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We are interested in large primordial curvature perturbations that could be generated during inflation.

——% Dynamics of eternal inflation.

—————% Primordial black holes, scalar induced gravitational waves.
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Large perturbations from inflation

We are interested in large primordial curvature perturbations that could be generated during inflation.

——% Dynamics of eternal inflation.

—————% Primordial black holes, scalar induced gravitational waves.

Non-perturbative framework | ———# | Separate universe approach

Curvature perturbation { is the local amount of expansion:

Backreaction

= \ : Salopek, Bond [1990]
Sasaki, Stewart [1996]
Wands, Malik, Lyth, Liddle [2000]

Ensemble of independent, locally homogenous and isotropic Hubble sized patches.

7(1.%) = N(t.X) — N(t) = 6N N(, %) = log[a(t, %)]

oN formalism

Stochastic inflation formalism

A. Starobinsky [1986] Super-aH ......

------ » Stoch. Infl.

Stochastic theory for
coarse-grained fields:

classical drift

» Cosm. Pert. Theory stochastic noise

> 1
N =loga



Alternative way:
implement stochastic inflation on stochastic trees,

modelling inflationary expansion as a branching process



Stochastic trees for inflation



Stochastic trees for inflation
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dN 3H2  2n (E(N)E(N)) = (N — N')

Langevin equation White Gaussian noise Hubble patch
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elementary vertex

Children patches have no future causal contact:

separate universe implemented.
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Stochastic trees for inflation

R = (cH)™!
o dp Vi) H (EN)) =0
Reference: single-field slow-roll model — = N
; N3 T E)Ew) = sV - N
Langevin equation White Gaussian noise Hubble patch
O
N =1log(2)/3

recursive iteration

»
elementary vertex o °
Children patches have no future causal contact: o ° ° o
separate universe implemented.

stochastic tree
FOREST: FOtran Recursive Exploration of Stochastic Trees https://doi.org/10.5281/zenodo.15235932
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Stochastic trees: curvature perturbation at the end of inflation

V(L AN = log(2)/3
o Physical volume of a single leat: (L) — 3N iy— AN)

vV Nl < AN

O

° i Physical volume emerging from node i : V. = 2 V(L)
€Y,
o ° o ° Expansion from node i,
i Z V(L) i,

volume-averaged over the child leaves £, : W, =

£

l

o o Curvature perturbation coarse-grained over a single leatf: élvj(?_c}) = N5 =W

]ESZ

Curvature perturbation coarse-grained over volumes larger than a leaf:

CiECVi()—C)i)— ZV(‘/Vl—n_l_‘/V =W =4+ W =W
]EEZ 4



How to “harvest” primordial black holes in stochastic trees?



Primordial black holes formation criterion: coarse-shelled curvature perturbation



Primordial black holes formation criterion: coarse-shelled curvature perturbation

“Coarse-shelled” curvature perturbation A{(X) = CRI(J_C)) — Z_,’Rz(f) as a “proxy” for the compaction function.

o Tada, Vennin [2021]

o ° C;i = €;— &€; curvature perturbation in node [ relative to its local background i.

R;
V, = 4/3z2R}
V, = 4/37R;
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Primordial black holes formation criterion: coarse-shelled curvature perturbation

“Coarse-shelled” curvature perturbation A{(X) = CRI()_C)) — CR2(55) as a “proxy” for the compaction function.

0 Tada, Vennin [2021]

C;i = €, — &; curvature perturbation in node [ relative to its local background i.

O (0 2 : \. -
3
l o V 4/37R;

A
Nodes for which {;; > ;. . collapse into PBHs: (i = 510g ( V) forw=1/2and €. = 0.5.
’ z

A~ itW, =W, then Ciil Siic = 0

m

0 Collapse happens at

v
1C = (W, — W
Clz Clz,c log(V,/Vl) Vz ( [ m)

~ V,> V. then Eil e = 2(W, = W,) > 1 most asymmetric nodes.



Harvesting primordial black holes

55 59

ofo¥ - fofofolet )

(o) (o3 < <, D (5 X > JCOACDY

24004 28642 28643

Nested PBH formation along a branch analogous to the cloud-in cloud problem.

Only the highest (“oldest”) nodes are kept in the PBH inventory. Cloud-in-cloud effects naturally accounted for.



Pattison, Vennin, Assadullahi, Wands [2017]

Application: flat-well toy model

Ezquiaga, Garcia-Bellido, Vennin [2020]
Animali, Vennin [2024]

v} V=11
X = (¢ — ¢end)/A¢Well S [0’1]
absorbing
boundary é
i L 4 »
’ ' wum well N -
quantum we i reflective Agbwell
+ boundary ,l/tz = 5
Vo,
E 5 >
¢end ¢end T A¢well ¢

! ) = COS[\/l_fﬂ (x—1)] T (zx, 5 ) |
| cos[v/it u] f

T |
1y - cos[y/3pu(l — x)] 1> = eternal inflation |

cos(y/3p)

(V) = (e




Probability distributions over the trees

Statistics of the volume V and of the volume-averaged expansion W-
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Mean values: (V) = 0(10) ; (W) = O(1).

Power-law behaviour followed by exponential tails.

S. Winitzki [2008]

P(V|@.) x eZ*VV_3/2, 7+ < 0. For u — U P(V) X V_3/2 : S. Dubovsky, L. Senatore and G. Villadoro [2009]




Probability distributions over the leaves

Volume-weighted first-passage-time distribution through the end-of-inflation hypersurface.
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Distribution of primordial black holes
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Final remarks

Stochastic inflation can be efficiently implemented on stochastic trees, modelling the inflationary expansion as a
branching process.

Statistical properties of curvature perturbations and other cosmological fields embedded in the tree structure.
Stochastic trees are ideal tools to “harvest” primordial black holes, directly addressing the cloud-in-cloud problem.

Power-law behaviour followed by exponential tails characterises statistics over the trees and over the leaves,

and also the mass function of primordial black holes, in simple toy models.

Much more to explore: ultra-slow-roll scenarios, more realistic models, multiple-point statistics, higher order
correlators, clustering...

Thanks:
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Pattison, Vennin, Wands, Assadullahi [2021]
Ultra slow-roll model

v} V=1, Ady;

X = (¢ o ¢end)/A¢Well < [O’l] qu — WGZ:H
VoM
absorbing .. . .
boundary ) 5 R Initial field VelOCIty
qgantum well : Xr\eflective Tt d
T boundary Yy = Mo > Herit — T 3A¢W6H T = _¢
. Cri1 dN
; ; ,
¢end q’)end + A¢Well ¢
dx \/5
N 3y A S(N)
H y < 1 stochastic limit

dy y>1 classical limit



Ultra slow-roll model

Volume distribution Volume-weighted FPT distribution
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Power-law behaviour P(V) « V=2 followed by exponential tails even for velocity y > 1.

Classical regime characterised by non-Gaussian tails where PBHs form.



Maps of the curvature perturbation in comoving space
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(b) With PBHs.




Discretisation artefacts: branching times

Different branching prescriptions:

o @ 0 Node i grows up to a time aAN, then splits,

and the child branches are evolved independently

(e (n) Cer=(m) Ce )y N(n> for (1 —a)AN with 0 < a < 1.

split then grow grow then split hybrid

Large scale properties do not depend on the choice of a

Light test scalar field in a fixed binary tree

& N ©
l
@ D= & @

..... T A+

olololol ool Ialalalalalalolal
: d :

l J
d=|i—]

Nr

N>x<=NT

_AN. =N |log@d+D 1Ay
T log(2)

4 ; dpoH \°
@+ DV, =5ad/2) = d+1= (5

AN. = log(Hdp) + 10g(2_1_“/ 36)

dp.P(¢ | 1 NOP(Qy; | e ANDP(; by AN.)

P(¢;, Qb]) —

depends on a only through AN,

(a dependence reabsorbed in o)



Discretisation artefacts: branching times

1
Explicit example: light test field with V(¢) = —m?¢~ in de-Sitter universe

2
9= W, hin)1> _ n?
252 ) — . Y7
Gaussian solution for the stochastic problem:  P(¢|¢. ,N) = = PN, Pin) = Pine >
Starobinsky & Yokoyama [1994] \/27TS2(N) ) 3H? _2m%
s“(N) = ] —e 32
82m?
Ag,
_LAD. AD)T1.
| (CURYRD R N " )
P(¢, b)) = e Ag; = ¢, — PNy, )
\/ 2r)?det X
2 = (A7) = 2= <A¢j2> = 5°(Ny)
m2
% = (ApAg) = s3(No)e ™
. . o 3H* o
From computation In QFT + renormallsatlon, late-time l[imit: Zii — — zij X (Hdp) 3H2
N. A. Chernikov and E. A. Tagirov [1968] Srm
E. A. Tagirov [1973] in agreement with the above result

T.S. Bunch and P. C. W. Davies [1978]



Discretisation artefacts: branching surfaces

=

Y Y Y

(a) AN: ‘;Ne divide the z-axis. (b) 2AN :‘ Jwe divide the y-axis. (c) 3AN :‘ ‘vwe divide the z-axis.
Branching surfaces breaks the homogeneity of FLRW spacetime.
& N ©
< (5 © D Ny

65 QD @ QD @ @D @ @ @D B @O D @B GO Gd

d

Topological distance Ag: not directly mapped to the geometrical distance d at the end of inflation.

AN.(i, ) hence P(¢,, gbj) not just a function of |i —j|: breaking of space-translation invariance.



Discretisation artefacts: branching surfaces

Two-point correlation at physical distance dp should be defined by averagmg over all pairs of two leaves
24T+ g1

distant by d on the end-of-inflation hyper surface 2(dp) = Z 2ivd -
2 — [=29T

29d if d <297
Counting function for the number of pairs:  f(d,q) = { 24r — 244 if 24r9-1 < g < 294 .

0 If d>2971

1 - - ¢ = lgr - In(@)/In(2)]

s (4 [ . AN 3H* e 9 i (it _ | 2 (e“—1)d(2%e" — 1) , i

= » - = T (e = = 2m*AN/(3H

(dp) = —— dqz::‘)ﬁ( O | (41— q) AN g |2 (e 1) oy a = 2m>AN/(3H?)
3H* _ 34 ) 2m* 3H* | 02 ] o2
At large distances (1l <K d <K< D = g« > 1): X (dp) ~ e’ | (cHdy) ° ~ 1 —e 32| (cHdp) 3"

5 ( 1 )X () 8w2m? | 2e4 — 1 (oHdp) 87w2m? (oHd)

- . a <1 ) -
(slow roll)

consistent with previous result
and with QFT computation



Going beyond

Is it possible to go beyond the large volume approximation?

Creminelli, Dubovsky, Nicholas, Senatore, Zaldarriaga [2008]

Bacteria model of inflation Dubovsky, Senatore, Villadoro [2009]

I-p p
m{_\/—\ _ / End site : bacterium dies
------- —Ql O Ol— \1/ %) Multi-type Galton-Watson process
1+ 1 1-

Bacteria live on discrete set of positions along a line, replicating into N copies at each time step.

Bacteria ——» Hubble patches

Sites —p» |nflaton values p(V)

Random hopping ——®» Quantum diffusion

power—law

From JHEP 0904:118,2009
Ditference in (1 — p) and p ——p Drift gaussian

exp—tail

Number of dead bacteria ——#» Final volume V. Vv



Volume distribution



Volume distribution

i e S R R e R T R R

. . | 1 |
Asymptotic behaviour | P(V|¢) = o(p)V-32 bV |
2\/7_1. Creminelli, Dubovsky, Nicholas, Senatore, Zaldarriaga [2008]
| RS ' Winitzki [2008]

&. is the rightmost singularitofin th comlex plane.

f always has a singularity at a real, non-positive & = &, of the type:  f(¢h; &) = fl¢h: &) + 6(P/& — & + O = &) .

All moments of the distribution are finite for & < 0, ¢&: = 0 corresponds to the transition point to eternal inflation.



Volume distribution

PRSI ASAp TEEsEToe e RS

. . | 1
Asymptotic behaviour | P(V|¢) = o(p)V-32 bV |
2\/7_1. Creminelli, Dubovsky, Nicholas, Senatore, Zaldarriaga [2008]
| RS Winitzki [2008]

&. is the rightmost singularitofin th comlex plane.

f always has a singularity at a real, non-positive & = &, of the type:  f(¢h; &) = fl¢h: &) + 6(P/& — & + O = &) .

All moments of the distribution are finite for & < 0, ¢&: = 0 corresponds to the transition point to eternal inflation.

Moments of the distribution

Taylor coefficients of f(@; &) around & = O: (V") = J dVV'P(V|¢) = (—1)”()]2?2 ) .
0

Equations for the moments become linear.

(VY = JdVP(V\ DV = () = jd/Ve3”PFpT,¢</V>

Not true for higher order moments! (V?) = JdVP(V\ PV # (e = Jdﬂe6”PFPT,¢(W)



Bacteria model of inflation: volume distribution

Continuum limit of the bacteria model:

FRRESNGAsApey o

ra ov 1 ofiisy)
a¢2.f(¢ O) a¢ V2 a¢ |

0 =500 gy \% ~ 0

3
Mz J(@; sp)log(f(@; sp)) =0

cb

¢!
N - e T e o T T e e e e B T e S S e e e S B o e |

f(@; sy) is the Laplace transform of the probability distribution of the volume:

o0

fP; sg) = J dVP(V| gb)sg/ —
’ ¢ = — log(sy)

o0

&) = J AVP(V| e

0

Volume distribution P(V | ¢) is the inverse Laplace transform of f:

1 100
PVI) = 7 V) =5 | deeigie)



