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 Surfaceology Meets Borinsk-ology

A NUMERICAL strategy to evaluate AMPLITUDES at high (=10) loop orders

… which Amplitudes?



Which Amplitudes?

Massive,  theory, in D=2 space-time dimensions Tr(ϕ3)

Today I will focus only on a very RESTRICTED setting:

Why? These amplitudes are FINITE: immediately amenable to numerical integration. 

To extend the ideas presented here to more relevant theories: deal with divergences & numerators 

I am optimistic this can be done and I will describe concrete steps to do so at the end of this talk
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Tr  theoryϕ3

ϕ = ϕa,b a, b = 1,…, N → ℒ = Tr ϕ3

It is convenient to draw diagrams of the theory as fatgraphs , which are associated to surfaces SΓ

Γ S(Γ)



Topological expansion

An(pi, (a, b)i) = ∑
S

CSAS(pi ⋅ pj)

The amplitudes are organized in a topological expansion that separates color and kinematics

The sum runs over all orientable surfaces S, the color ordered amplitude  is given by the corresponding fatgraphsAS

AS = ∑
Γ|S(Γ)=S

Val(Γ)



Curves On Surfaces

The departure point of Surfaceology is to move from graphs to curves

Maximal collections of non-crossing curves are dual to fatgraphs 

There are many more graphs than there are curves! 



Curves & Kinematics

/409

A rule assigns every curve C to a momentum PC

To the curve C we assign a “propagator” XC = P2
c + m2

At loop level this rule gives a global momentum routing for all diagrams 



Headlight Functions

/4010

To a curve C we associate a matrix by the replacements

L → [1 0
1 1] R → [1 1

0 1] MC = [aC bC

cC dC]
We use this to construct the Headlight Function

uC =
aCdC

bCcC
αC = Trop uC := uC

ye → [1 0
0 ye]

x + y → max(x, y)
x × y → x + y
x/y → x − y



Curve Integrals

/4011

In Surfaceology, amplitudes are presented as a global integral

AS = ∫ℝE

dt
MCG ∫ dDℓ exp − ∑

C∈Curves(S)

XC αC(t)

Let us not worry about the MCG for now



Examples

/4012



The Feynman Decomposition

/4013

The common domain of linearity of the Headlight functions are in 1-1 correspondence with Feynman Diagrams

Decomposing the integral in these regions 

reproduces the usual sum-over-graphs

In each domain the curve integrand collapses to 

the Schwinger Parametrization of that diagram

However, different decompositions are also possible!



Parametric Curve Integrals

/4014

The integrals over  are Gaussian and can be performed exactlyℓ

AS = ∫ℝE

dt
MCG ∫ dDℓ exp (−∑

C

XC αC(t))
Define 

∑
C

αCXC = ℓiΛijℓj + Jiℓi + Z 𝒰 = det Λ ℱ = JTΛ−1J + Z𝒰

AS(XC) = Γ(E − LD/2)∫ℙ(E−1)
≥0

dt
GL(1) × MCG

𝒰E−(L+1)D/2ℱ−(E−LD/2)

Then 
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Monte Carlo Integration

/4016

A = ∫ Idx = ∫
I
J

(Jdx)

To estimate A by MC, generate  samples  distributed according to , and use N xi dμ = J(x)dx

Aest =
1
N ∑

i ( I(xi)
J(xi) )

The precision of the estimator is given by 

Var(Aest) =
Var(I)J

N
Either we increase N or we decrease the variance changing the sampling distribution J (importance sampling) 



Tropical Sampling

/4017

Borinsky´s idea is to use as sampling distribution the tropical integrand 

ℐtr = 𝒰E−(L+1)D/2ℱ−(E−LD/2) x + y → max(x, y)

1. Compute the curve integral        (a.ka. Hepp bound, Panzer) 

2. Find a way to sample according to 

HS = ∫ ℐtr

J =
ℐtr

HS



Sector Decomposition

/4018

Consider the “sector”  where σ = (C1, C2, …, CE) αC1
> αC2

> …

ℐtr =
E

∏
i=2

tdS∖C1…Ci−1
−1

α1 = t1
α2 = t1t2
α3 = t1t2t3

. . .

After a simple change of variable the tropical integrand simplifies to a monomial

Hσ = ∏
1

dS∖C1…Ci

Within each sector the tropical integrand is essentially uniform. Each sector contributes with

How to sample sectors according to their contribution? Too many to list them all!  ( )E! × |Graphs |

HS = ∑
σ

Hσ



The dual barycentric decomposition

/4019

  As C runs over  the cells  form a fundamental domain for MCG Curves(S)/MCG DC = {αC ≥ αC′￼
}

HS = ∑
C∈Curves(S)/MCG

HS∖C

dS∖C

Integrating over the dual cells gives a recursive formula 



Dual Sampling

/4020

Instead of sampling sectors or diagrams, sample curves 

Pick a curve with probability  p(C) =
HS∖C

dS∖C
/HSHS = ∑

C∈Curves(S)/MCG

HS∖C

dS∖C
→

Cut the surface along the curve, and re-iterate…stop when sufficiently many curves are drawn 



Dual Sampling

/4021



Tests

/4022

NOTE: the number of sample points grow significantly less than the number of diagrams
Using feyntrop one observe that each diagram require roughly the same number of samples
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Towards the Real World

/4024

In order to apply to extend the dual sampling algorithm we need a parametric curve integrandIn order to apply to extend the dual sampling algorithm we need a parametric curve integrandIn order to apply to extend the dual sampling algorithm we need a parametric curve integrand

We need to sample many points: we need fast numerical evaluation

∑
C

αCXC = ℓiΛijℓj + Jiℓi + Z 𝒰 = det Λ ℱ = JTΛ−1J + Z𝒰

I have implicitly used this: determinants are quick to evaluate numerically!

AS(XC) = Γ(E − LD/2)∫ℙ(E−1)
≥0

dt
GL(1) × MCG

𝒰E−(L+1)D/2ℱ−(E−LD/2)



UV/IR divergences

/4025

In surfaceology we can make use of dim-reg:

Can we find a curve integrand for each -order? ϵ

AS = ∑
i

ϵiA(i)
S

We can try with a local subtraction formula, like zero-momentum subtraction (Brown, Kreimer)

ℐren = ∑
forests

(−1)F(τγ1
τγ2

. . . )ℐ
Exponentially many terms…

A better solution is sector decomposition because the subtraction commute and the formula factorize!

ℐren = ∏
i

(1 − τi)ℐ Faster to evaluate numerically!

 expansionτ ∼ Taylor



Beyond Tr ϕ3

/4026

Colorless theories can also be treated in surfaceology (see my talk at QCD meets gravity 2024)

Spinning particles involve numerators in loop representation

These can be converted in parametric space by Wick´s theorem

A good idea could be the derivative trick described in book by Mizera+Hannesdottir

Fast numerical evaluation? How to enumerate quickly Wick´s contractions?



Conclusions

1. Surfaceology+Tropical Sampling gives a powerful numerical strategy to evaluate amplitudes 

2. Extension beyond toy theories plausible, work in progress… 

3. Phase-space integrations? See new work by Borinsky 2504.09613

Thanks for the attention!
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