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Introduction

[Physicd Geometrize scattering amplitudes
{ probability of interaction of particles in a
quantum eld theory. No sum over

Feynman diagrams, amplitudes as 'volume'.

[Math] Class of commutative rings with a
set of distinguished generators €luster
variables and remarkable combinatorics.
To study total positivity and Lie theory.
Grassmannians, ag, Schubert varieties, ...
have a cluster structure.
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Introduction

Amplituhedron [Arkani-Hamed, Trnka '13] Cluster algebras [Fomin, Zelevinsky, '02]
[Physics] Geometrize scattering amplitudes [Math] Class of commutative rings with a
— probability of interaction of particles in a set of distinguished generators (cluster
quantum field theory. No sum over variables) and remarkable combinatorics.
Feynman diagrams, amplitudes as 'volume'. To study total positivity and Lie theory.

Grassmannians, flag, Schubert varieties, ...
have a cluster structure.

[Math] Semialgebraic set which generalises
polytopes inside the real Grassmannian.
Builds on total positivity and matroids.
Originated framework of positive geometry.

Matteo Parisi (Harvard CMSA, |AS) Cluster Promotion Maps 1/19



Introduction

Amplituhedron [Arkani-Hamed, Trnka '13] Cluster algebras [Fomin, Zelevinsky, '02]
[Physics] Geometrize scattering amplitudes [Math] Class of commutative rings with a
— probability of interaction of particles in a set of distinguished generators (cluster
quantum field theory. No sum over variables) and remarkable combinatorics.
Feynman diagrams, amplitudes as 'volume'. To study total positivity and Lie theory.

Grassmannians, flag, Schubert varieties, ...
have a cluster structure.

[Math] Semialgebraic set which generalises [Physics] Singularities of scattering
polytopes inside the real Grassmannian. amplitudes described using cluster algebras
Builds on total positivity and matroids. [Golden, Goncharov, Spradlin et al. '13;
Originated framework of positive geometry. Drummond, Foster, Giirdogan '17].
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Introduction

Am p||tuhed ron [Arkani-Hamed, Trnka '13] ClUSter a|gebl’as [Fomin, Zelevinsky, '02]
[Math] Semialgebraic set which generalises [Math] Class of commutative rings with a
polytopes inside the real Grassmannian. set of distinguished generators (cluster
Builds on total positivity and matroids. variables) and remarkable combinatorics.
Originated framework of positive geometry. Grassmannians, flag, Schubert varieties, ...

have a cluster structure.

In this talk: new ways to generate cluster maps from the amplituhedron!

BCFW tilings and cluster adjacency for the amplituhedron, PNAS, 2024
Cluster algebras and tilings for the m = 4 amplituhedron, arXiv:2310.17727, 2023

Plabic Tangles and Cluster Promotion Maps, in preparation, 2025.

with Even-Zohar, Sherman-Bennett, Tessler, Williams.
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positive Grassmannian

The Grassmannian

Gri.p:=FV:V  R"dim(V) = kg

Represent V by a full-rank K n matrix C (modulo row operations).
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The positive Grassmannian

The Grassmannian

Gri.p:=FV:V  R"dim(V) = kg
Represent V by a full-rank K n matrix C (modulo row operations).

Pliicker coordinates: hli = k  k minor of C with | 2 [Z] as column set.
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The positive Grassmannian

The Grassmannian

Gri.p:=FV:V  R"dim(V) = kg

Represent V by a full-rank K n matrix C (modulo row operations).
Pliicker coordinates: hli = k

k minor of C with | 2 [Z] as column set.

1 2 4 0 . s A r1aE 1 hAAE e
C= 0 0 1 3 ° h12i = 0;h13i = 1;h24i = 6;:::
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Gren = fV iV  R%dim(V) = kg
RepresentV by a full-rank k  n matrix C (modulo row operations).

Plscker coordinates: hli = k k minor of C with | 2 [E] as column set.

;o hl2i =0;h3i =1;24i =6;:::

[C12 Gr,g; [C]2Su i M = [;] nfl:2g

4 0
1 3

2
0

o

Grk;g Gri:n Wherehli ~ 0; 81 2 [L‘] . We can partition Grk;g into pieces:

(n] .
k'

Sv = [Cl12Gr2:Hi>0i I2M ; M

Matteo Parisi (Harvard CMSA, IAS) Cluster Promotion Maps 3/19



Gren = fV iV  R%dim(V) = kg
RepresentV by a full-rank k  n matrix C (modulo row operations).
Plscker coordinates: hli = k  k minor of C with | 2 [E] as column set.

;o hl2i =0;h3i =1;24i =6;:::

[C12 Gr,g; [C]2Su i M = [;] nfl:2g

2 4 0
0 1 3

1
0

Grk;g Gri:n Wherehli ~ 0; 81 2 [L‘] . We can partition Grk;g into pieces:
[n] .
K-

[Postnikov '06] If Sy non—emptyGit is homeomorphic to an open ball. So we have:

Sv = [Cl12Gr2:Hi>0i I2M ; M

Grk:g = Sw; positroid cell decomposition
M
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The positive Grassmannian

The Grassmannian

Gri.p:=FV:V  R"dim(V) = kg
Represent V by a full-rank K n matrix C (modulo row operations).
Pliicker coordinates: hli = k

k minor of C with | 2 [Z] as column set.

1 2 4 0 S S P
C= 0 0 1 3 ° h12|70,h13|71,h24|f6,‘.‘..
[C]12 Gr,g: [C]2 Sm; M = [2] nf1;2g

The positive Grassmannian

Grk;n Gry., where h/li  0; 8/ 2 [Z] . We can partition Grk;?, into pieces:

Smi= [C12Gr2:i>0ifI2M ; M [:] :
[Postnikov '06] If Snpa non-empty, it is homeomorphic to an open ball. So we have:
, &
Grk;n = SM;

positroid cell decomposition
M

Cells have very nice combinatorics (bijections with: decorated permutations, plabic graphs,

)

»
et
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Plabic Graphs

Definition (Plabic Graphs) [Postnikov '06]

A plabic graph G is a planar graph embedded in a disk, such that:

each vertex is either black or white (bicolored)
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Plabic Graphs

Definition (Plabic Graphs) [Postnikov '06]

A plabic graph G is a planar graph embedded in a disk, such that:

each vertex is either black or white (bicolored)

Theorem (Positroid cells and Plabic Graphs) [Postnikov '06]

There is a bijection between positroid cells S in the positive Grassmannian and equivalence
classes [G] of plabic graphs related by moves M1; M2; M3.
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Plabic Graphs

Definition (Plabic Graphs) [Postnikov '06]

A plabic graph G is a planar graph embedded in a disk, such that:

each vertex is either black or white (bicolored)

Theorem (Positroid cells and Plabic Graphs) [Postnikov '06]

There is a bijection between positroid cells S in the positive Grassmannian and equivalence
classes [G] of plabic graphs related by moves M1; M2; M3.

We denote S¢ the positroid cell associated to [G] and say G is of type (k; n) if Sg Grk.g.
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Plabic Graphs

Definition (Plabic Graphs) [Postnikov '06]

A plabic graph G is a planar graph embedded in a disk, such that:

each vertex is either black or white (bicolored)

Theorem (Positroid cells and Plabic Graphs) [Postnikov '06]

There is a bijection between positroid cells S in the positive Grassmannian and equivalence
classes [G] of plabic graphs related by moves M1; M2; M3.

We denote S¢ the positroid cell associated to [G] and say G is of type (k; n) if Sg Grk.g.
RK: There is always a representative G of [G] that is bipartite (with black boundary vertices).
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Plabic Graphs

Definition (Plabic Graphs) [Postnikov '06]

A plabic graph G is a planar graph embedded in a disk, such that:

each vertex is either black or white (bicolored)

[Postnikov '06]

There is a bijection between positroid cells S in the positive Grassmannian and equivalence
classes [G] of plabic graphs related by moves M1; M2; M3.

We denote Sg the positroid cell associated to [G] and say G is of type (k; n) if Sg Grk_?,.
RK: There is always a representative G of [G] that is bipartite (with black boundary vertices).
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The Amplituhedron [Arkani-Hamed, Trnka "13]
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The Amplituhedron [Arkani-Hamed, Trnka "13]

Fix positive integers n; k;m: k+m n.
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The amplituhedron

Fix positive integersn; k;m: k+ m n. Let Z 2 Mat;.(k’+m
be ann (k + m) matrix with max minors positive.

5/19
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The amplituhedr

Fix positive integersn; k;m: k+ m n. Let Z 2 Mat;.(k’+m
be ann (k + m) matrix with max minors positive.

Z: Grk;g ! Glic:k+m
c7nc z

5/19
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The amplituhedr

n. Let Z 2 Mat>.0

n;k+m

Fix positive integersn; k;m: k + m
be ann (k + m) matrix with max minors positive.
Z: Grk.g ! Glic:k+m

c7c z

Then Apm = Z(Gr.p)  Gliksm is the amplituhedron.
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The amplituhedr

The Amplituhedron [Arkani-Hamed, Trnka "13]

. P L >0
Fix positive integers n; k;m: k+m n. Let Z 2 Matn;k_*_m

be an n (k + m) matrix with max minors positive.
Z:6r,5 W Grim
CAaC Z
Then Apm = Z(Grk;g) Gri;k+m is the amplituhedron.

v
Known Families:
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The amplituhedron

The Amplituhedron [Arkani-Hamed, Trnka '13]
Fix positive integers n;k;m: k+m n. Let Z 2 Matn>;2_*_m 7 Zy
be an n (k + m) matrix with max minors positive. , Zs3
Z: Grk;g Y Gri:k+m ,/ X
;7
CAaC 7 147, = Zy
. 19 222 -
Then Apiom == Z(Grk;g) Gri:k+m is the amplituhedron. #2777 Agio

Known Families:

k =1; m = 2: convex polygon with n vertices in RP?
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The amplituhedr
The Amplituhe i- : '

[Arkani-Hamed, Trnka '13]

. P L >0
Fix positive integers n;k;m: k+m n. Let Z 2 Matn;k_*_m

be an n (k + m) matrix with max minors positive.
Z: Grk;g Y Gri:k+m
cCAaC Z
Then Ap::m = Z(Grk;g) Gri:k+m is the amplituhedron.

o

Known Families:

k =1; m = 2: convex polygon with n vertices in RP?
k = 1: cyclic polytope with n vertices in RP™ [Gale '60; Sturmfels '88]
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The amplituhedr
The Amplituhe i- : '

[Arkani-Hamed, Trnka '13]

. P L >0
Fix positive integers n;k;m: k+m n. Let Z 2 Matn;k_*_m

be an n (k + m) matrix with max minors positive.
Z: Grk;g Y Gri:k+m
cCAaC Z
Then Ap::m = Z(Grk;g) Gri:k+m is the amplituhedron.

o

Known Families:

k =1; m = 2: convex polygon with n vertices in RP?
k = 1: cyclic polytope with n vertices in RP™ [Gale '60; Sturmfels '88]

k=n m: positive Grassmannian Grk.g [Lusztig '90; Postnikov '06]
v
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The amplituhedron

The Amplituhedron [Arkani-Hamed, Trnka '13]

. TR P >0
Fix positive integers n;k;m: k+m n. Let Z 2 Matn;k_*_m
be an n (k + m) matrix with max minors positive.
Z: Grk;g Y Gri:k+m
cCAaC Z
Then Ap::m = Z(Grk;g) Gri:k+m is the amplituhedron.

o

Known Families

k =1; m = 2: convex polygon with n vertices in RP?

As 3.1

k = 1: cyclic polytope with n vertices in RP™ [Gale '60; Sturmfels '88]

k=n m: positive Grassmannian Grk.g [Lusztig '90; Postnikov '06]
v

m = 1: bounded regions in cyclic hyperplane arrangement [Karp, Williams '16]
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The amplituhedron

The Amplituhedron [Arkani-Hamed, Trnka "13]

. PP R >0
Fix positive integers n; k;m: k+m n. Let Z 2 Matn;k+m

be an n (k + m) matrix with max minors positive.
Z:6r,5 ¥ Griim
CAaC Z
Then Apk:m i= Z(Grk;g) Gry:k+m is the amplituhedron.

v

Known Families:

k = 1; m = 2: convex polygon with n vertices in RP?

k = 1: cyclic polytope with n vertices in RP™ [Gale '60; Sturmfels '88]

k=n m: positive Grassmannian Grk;g [Lusztig '90; Postnikov '06]
o

m = 1: bounded regions in cyclic hyperplane arrangement [Karp, Williams '16]

m = 2: related to Ag1:, and TropTGry 1., [Lukowski, P., Sherman-Bennett, Williams];
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The amplituhedron

The Amplituhedron [Arkani-Hamed, Trnka '13]

H e g o [kt rap =0
Fix positive integers n;k;m: k+m n. Let Z 2 Matn;k+m

be an n (k + m) matrix with max minors positive.
Z: Grk;g Y Gri:k+m
CAC Z
Then Apk:m == Z(Grk_?,) Gri:k+m is the amplituhedron.

Known Families:

k = 1; m = 2: convex polygon with n vertices in RP?

k = 1: cyclic polytope with n vertices in RP™ [Gale '60; Sturmfels '88]

k=n m: positive Grassmannian Grk.g [Lusztig '90; Postnikov '06]
v

m = 1: bounded regions in cyclic hyperplane arrangement [Karp, Williams '16]

m = 2: related to Ayy1:, and Trop*GrkH;,, [Lukowski, P., Sherman-Bennett, Williams];

m = 4: its ‘volume’ gives the tree-level scattering amplitudes in N = 4 super Yang-Mills
theory for n particles in the NKMHV helicity sector.
To compute the volume we ‘tile’ the amplituhedron and sum over the volumes of each tile.
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Amplituhedron

Q: Grk.g has a nice decomposition into cells. Can we use theiZ-images to “tile' An.x:m?
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Amplituhedron

Q: Grk.g has a nice decomposition into cells. Can we use theiZ-images to “tile' An.x:m?

Let S be a positroid cell of Grkf]. Its image Z(S) in Ap.k:m Via the
map Z is called atile if it is full-dimensional and Z is injective on S.

6/19
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Tiles and Tilings of the Amplituhedron

Q: Grk.g has a nice decomposition into cells. Can we use theiZ-images to “tile' An.x:m?

Let S be a positroid cell of Grkf]. Its image Z(S) in Ap.k:m Via the
map Z is called atile if it is full-dimensional and Z is injective on S.

A tiling is a collection of non-overlapping tiles that coverA p.x:m.

6/19
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Tiles and Tilings of the Amplituhedron

Q: Grk.g has a nice decomposition into cells. Can we use theiZ-images to “tile' An.x:m?

Let S be a positroid cell of Grkf]. Its image Z(S) in Ap.k:m Via the
map Z is called atile if it is full-dimensional and Z is injective on S.

A tiling is a collection of non-overlapping tiles that coverA p.x:m.

6/19
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Tilings of the Amplituh

Q: Grk.g has a nice decomposition into cells. Can we use theiZ-images to “tile' An.x:m?

Let S be a positroid cell of Grkf]. Its image Z(S) in Ap.k:m Via the
map Z is called atile if it is full-dimensional and Z is injective on S.

A tiling is a collection of non-overlapping tiles that coverA p.x:m.

Open problem: nding/classifying all tiles and tilings for Ap.x.m for m> 2. I
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Tiles and Tilings of the Amplituhedron

Q: Grk.g has a nice decomposition into cells. Can we use their Z—images to ‘tile’ App:m?

Tilings of the amplituhedron

Let S be a positroid cell of Grk;g. Its image Z(S) in Ap:x:m via the

map Z is called a tile if it is full-dimensional and Z is injective on S.

A tiling is a collection of non-overlapping tiles that cover Ap::pm.

Open problem: finding/classifying all tiles and tilings for Ap.x.p, for m = 2. )
Tiles and tilings have beautiful combinatorics - e.g. relation to tropical geometry, magic
number, ... and cluster algebras! J
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Cluster Algebras

Cluster algebras are a class of commutative rings with remarkable combinatorial structure.

Matteo Parisi (Harvard CMSA, |AS) Cluster Promotion Maps



Algebras

Cluster algebras are a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators called cluster variables, grouped in (overlapping) sets of the
same size called clusters, and relations among them are encoded by mutations and quivers.
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Cluster Algebras

Cluster algebrasare a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators callectluster variables grouped in (overlapping) sets of the
same size calledclusters, and relations among them are encoded bymutations and quivers.

[Fomin, Zelevinsky '02, '03; Introduction to Cluster algebras, Fomin, Williams, Zelevinsky]
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Cluster Algebras

Cluster algebrasare a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators callectluster variables grouped in (overlapping) sets of the
same size calledclusters, and relations among them are encoded bymutations and quivers.

[Fomin, Zelevinsky '02, '03; Introduction to Cluster algebras, Fomin, Williams, Zelevinsky]

In practice: start with an initial cluster and generate all the others by mutations.
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Cluster Algebras

Cluster algebrasare a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators callectluster variables grouped in (overlapping) sets of the
same size calledclusters, and relations among them are encoded bymutations and quivers.

[Fomin, Zelevinsky '02, '03; Introduction to Cluster algebras, Fomin, Williams, Zelevinsky]

In practice: start with an initial cluster and generate all the others by mutations.

Mutating cluster variable x in the cluster x gives the new clusterx®= xnfxg[f x%, with
x% = M1+ M2, where M; are monomials in the cluster vars inx.
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Cluster Algebras

Cluster algebrasare a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators callectluster variables grouped in (overlapping) sets of the
same size calledclusters, and relations among them are encoded bymutations and quivers.

[Fomin, Zelevinsky '02, '03; Introduction to Cluster algebras, Fomin, Williams, Zelevinsky]

In practice: start with an initial cluster and generate all the others by mutations.

Mutating cluster variable x in the cluster x gives the new clusterx®= xnfxg[f x%, with
x% = M1+ M2, where M; are monomials in the cluster vars inx.

We can keep some variabledrozen, i.e. we never mutate them.

Matteo Parisi (Harvard CMSA, IAS) Cluster Promotion Maps 7119



Cluster Algebras

Cluster algebrasare a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators callectluster variables grouped in (overlapping) sets of the
same size calledclusters, and relations among them are encoded bymutations and quivers.

[Fomin, Zelevinsky '02, '03; Introduction to Cluster algebras, Fomin, Williams, Zelevinsky]

In practice: start with an initial cluster and generate all the others by mutations.

Mutating cluster variable x in the cluster x gives the new clusterx®= xnfxg[f x%, with
x% = M1+ M2, where M; are monomials in the cluster vars inx.

We can keep some variabledrozen, i.e. we never mutate them.
A collection of cluster vars is compatible if they can be found in a common cluster.
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Cluster Algebras

Cluster algebrasare a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators callectluster variables grouped in (overlapping) sets of the
same size calledclusters, and relations among them are encoded bymutations and quivers.

[Fomin, Zelevinsky '02, '03; Introduction to Cluster algebras, Fomin, Williams, Zelevinsky]

In practice: start with an initial cluster and generate all the others by mutations.

Mutating cluster variable x in the cluster x gives the new clusterx®= xnfxg[f x%, with
x% = M1+ M2, where M; are monomials in the cluster vars inx.

We can keep some variabledrozen, i.e. we never mutate them.
A collection of cluster vars is compatible if they can be found in a common cluster.

The coordinate ring of the Grassmannian G is a cluster algebra, denoted asA (Grm:n).
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Cluster Algebras

Cluster algebrasare a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators callectluster variables grouped in (overlapping) sets of the
same size calledclusters, and relations among them are encoded bymutations and quivers.

[Fomin, Zelevinsky '02, '03; Introduction to Cluster algebras, Fomin, Williams, Zelevinsky]

In practice: start with an initial cluster and generate all the others by mutations.

Mutating cluster variable x in the cluster x gives the new clusterx®= xnfxg[f x%, with
x% = M1+ M2, where M; are monomials in the cluster vars inx.

We can keep some variabledrozen, i.e. we never mutate them.
A collection of cluster vars is compatible if they can be found in a common cluster.

The coordinate ring of the Grassmannian G is a cluster algebra, denoted asA (Grm:n).

A (Gra.n) has simple combinatorics in terms of triangulations and arcs of ann-gon
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Cluster Algebras

Cluster algebrasare a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators callectluster variables grouped in (overlapping) sets of the
same size calledclusters, and relations among them are encoded bymutations and quivers.

[Fomin, Zelevinsky '02, '03; Introduction to Cluster algebras, Fomin, Williams, Zelevinsky]

In practice: start with an initial cluster and generate all the others by mutations.

Mutating cluster variable x in the cluster x gives the new clusterx®= xnfxg[f x%, with
x% = M1+ M2, where M; are monomials in the cluster vars inx.

We can keep some variabledrozen, i.e. we never mutate them.
A collection of cluster vars is compatible if they can be found in a common cluster.

The coordinate ring of the Grassmannian G is a cluster algebra, denoted asA (Grm:n).

A (Grz2.n) has simple combinatorics in terms of triangulations and arcs of ann-gon X For m > 2,

A (Grm;n) is much more complicated 7
in nite # of clusters, cluster vars are polynomials of Plackers (of arbitrary high degree), no
combinatorial rule for compatibility between cluster vars, etc.
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Amplitudes, Amplituhed

Amplitudes in planar N =4 SYM admit an integral representation whose integrand | ,E"r)]

is a rational function of external kinematics and loop momenta.
[Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka "10]
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Amplitudes, Amplituhed

Amplitudes in planar N =4 SYM admit an integral representation whose integrand | (")
is a rational function of external kinematics and loop momenta.
[Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka "10]

The residue of | (L) on the 4L-dimensional variety where a maximal set of internal

propagators go on sheII (‘maximal cut’) is called aLeading Singularity (LeS).
[Eden, Landsho,Olive, Polkinghorne, The Analytic S-Matrix , 1966; Cachazo "08].
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Amplitudes, Amplituhed

Amplitudes in planar N =4 SYM admit an integral representation whose integrand | (")
is a rational function of external kinematics and loop momenta.
[Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka "10]

The residue of | (L) on the 4L-dimensional variety where a maximal set of internal
propagators go on sheII (‘maximal cut’) is called aLeading Singularity (LeS).
[Eden, Landsho,Olive, Polkinghorne, The Analytic S-Matrix , 1966; Cachazo "08].
LeS can be expressed as sums of building blocks calléthngian Invariants Y;.
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In particular, Y;  canonical form of Z(Sg, ), where Z is the amplituhedron map
When Z is 1 1 on Sg, then G is said to have intersection number =1 and Z(Sg,) is

called atile of the amplituhedron. In this case, Y; is a rational function of the external
momenta whose poles correspond to facets of the tileZ(Sg, ).

Matteo Parisi (Harvard CMSA, IAS) Cluster Promotion Maps 8/19



Amplitudes, Amplituhedron and Clusters

Amplitudes in planar N = 4 SYM admit an integral representation whose integrand I,((Lz
is a rational function of external kinematics and loop momenta.

[Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka ‘10]

The residue of II(<L,)1 on the 4L-dimensional variety where a maximal set of internal
propagators go on-shell (‘maximal cut’) is called a Leading Singularity (LeS).
[Eden, Landsho,Olive, Polkinghorne, The Analytic S-Matrix, 1966; Cachazo ‘08].
LeS can be expressed as sums of building blocks called Yangian Invariants Y.
Each Y; corresponds to a 4k-dim positroid cell S, Grk;g labelled by a plabic graph G;
[Arkani-Hamed, Cachazo, Cheung, Kaplan ‘09][Mason, Skinner '09]
[Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, Trnka ‘12]

In particular, Y;  canonical form of Z(SG,-), where Z is the amplituhedron map
When Zis1 1on Sg;» then G; is said to have intersection number = 1 and Z(SG,-) is

called a tile of the amplituhedron. In this case, Y; is a ~rat.‘ional function of the external
momenta whose poles correspond to facets of the tile Z(Sg;).

When Zisd 1on Sg;» with d > 1, then G; is said to have intersection number = d.
In this case, Y; is a sum of d functions which have algebraic singularities.
[Arkani-Hamed, Trnka '13][Lam ‘16]
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Amplitudes, Amplituhedron and Clusters

Amplitudes in planar N = 4 SYM admit an integral representation whose integrand I,((Lz
is a rational function of external kinematics and loop momenta.

[Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka ‘10]

The residue of |,((L,)1 on the 4L-dimensional variety where a maximal set of internal

propagators go on-shell (‘maximal cut’) is called a Leading Singularity (LeS).
[Eden, Landsho,Olive, Polkinghorne, The Analytic S-Matrix, 1966; Cachazo ‘08].
LeS can be expressed as sums of building blocks called Yangian Invariants Y.
Each Y; corresponds to a 4k-dim positroid cell S, Grk;g labelled by a plabic graph G;
[Arkani-Hamed, Cachazo, Cheung, Kaplan ‘09][Mason, Skinner '09]
[Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, Trnka ‘12]

In particular, Y;  canonical form of Z(SG,-), where Z is the amplituhedron map

When Zis1 1on Sg;» then G; is said to have intersection number = 1 and Z(SG,-) is
called a tile of the amplituhedron. In this case, Y; is a rational function of the external
momenta whose poles correspond to facets of the tile Z(Sg;).

When Zisd 1on Sg;» with d > 1, then G; is said to have intersection number = d.
In this case, Y; is a sum of d functions which have algebraic singularities.
[Arkani-Hamed, Trnka '13][Lam ‘16]

() : degree of Z as a rational map on Gri:,(C) VS Z as a map on Grk;,?.
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Amplitudes, Amplituhedron and Clusters

Tree-level amplitudes can be expressed as:

<
AE(O.L = Y;; for certain collections fY;g of rational Yangian invariants
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Amplitudes, Amplituhedron

Tree-level amplitudes can be expressed as:

X
AI((O;)n = Y;; for certain collections fY jg of rational Yangian invariants
i

Loop-level amplitudes can be expressed as

X
Af("z1 = Y; MPLog;; Symbol(MPLog;) = a1.(1) i ai(z")
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rational letters a1.(j) are cluster variables for G
(). 5+

when rational, fa"’; g are compatible cluster variables for Gg:n
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Amplitudes, Amplituhedron and Clusters

Tree-level amplitudes can be expressed as:
o _ < . . . L
A= Y;; for certain collections fY;g of rational Yangian invariants
i
Loop-level amplitudes can be expressed as :

m _ > : o ..
Aiin = Y;MPLog;; Symbol(MPLog;) = a; L)

Conjectures (Cluster Structures in planar N = 4 SYM Amplitudes)

rational letters al(-j) are cluster variables for Grya:p

when rational, fal(."); af."ﬂ)g are compatible cluster variables for Gry.,

the collection of poles of a rational Yangian invariant are compatible cluster vars for Grs:,

[Golden, Goncharov, Spradlin, Vergu, Volovich ‘13][Drummond, Foster, Giirdogan ‘17, ‘18]
[Mago, Schreiber, Spradlin, Volovich ‘19]
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Amplitudes, Amplituhedron and Clusters

Tree-level amplitudes can be expressed as:

A© _

n = Y;; for certain collections fY;g of rational Yangian invariants

i
Loop-level amplitudes can be expressed as :

m _ > : o ..
Aiin = Y;MPLog;; Symbol(MPLog;) = a; 1l a

Conjectures (Cluster Structures in planar N = 4 SYM Amplitudes)

rational letters a(-j) are cluster variables for Gra:p

0. (J+)

when rational, fa; g are compatible cluster variables for Grs:,

the collection of poles of a rational Yangian invariant are compatible cluster vars for Gry:,

[Golden, Goncharov, Spradlin, Vergu, Volovich ‘13][Drummond, Foster, Giirdogan ‘17, ‘18]
[Mago, Schreiber, Spradlin, Volovich ‘19]

Observation

Every known algebraic letter aEJ) is the singularity of some non-rational Yangian invariant.
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Amplitudes, Amplituhedron and Clusters

Tree-level amplitudes can be expressed as:

<
AS(O.L = Y;; for certain collections fY;g of rational Yangian invariants

i
Loop-level amplitudes can be expressed as :

m _ > : o ..
Aiin = Y;MPLog;; Symbol(MPLog;) = a; 1l a

Conjectures (Cluster Structures in planar N = 4 SYM Amplitudes)
)
1

rational letters a;’ are cluster variables for Gra:p

when rational, fal(."); af."ﬂ)g are compatible cluster variables for Gry.,

the collection of poles of a rational Yangian invariant are compatible cluster vars for Grs:,

Observation

Every known algebraic letter a

E'/) is the singularity of some non-rational Yangian invariant.

() : MPLogs not enough beyond (L; n; k) = (2;10; 3): elliptic MPlogs and LeS, Calabi-Yaus...
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BCFW Recursio

Tree-level amplitudes can be expressed as:

X
A(kq)n = Yi; for certain collections fY ;g of rational Yangian invariants
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BCFW Recursions, Amplituhed

Tree-level amplitudes can be expressed as:

X
A(kq)n = Yi; for certain collections fY ;g of rational Yangian invariants

The Britto-Cachazo-Feng-Witten (BCFW) recursions express tree-level scattering
amplitudes in N =4 SYM as sums of Yangian invariants fY jg called "BCFW expressions'.
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The Britto-Cachazo-Feng-Witten (BCFW) recursions express tree-level scattering
amplitudes in N =4 SYM as sums of Yangian invariants fY jg called "BCFW expressions'.
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Let fY ;g be a collection of Yangian invariants in a BCFW expression and Sg, g the

corresponding positroid cells.
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The Britto-Cachazo-Feng-Witten (BCFW) recursions express tree-level scattering
amplitudes in N =4 SYM as sums of Yangian invariants fY jg called "BCFW expressions'.
The corresponding positroid cellsf Sg, g are called 'BCFW cells'.

Let fY ;g be a collection of Yangian invariants in a BCFW expression and Sg, g the
corresponding positroid cells. Then the collection of images of such positroid cellsf Z(Sg,)g
under the amplituhedron map Z give atiling of the amplituhedron.
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Tree-level amplitudes can be expressed as:

X
A(kq)n = Yi; for certain collections fY ;g of rational Yangian invariants

The Britto-Cachazo-Feng-Witten (BCFW) recursions express tree-level scattering
amplitudes in N =4 SYM as sums of Yangian invariants fY jg called "BCFW expressions'.
The corresponding positroid cellsf Sg, g are called 'BCFW cells'.

Let fY ;g be a collection of Yangian invariants in a BCFW expression and Sg, g the
corresponding positroid cells. Then the collection of images of such positroid cellsf Z(Sg,)g

under the amplituhedron map Z give atiling of the amplituhedron. Di erent ways of performing
the BCFW recursions (i.e. di erent BCFW expressions) give di erent tilings.
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FW Recursions, Amplituhedron and Clusters

Tree-level amplitudes can be expressed as:

A(q)n = Y;; for certain collections fY;g of rational Yangian invariants

The Britto-Cachazo-Feng-Witten (BCFW) recursions express tree-level scattering
amplitudes in N = 4 SYM as sums of Yangian invariants fY;g called ‘BCFW expressions’.
The corresponding positroid cells 5S¢, g are called '‘BCFW cells'.

Theorem (BCFW tiling) [ELPSBTW 23]

Let TY;g be a collection of Yangian invariants in a BCFW expression and 5. g the
corresponding positroid cells. Then the collection of images of such positroid cells fZ(SG,,)g

under the amplituhedron map b4 give a tiling of the amplituhedron. Different ways of performing
the BCFW recursions (i.e. different BCFW expressions) give different tilings.

Main conjecture when amplituhedron was introduced [Arkani-Hamed, Trnka "13];
gives a geometric meaning to the BCFW recursions and tree-level N = 4 SYM amplitudes.
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FW Recursions, Amplituhedron and Clusters

Tree-level amplitudes can be expressed as:

A(q)n = Y;; for certain collections fY;g of rational Yangian invariants

The Britto-Cachazo-Feng-Witten (BCFW) recursions express tree-level scattering
amplitudes in N = 4 SYM as sums of Yangian invariants fY;g called ‘BCFW expressions’.
The corresponding positroid cells 5S¢, g are called '‘BCFW cells'.

Theorem (BCFW tiling) [ELPSBTW 23]

Let TY;g be a collection of Yangian invariants in a BCFW expression and 5. g the
corresponding positroid cells. Then the collection of images of such positroid cells fZ(SG,,)g

under the amplituhedron map b4 give a tiling of the amplituhedron. Different ways of performing
the BCFW recursions (i.e. different BCFW expressions) give different tilings.

Main conjecture when amplituhedron was introduced [Arkani-Hamed, Trnka "13];
gives a geometric meaning to the BCFW recursions and tree-level N = 4 SYM amplitudes.

In the special case of a single ‘standard’ BCFW tiling, it was proved in [ELT '21].
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FW Recursions, Amplituhedron and Clusters

Tree-level amplitudes can be expressed as:
A(q)n = Y;; for certain collections fY;g of rational Yangian invariants
The Britto-Cachazo-Feng-Witten (BCFW) recursions express tree-level scattering

amplitudes in N = 4 SYM as sums of Yangian invariants fY;g called ‘BCFW expressions’.
The corresponding positroid cells 5S¢, g are called '‘BCFW cells'.

Theorem (BCFW tiling) [ELPSBTW 23]

Let TY;g be a collection of Yangian invariants in a BCFW expression and 5. g the
corresponding positroid cells. Then the collection of images of such positroid cells fZ(SG,,)g

under the amplituhedron map b4 give a tiling of the amplituhedron. Different ways of performing
the BCFW recursions (i.e. different BCFW expressions) give different tilings.

Main conjecture when amplituhedron was introduced ;
gives a geometric meaning to the BCFW recursions and tree-level N = 4 SYM amplltudes

In the special case of a single ‘standard’ BCFW tiling, it was proved in

Key for our proof: describing amplituhedron images of BCFW cells using cluster algebras

= = = — S Neu(
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BCFW Recursions, Amplituhedron and Clusters

BCFW cells are obtained recursively: if Sg and Sg, are
BCFW cells, then Sg, ; &, is a new BCFW cell, where
G_ / Gg is the plabic graph obtained by placingG_ (Gr)
inside the left/blue (right/red) disk ( blob). The plabic
graph Geore in the center/purple is called core.

() : we also needcyclic shift and re ection
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BCFW Recursions, Amplituhedron and Clusters

BCFW cells are obtained recursively: if Sg and Sg, are
BCFW cells, then Sg, ; g, is a new BCFW cell, where
G_ / Gg is the plabic graph obtained by placingG_ (Gr)
inside the left/blue (right/red) disk ( blob). The plabic
graph Geore in the center/purple is called core.

() : we also needcyclic shift and re ection

If Sg is a BCFW cell, then Z(Sg) is a tile for the amplituhedron (BCFW tile).
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BCFW Recursio [ Clusters

BCFW cells are obtained recursively: if Sg and Sg, are
BCFW cells, then Sg, ; g, is a new BCFW cell, where
G_ / Gg is the plabic graph obtained by placingG_ (Gr)
inside the left/blue (right/red) disk ( blob). The plabic
graph Geore in the center/purple is called core.

() : we also needcyclic shift and re ection

If Sg is a BCFW cell, then Z(Sg) is a tile for the amplituhedron ( BCFW tile).

Each BCFW tile Z(Sg) is the region in the Grassmannian where a collection of
compatible cluster variablesxg for Gra., have de nite signs.
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BCFW Recursio i Clusters

BCFW cells are obtained recursively: if Sg and Sg, are
BCFW cells, then Sg, ; g, is a new BCFW cell, where
GL / Gg is the plabic graph obtained by placingG, (Ggr)
inside the left/blue (right/red) disk ( blob). The plabic
graph Geore in the center/purple is called core.

() : we also needcyclic shift and re ection

If Sg is a BCFW cell, then Z(Sg) is a tile for the amplituhedron ( BCFW tile).

Each BCFW tile Z(Sg) is the region in the Grassmannian where a collection of
compatible cluster variablesxg for Gra., have de nite signs.

Sincexg, f facets of Z(Sg)g f poles of Yig:

The poles of a Yangian invariant in a BCFW expression are compatible cluster vars for Gry.

Matteo Parisi (Harvard CMSA, IAS) Cluster Promotion Maps 11/19



BCFW Recursio i Clusters

BCFW cells are obtained recursively: if Sg and Sg, are
BCFW cells, then Sg, ; g, is a new BCFW cell, where
GL / Gg is the plabic graph obtained by placingG, (Ggr)
inside the left/blue (right/red) disk ( blob). The plabic
graph Geore in the center/purple is called core.

() : we also needcyclic shift and re ection

If Sg is a BCFW cell, then Z(Sg) is a tile for the amplituhedron ( BCFW tile).

Each BCFW tile Z(Sg) is the region in the Grassmannian where a collection of
compatible cluster variablesxg for Gra., have de nite signs.

Sincexg, f facets of Z(Sg)g f poles of Yig:

The poles of a Yangian invariant in a BCFW expression are compatible cluster vars for Gry.

Q: How do we nd the collection of compatible cluster vars xg in Gra.n for a BCFW cell Sg? I
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Cluster Maps

Matteo Parisi (Harvard CMSA, |AS) Cluster Promotion Maps



Definition (Cluster Map)

A map W : A" ¥ A between two cluster algebras Al and A is a cluster map if W maps any
collection of compatible cluster variables of Al into a collection of compatible cluster variables
of A (up to Laurent monomials in the frozen variables).
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Definition (Cluster Map)

A map W : A" ¥ A between two cluster algebras Al and A is a cluster map if W maps any
collection of compatible cluster variables of Al into a collection of compatible cluster variables
of A (up to Laurent monomials in the frozen variables).

Framework of cluster quasi-homomorphism [Fraser '15].
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Cluster Maps

Definition (Cluster Map)

A map W : A" ¥ A between two cluster algebras A’ and A is a cluster map if W maps any
collection of compatible cluster variables of Al into a collection of compatible cluster variables
of A (up to Laurent monomials in the frozen variables).

Framework of cluster quasi-homomorphism

Theorem (BCFW Promotion) [ELPSBTW '23]

Let G = G; ./ Gg, with Sg¢ BCFW cell. Then X is
obtained recursively as the image of a cluster map:

WBCFW 5 A(GI’4;NL Gr4;NR) L A(Gr4;,,)
X6 = Vpcrw X6, [X6g L[XGeore

Xg... = 5 Pliickers on indices fa; b; c; d; ng frozen.

core
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Cluster Maps

Definition (Cluster Map)

A map W : A" ¥ A between two cluster algebras A’ and A is a cluster map if W maps any
collection of compatible cluster variables of Al into a collection of compatible cluster variables
of A (up to Laurent monomials in the frozen variables).

Framework of cluster quasi-homomorphism

Theorem (BCFW Promotion) [ELPSBTW '2

Let G = G; ./ Gg, with Sg¢ BCFW cell. Then X is
obtained recursively as the image of a cluster map:

‘UBCFW o A(GI’4;NL Gr4;NR) L| A(Gr4;,,)

X6 = Vecrw X6, [X6x L[ XGore

XG.oe = D Pliickers on indices fa; b; c; d; ng frozen.

Xg, and Xg, are compatible cluster vars ) X¢ are compatible cluster vars for Gry;p. )
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BCFW Promotion

Definition (BCFW Promotion) [ELPSBTW '23]
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BCFW Promotion

Definition (BCFW Promotion) [ELPSBTW '23]

consider Geore and make it bipartite
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BCFW Promotion

Definition (BCFW Promotion) [ELPSBTW 23]

consider Geore and make it bipartite
each black vertex: add a vector z; 2 C* (boundary) and v; 2 C* (internal);
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BCFW Pro

Definition (BCFW Pr i [ELPSBTW 23]

consider Geore and make it bipartite

each black vertex: add a vector z; 2 C* (boundary) and v; 2 C* (internal);

each white vertex: impose one linear relation among vectors on vertices adjacent to it;
v1 2 Spanfz,; z,0; v» 2 Spanfz; z40; vi 2 Spanfwy; z,0;
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BCFW Promotion

Definition (BCFW Promotion) [ELPSBTW 23]

consider Geore and make it bipartite

each black vertex: add a vector z; 2 C* (boundary) and v; 2 C* (internal);

each white vertex: impose one linear relation among vectors on vertices adjacent to it;
v1 2 Spanfz,; z,0; v» 2 Spanfz; z40; vi 2 Spanfwy; z,0;

solve each v; in terms of Tz;g (up to scaling );

v1 2 Spanfz,; 2,9 \ Spanfz.; z4; zng; choose vi = (ab) \ (cdn) := zzhbcdni  zphacdni
Analogously, choose vo = (cd) \ (abn).
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BCFW Pro ion

Definition (BCFW Promotion) [ELPSBTW '23]

consider Geore and make it bipartite

each black vertex: add a vector z; 2 C* (boundary) and v; 2 C* (internal);

each white vertex: impose one linear relation among vectors on vertices adjacent to it;
vi 2 Spanfz,; z,0; v» 2 Spanfz; z4Q; vi 2 Spanfwy; z,0;

solve each v; in terms of fz;g (up to scaling );

vi 2 Spanfz,; z,9 \ Spanfz.; z4; z,g; choose vi = (ab) \ (cdn) := zzhbcdni  zphacdni
Analogously, choose v» = (cd) \ (abn).

Insert blobs and use v;; v» to define the cluster map
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BCFW Promotion

Definition (BCFW Promotion) [ELPSBTW '23]

‘UBCFW :A(Gr4;NL Gr4;NR) L] A(Gr4;,,)
(ba) \ (cdn)
hacdni
(dc) \ (abn)
habcni
a (ncd) \ (ab)

habcdi

on Grgy, : b7

on Grg:pp : da

consider Geore and make it bipartite

each black vertex: add a vector z; 2 C* (boundary) and v; 2 C* (internal);

each white vertex: impose one linear relation among vectors on vertices adjacent to it;
vi 2 Spanfz,; z,0; v» 2 Spanfz; z4Q; vi 2 Spanfwy; z,0;

solve each v; in terms of fz;g (up to scaling );

vi 2 Spanfz,; z,9 \ Spanfz.; z4; z,g; choose vi = (ab) \ (cdn) := zzhbcdni  zphacdni
Analogously, choose v» = (cd) \ (abn).

Insert blobs and use vi; vo to define the cluster map
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BCFW Promotion

Definition (BCFW Promotion) [ELPSBTW '23]

Vecrw : A(Gra;n,  Gragng) 8 A(Gragn)

(ba) \ (cdn)
Gra:py, - bA ———=
U SR hacdni
o G @7 (de)\ (a_bn) . (ncd) \ (_ab)
’ habcni habedi
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Definition (BCFW Promotion) [ELPSBTW '23]

Vecrw : A(Gra;n,  Gragng) 8 A(Gragn)

(ba) \ (cdn)
Gra:py, - bA ———=
U SR hacdni
(dc) \ (abn) (ncd) \ (ab)
No : a A
on Gra;ng d habcni " habedi

ey hij“bihacdni  hij*aihbcdni
E.g. on Gr4;NL : ‘UB(_‘Fw(hI_] bl) = J hacdnij =

__hij*jbajcdni

—— / hij*jbajcdni  quadratic cluster var for Gry:p
hacdni ’

Theorem (BCFW Cluster Promotion Map) [ELPSBTW 23]

Wgcrw is a cluster map, i.e. it maps collections of compatible cluster variables of
Grg;n,  Gra;nj, to collections of compatible cluster variables of Grs:, (up to frozens).
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Promotion Maps via Plabic Graphs

Definition (Promotion Map via Plabic Graph) [EPSBTW '25]

consider Geore Of intersection-number one and make it bipartite
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Definition (Promotion Map via Plabic Graph) [EPSBTW '25]

consider Geore Of intersection-number one and make it bipartite
each black vertex: add a vector z; 2 C* (boundaE‘) and v; 2 C* (internal);

each white vertex w: impose one linear relation ~ , r,v, = 0, where the sum is over
vectors Fv,Q on vertices adjacent to w and fr,g are non-zero coefficients.
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each black vertex: add a vector z; 2 C* (boundaE‘) and v; 2 C* (internal);

each white vertex w: impose one linear relation ~ , r,v, = 0, where the sum is over
vectors Fv,Q on vertices adjacent to w and fr,g are non-zero coefficients.

solve each v; in terms of fz;g. Theorem: (1) , unique solution (up to scaling );
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Promotion Maps via Plabic Graphs

Definition (P tion Map via Plabic Graph) [EPSBTW '25]

We define a promotion map V:

v A( G Gr4;/\/‘) L] A(Gr4;,,)
on Grg:p. : ul v,
for some scaling , 60

consider Geore Of intersection-number one and make it bipartite
each black vertex: add a vector z; 2 C* (boundaB) and v; 2 C* (internal);

each white vertex w: impose one linear relation ~ , r,v;, = 0, where the sum is over
vectors Fv,g on vertices adjacent to w and fr,g are non-zero coefficients.

solve each v; in terms of fz;g. Theorem: (1) , unique solution (up to scaling );

Place s disks each in a face of Geore and with boundary D-;“ 2 [s]. Connect in a planar
way each vertex u 2 D- to a black vertex b, of Geore, corresponding to the vector v, .
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Definition (P tion Map via Plabic Graph) [EPSBTW '25]

We define a promotion map V:

v A( G Gr4;/\/‘) L] A(Gr4;,,)
on Grg:p. : ul v,
for some scaling , 60

We call (Geore; FD-gZ_;) a plabic tangle .

( ): inspired by planar tangles in the work on
planar algebras by F. R. Jones (1999).

consider Geore Of intersection-number one and make it bipartite
each black vertex: add a vector z; 2 C* (boundaB) and v; 2 C* (internal);
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Promotion Maps via Plabic Graphs

Definition (Promotion Map via Plabic Graph) [EPSBTW '25]

We define a promotion map W:

W:A( < Gran.) ¥ A(Gra,)
on Grg:p. : ul v,

for some scaling , 60

We call (Gcore; FD-gZ_;) a plabic tangle.

Proposal (Cluster Maps via Plabic Graphs) [EPSBTW '25]

Use promotion maps defined via plabic tangles as cluster maps on Grp:p.

Matteo Parisi (Harvard CMSA, IAS) Cluster Promotion Maps 16 /19



Promotion Maps via Plabic Graphs

Definition (Promotion Map via Plabic Graph) [EPSBTW '25]

We define a promotion map W:

Wi A( < Gran.) ¥ A(Gran)
on Grg:p. : ul v,

for some scaling , 60

We call (Gcore; FD-gZ_;) a plabic tangle.

Proposal (Cluster Maps via Plabic Graphs) [EPSBTW '25]

Use promotion maps defined via plabic tangles as cluster maps on Grp:p.

Intersection-number one plabic graphs (OR rational Yangian invariants OR amplituhedron tiles)
generate cluster maps on the Grassmannian. J

— = s = = "
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Amplitrees

Theorem (Characterization of intersection-number one trees) [EPSBTW '25]

A plabic tree G has intersection-number one if and only if G is an amplitree.
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Amplitrees

Theorem (Characterization of intersection-number one trees) [EPSBTW '25]

A plabic tree G has intersection-number one if and only if G is an amplitree.

Definition (Amplitree) [EPSBTW '25]

Let G be a bipartite plabic tree of type (k; km + 1). We say that G is a (k; m) amplitree if for
each edge e of G, if we cut G nfeg = G; t G, (giving “half’ the edge e to each G;), then

m(k; 1)<n; 1 mk;; where G; is a plabic tree of type (k;; n;):
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Amplitrees

Theorem (Characterization of intersection-number one trees) [EPSBTW '25]

A plabic tree G has intersection-number one if and only if G is an amplitree.

Definition (Amplitree) [EPSBTW '25]

Let G be a bipartite plabic tree of type (k; km + 1). We say that G is a (k; m) amplitree if for
each edge e of G, if we cut G nfeg = G; t G, (giving “half’ the edge e to each G;), then

m(k; 1)<n; 1 mk;; where G; is a plabic tree of type (k;; n;):

For many classes, we proved amplitrees give cluster maps (BCFW only the tip of the iceberg). )

™ = = = et
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Beyond intersection-number one and clusters

Definition (4-Mass Box Promotion) [EPSBTW '25]

W C(Grgpo) ¥ C(Gr4;n)[pZ]

(21)\ (56X )

27 | =X
h156X i SR

— B A A_B 4ac
2A
A = h128j34j568i; C = h127j34j567i

B = h127j34j568i + h128j34j567i
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Beyond intersection-number one and clusters

Definition (4-Mass Box Promotion) [EPSBTW '25]

W C(Grgpo) ¥ C(Gr4;n)[pZ]

(21)\ (56X )

27 | =X
h156X i SR

— B A A_B 4ac
2A
A = h128j34j568i; C = h127j34j567i

B = h127j34j568i + h128j34j567i

¥ (h127ii) = h127/i+  h128ii algebraic function on Gry;,
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d intersection-number one and clusters

Definition (4-Mass Box Promotion) [EPSBTW '25]

W C(Grgpo) ¥ C(Gr4;n)[pZ]

(21)\ (56X )
- 77 =X
h156X i A

= U; A:=B? 4AC
2A
A = h128j34j568i; C = h127j34j567i

B = h127j34j568i + h128j34j567i

27

¥ (h127ii) = h127/i+  h128ii algebraic function on Gry;,

Theorem (4-mass box Cluster positivity) [EPSBTW '25]

The 4-mass box promotion map W preserves positivity of cluster variables for Gry.po, i.e. if x is
a cluster variable for Gry.p0, then W (x) is a positive function on Grig.
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rsection-number one and clusters

Definition (4-Mass Box Promotion) [EPSBTW '25]

W C(Grgpo) ¥ C(Gr4;n)[pZ]

(21)\ (56X )

2 77 - X
h156X i A

= U; A:=B? 4AC
2A
A = h128j34j568i; C = h127j34j567i

B = h127j34j568i + h128j34j567i

¥ (h127ii) = h127/i+  h128ii algebraic function on Gry;,

Theorem (4-mass box Cluster positivity) [EPSBTW '25]

The 4-mass box promotion map W preserves positivity of cluster variables for Gry.po, i.e. if x is
a cluster variable for Gry.p0, then W (x) is a positive function on Grig.

Algebraic singularities that are images of W appear in Yangian invariants for n 9 and k 3.

T mid — = e
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A Positive Outlook

Conjecture (Positivity Phenomenon) [‘Feeling of the community’ or Spradlin '24]

Scattering amplitudes in planar N = 4 SYM are regular on Gr4>;g. In other words, singularities
are of the type f(z) =0, where () >0 on Gry 0.
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are of the type f (z) = 0, where f(z) > 0 on an;ﬁ.

When f (z) is rational (rational letters and poles of Yangian invariants): f (z) conjectured
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When f (z) is algebraic (algebraic letters and singularities of non-rational Yangian
invariants, e.g. 4-mass box): no general mechanism that would explain positivity.
Some results in the frameworks oflimiting rays and cluster algebraic functions

Singularities of non-rational Yangian invariants are images of promotion maps (int-numd > 1) I

(Commutative Algebra): Cluster promotion maps can shed light on the cluster structure
of Grm:n itself, e.g. classifying families of cluster vars or nding compatibility criteria.
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Scattering amplitudes in planar N = 4 SYM are regular on Grz;ﬁ. In other words, singularities
are of the type f (z) = 0, where f(z) > 0 on an;ﬁ.

When f (z) is rational (rational letters and poles of Yangian invariants): f (z) conjectured
to be a cluster variable for Gu:n.
Cluster variables> 0 on Glj;ﬁ (from Laurent positivity of cluster algebras) ) f(z) > 0

Singularities of rational Yangian invariants are images of cluster promotion maps (int-num 1) I

When f (z) is algebraic (algebraic letters and singularities of non-rational Yangian
invariants, e.g. 4-mass box): no general mechanism that would explain positivity.
Some results in the frameworks oflimiting rays and cluster algebraic functions

Singularities of non-rational Yangian invariants are images of promotion maps (int-numd > 1) I

(Commutative Algebra): Cluster promotion maps can shed light on the cluster structure
of Grm:n itself, e.g. classifying families of cluster vars or nding compatibility criteria.

(Bootstrap): Are symbol letters images of promotion maps?
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{# (Questions?
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