of any soft corrections
we can write down the result for the integral with n Glaubers

iM n =
(! i )n ! 2n

22n! 1

sn+1

n!

n! 1!

i =1

"
[dd!

ki ]
(i #µ2#)n+1

(k1" + q" )2(k2" ! k1" )2....(kn! 1" ! kn! 2" )2k2
n! 1"

(4.22)

Note the momenta here are Minkowskian.
The sum over n can be performed by going to impact parameter space leaving

÷M n(b" ) =
(! i )n+1 ! 2n

22n

sn

n!

#

$!
! (! ")

4#

%
µ |$b" | e$E

2

& 2#
'

(

n

. (4.23)

where
÷M (s, b) =

"
død! 2q"

M (s,$q2
" )

2s
ei %q" á%b. (4.24)

The series resums to get the usual eikonal phase (see eq, (4.24) for norm)

M (b) = i (1 ! ei &) (4.25)

where

%=
! 2s
4

#

$ ! (! ")
4#

%
µ |$b" | e$E

2

& 2#
'

( (4.26)

16 Since the full amplitude is independent of ! the log(! ) in the collinear functions sum to minus the the log(! )
in the soft function.
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All non zero softs of the form MSF terms

Which proves the assertion and since the softs are independent of the masses, the 
leading log in the massless case is identical to the massive case.



The vanishing of the leading log contribution 
to the radiated momentum follows since by 
covariance

<latexit sha1_base64="VEufIVD0zzMelv7M+/7q2DfK0XU="></latexit>

!Pµ " = Aqµ
! + Bpµ

1 + Cpµ
2

But the soft function is independent of 
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pµ
1 , pµ

2

So the leading log contribution (as well as the full set of 


gauge invariant diagrams at maximal SF) does not contribute to the radiated momentum.

Agrees at 3PM level with: Herrmann et al.    2104.03957v1


Di Vecchia et al.    	 [2008.12743]. 




Leading Log (maximally SF) piece does not contribute to the 
impulse to all Order:

In addition there are soft modes with scaling

kµ
s ! (

"
t,

"
t,

"
t). (5.5)

6 Justifying items 5-7

7 The Classical Impulse

The KMOC formula [ ? ] for the classical impulse on then-collinear projectile is given as

#! pµ
n$= #! in | S  Pµ

nS |! in $ % #! in | Pµ
n |! in $, (7.1)

where Pµ
n returns the momentum ßowing through the n-collinear projectile. The subset of dia-

grams we will be considering do not include collinear loops which are leading order in" for the
massless case under consideration. Nonetheless, the diagrams which are within the subset under
consideration will capture all of the large rapidity logs.

The states |! in $ are composed of locallized wave packets

|! in $=
!

[d4p1][d4p2]#(+) (p2
1)#(+) (p2

2)$1(p1)$2(p2)eibáp1 |p1, p2$in . (7.2)

The $i (pi ) are wave functions normalized to 1 over on-shell phase-space, and the#(+) are given
by

#(+) (p2
i ) = (2 %)&(p0

i )#(p2
i ). (7.3)

Using the standard decomposition of the S matrixS = 1 + iT , we may rewrite the impulse as

#! pµ
n$= #! in | i [Pµ

n , T] |! in $+ #! in | T   [Pµ
n , T] |! in $

=
! "

4#

i =1

[d4pi ]#(+) (p2
i )

$

$1(p1)$2(p2)$!
3(p3)$!

4(p4)eibá(p1! p4) (7.4)

&
%
#p3, p4| i [Pµ

n , T] |p1, p2$+ #p3, p4| T   [Pµ
n , T] |p1, p2$

&
.

The Þrst term gives

#p3, p4| i [Pµ
n , T] |p1, p2$= i (pµ

3 %pµ
2) #p3, p4| T |p1, p2$,

= iqµM 2" 2, (7.5)

where we have usedq = p3%p2 = p1%p4. At leading power in the high-energy expansion, we have
qµ = qµ

# as the other components are suppressed by" . At (2 N %1)PM order, the diagrams which
contribute to the leading log from the soft sector will involve N Glauber insertions connected by
soft gravitons. The total contribution from the sum over all such diagrams, after performing all
lightcone integrals as well as the soft transverse momenta integrals we have,

M amp =
(%i )N +1 ' 4N ! 2sN +1

22N ! 1N !

! N#

i =1

[dd!
ki # ]#ød!

(q %
'

i

ki # )I N ({ ki # } ). (7.6)
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contribute to the leading log from the soft sector will involve N Glauber insertions connected by
soft gravitons. The total contribution from the sum over all such diagrams, after performing all
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Here, we have explicitly pulled out the overall Glauber lightcone integral factor from the diagrams,
as well as all factors ofi . Because the soft blob is very general, apriori the integarls will not be
symmetric under the interchange of Glauber momenta. However, for the class of diagrams we
are considering there will always be a symmetric diagram which contributes such that the sum
is invariant under interchange of Glauber momenta. It is important to realize that in the EFT,
each soft blob is gauge-invariant on its own, as it corresponds to a sum of Feynman diagrams
with gauge invariant vertices.

For the cut term in Eq. ( 7.4), it is convenient to label cut diagrams into those with j
Glauber exchanges on one side of the cut, andN ! j Glaubers on the other side. There are
two contributions to the cut term. In the Þrst term, Pn picks out momentum p2, while in the
second termPn returns p2 + K j ! , where K j ! =

! j
i =1 ki ! . Taken together, this means that the

integrand for the cut term is the integrand for the cut amplitude with an extra factor of K µ
j ! in

the numerator (at leading power in the high-energy expansion). As previously mention the light
cone integration over the soft momenta does not distinguish between cut and uncut diagrams
save for the requisite factor ofi . The same statement holds for the cut collinear lines, as the box
diagram is purely imaginary with our rapidity regulator, i.e.

I uncut
box =

1
2

I cut
box. (7.7)

The integrals over the lightcone momenta are the straightforward with the amplitudes on
either side of the cut just give the expected factors of (! i )j +1 / 22j " 1j ! and (i )N " j +1 / 22(N " j )" 1(N !
j )!, where the change in sign on the factor ofi in the second term comes from computing the
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For second term:

Sum over all 


cuts gives q 


times uncat

https://arxiv.org/abs/1811.10950


How? In the EFT soft line and uncut lines are numerically same because the soft 
light-cone momentum do not appear in the collinear lines after multipole 
expanding. Thus soft are oblivous to the cuts.  The integrals are then invariant 
under exchange of any Glauber momenta, thus if there are N Glaubers

conjugate amplitude. We may then write the integrand as

M µ
cut =

N ! 1!

j =1

(! i )j +1 (i )N ! j +1 ! 4N ! 2sN +1

22N ! 1j !(N ! j )!

" N#

i =1

[dd!
ki " ]"ød!

(q !
!

i

ki " )I N ({ ki " } )K µ
j " . (7.8)

Now we use the fact that the sum of diagrams will be symmetric under the interchange of any
Glauber momenta ki

" , and furthermore
$

i ki
" = ! q" so that we may make the replacement

ki
" " ! q"

N .

M µ
cut =

N ! 1!

j =1

(! i )j +1 (i )N ! j +1 ! 4N ! 2sN +1

22N ! 1j !(N ! j )!

" N#

i =1

[dd!
ki " ]"ød!

(q !
!

i

ki " )I N ({ ki " } )
j
N

qµ
" ,

= ! qµ (! i )N ! 4N ! 2sN +1

22N ! 1N !

" N#

i =1

[dd!
ki " ]"ød!

(q !
!

i

ki " )I N ({ ki " } ). (7.9)

If we add this to the uncut term iqµ
" M amp (Eq. (7.6)), we the have

iqµ
" M amp + M µ

cut = 0 , (7.10)

and hence the net contribution of this subset of diagrams to#! pµ
n$ vanishes at all PM orders.

8 The Physical Content of this Subset of Diagrams

We have just shown that a gauge invariant sub-set which contributes to the scattering amplitude
give a vanishing contribution to the classical impulse at all orders. As is, this is not a terribly useful
result for those who are doing the direct calculation of the amplitude since, as we have mentioned,
the EFT diagrams involve a sum of multipole expanded full theory diagrams. However, we do
know that this set of vanishing weight include the leading log contribution at any given order. It
will also involve sub-leading logs as well but it does not capture all of the sub-leading logs.

Figure 2 : Left: Diagram that generates the leading-order rapidity anomalous dimension
(O(#C )). Right: Diagram yielding the leading-order anomalous dimension forS3 (double log
at O(#2

C )).

The Þrst Þgure will generate the leading log correction of order 3PM , while the second
diagram along with its symmetric partner will generate the PM double log. Our result implies
that neither of these contributions will contribute to the impulse. Needless to say there will be
quantum logs that contribute (the so-called Regge poles), but are not of interest to us given the
model dependent nature of the quantum corrections (for a discussion see [? ]).
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Allows us to make the replacement
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(O(#C )). Right: Diagram yielding the leading-order anomalous dimension forS3 (double log
at O(#2

C )).

The Þrst Þgure will generate the leading log correction of order 3PM , while the second
diagram along with its symmetric partner will generate the PM double log. Our result implies
that neither of these contributions will contribute to the impulse. Needless to say there will be
quantum logs that contribute (the so-called Regge poles), but are not of interest to us given the
model dependent nature of the quantum corrections (for a discussion see [? ]).

Ð 7 Ð

We conclude that the leading logs diagrams do not contribute to the impulse at any order 
in PM expansion.

The massive theory is currently understudy



Teather the point to null infinity gives it a geometric meaning: i.e. 
choose the argument of the field such that it is invariant under diffs:
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! (xµ ! vµ (0)) Is the a diff invariant
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vµ (0)
Iteratively solve the geodesic equation

<latexit sha1_base64="FgYevK48+RkiDQQpSjobaY7U5Ow="></latexit>

d
ds

vµ (s) = ! ! µ (h)!" v! (s)v" (s)

have mass dimension one, and scale as! ! in the power counting. Each operator is additionally
invariant under collinear di ! eomorphisms.

Let us Þrst consider building a di! . invariant scalar Þeld. This is accomplished (see [90])
by considering a platform at minus inÞnity (where di! s are no longer gauge redundancies) and
shooting out a geodesic in a directionµ = " orthogonal to the codimension one hypersurface
which is coordinatized by ÷xµ. One then labels the points in the bulk as

xµ = ÷xµ + öx! s + vµ(s). (A.3)

where vµ("# ) = 0. öx! is the unit vector orthogonal to the platform. The end-point of the
geodesic in the bulk is taken ats = 0. In ßat space vµ(0) = 0, i.e. we choose the point to be at
x! = 0. This allows us to deÞne a gauge invariant (geometric) quantity

#(xµ " vµ(0)) . (A.4)

Taking the point of interest (the arugment of the Þeld) to be at s = 0, we see thatvµ(0) = X µ
n

is the change in the value of the coordinate in going to our genearalized coordinate system.X µ
n

is found by integrating the geodesic equation such that at second orderX n is given by [91]
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(A.5)
In the above, " (1) and " (2) are the one and two graviton terms in the Christo! el symbols. The
operator building blocks are then given, to leading order in the metric,

$n = #n +
"
2

1
" i øná P

!
hn+ µ "

Dµhn++

" 2i øná P

$
Dµ#n + O(" 2). (A.6)

We then deÞneV ! 1
n a translation operator, which shifts the argument of a Þeld fromx by

X n:

V ! 1
n = 1 + X µ

n Dµ +
1
2

X µ
n X "

n DµD" + ..., (A.7)

where D is the operator 13

Dµ = " i
nµ

2
øná P" iP"

µ +
ønµ

2
ná%. (A.8)

The point X n is chosen such that the argument of the Þeld is di! . invariant order by order in
metric perturbations. The scalar building bloack is then deÞned as

$n =
%
V ! 1

n #n
&

,

(A.9)

For a tensor Þeld we need to additionally transform the indices according to the coordinate

13 The label operator which acts on the O(! 0) momentum obeys the following equivalence P = i " .
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