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In the study of various quantum phase transitions and excitations in Bose-Einstein condensates (BECs), sev-
eral key findings emerge across different scenarios. For a spin-orbit-coupled quasi-one-dimensional BEC,
temperature-induced transitions from a superfluid plane-wave phase to a supersolid phase are observed, con-
trasting with the behavior in homogeneous systems. The Hartree-Fock-Bogoliubov theory with the Popov
approximation is utilized to analyze collective excitation spectra, particularly focusing on the softening of
the spin-dipole mode near the quantum critical point. Furthermore, the collective excitations of a spin-orbit-
coupled spin-1 BEC in a trapping potential are studied theoretically at both zero and finite temperatures.
Density and spin excitations exhibit distinct behaviors with temperature variations, notably affected by spin-
orbit coupling.

Transitioning to a two-dimensional coherently-coupled Bose mixture, a paramagnetic-ferromagnetic quantum
phase transition at zero temperature is identified, with subsequent investigations into its behavior at finite
temperatures. Stochastic Gross-Pitaevskii formalism is employed, revealing a linear shift of the critical point
with temperature and power-law scaling of critical quantities, consistent with thermal critical exponents.

Finally, the role of thermal fluctuations in two-dimensional binary Bose mixtures is explored, particularly
focusing on the miscible-immiscible transition. Mean-field Hartree-Fock theory predicts a transition insta-
bility at non-zero temperatures due to divergent behavior in spin susceptibility, which is partially confirmed
by numerical simulations. However, discrepancies between theory and simulations suggest that mean-field
approximations struggle to accurately describe the system near the transition, especially concerning thermal
fluctuations.
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