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Introduction



Stochastic gravitational wave background

* Gravitational wave can propagate the physics earlier than CMB

* Recently, pulsar timing array exp. report the stochastic GW

signals around nHz region

* The sources of GW can be super massive black hole,

first order phase transition, topological objects, etc.



Calculation of GW spectrum

* The spectrum of GW is often calculated by using the

numerical simulation or naive quadrupole formula

* For FOPT case, the first principle calculation is possible

Jinno, Takimoto (2016), (2017)

with some assumptions

* This first principle calculation is also possible for some

specific soliton model



Expanding string loops on DWSs



Domain walls bounded by strings

* Motivated theories (e.g., GUT) show
the chain of symmetry breaking

* Especially, DWs bounded by strings appear by, e.g.,

Dunsky, Ghoshal, Murayama, Sakakihara, White, 2111.08750
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String loop nucleations o S

» String loops are nucleated when

Kibble, Lazarides, Shafi, '82, Preskill, Vilenkin, '92

Estring (R) < EDW (R)

» String loops expand with the released DW energy

Dunsky, Ghoshal, Murayama, Sakakihara, White, 2111.08750

* The nucleation rate is assumed as the Taylor expanded one
[(t) =Tl @t~

like first-order phase transition cases
M. Turner, E. Weinberg, L. Widrow (1992), M. Kamionkowski, A. Kosowsky, M. Turner (1994)
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Runaway assumption Pressure

Jinno, Takimoto (2016), (2017)

» Strings expand w/ released energy Friction

and plasma works as friction

* Dynamics?

* Assuming

Released energy density from DW

a(tx) = pre/ pplalts) 2 O(1)

I.e., the expanding speed is the|speed of light
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Envelope and thin-string approximations

* Released energy is localized at string

w/ fraction x (Thin-string approx.)

T;j(z) = p°(z)0(r — zN)in(T — TN)j,

K Pre
277 (t) L

p*(z) = mry(t) (rs(t) < |&' = Zn| <rs(t

* Collided strings (dotted) are neglected
(Envelope approx.)

Kosowsky, Turner, Watkins, PRD45 (°92)
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Dynamics Is determined

— Calculation for fiat pws

in the same way as the FOPT calculation
Jinno, Takimoto (2016)



Analytic calculation
of the GW spectrum



Energy density of GW
« Metric:  ds® = —dt* + (6;; + 2h;;)dx'dz’ + O(h?)

° - - . L.1IT 7 7721 TT N TT "X
Einstein eq.: h;;" (t,k) +k°h;;" (t, k) = 8nGIL;; (t, k)
t
* hit(t k) = 8rG / dt' G (¢, I (¢, k)

% Green func. Energy-momentum tensor
1 T - of expanding string loops
* Energy dens. pcw(t) = <h (¢, ) K" (8, 8)) 1 0(2) # O(3) sym.

/ dtq / dit- COS tl — tQ))H(tl, o, k)

H(tla ta, k) :Kijkl(]%)Kijmn(l%) / d3r6ik.F<Tlemn>ens (tla ta, T)
TT-projection Known from dynamics Need to calculate
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Ensemble average

Prob. dist. for GW passing

<Tlemn>ens (tla t27 T) — / XTkl (7?17 tl)Tmn (F27 t2)

two points (7, t;), (¥, 1))

* The probability is given by conditions of

(I): The points are inside DWs (~3D-Buffon’s needle)

(I1): No string loop is nucleated inside the past light cones
(Envelope approx.)

(lll): The string-loop nucleation points are
on the surface of past light cones (Thin-string approx.)
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https:/mathworld.wolfram.com/BuffonsNeedleProblem.html

/| \

» The distance of two points » must be i

(I):Buffon’s needle

-7 T
. . . r = |T1 — T2
inside DWs of width dyyy, ¥
/ /
/
T
T /2 dD2W — 5 cosf - +d>
O (r) = / do df / d dh 8129
0 cos—1(dpw /r) — LW+ T cosb nTaH
dw
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(11):DW remained in past light cones

. No nucleation in volume V

P(ti,to,r) = H(l — F(t)dvz)
:e—l(xl,xg) |

DW plane

I(azl, CL‘Q) :F(T)I(T, td)

Nucleation rate Volume factor




(Il1):Nucleations on past light cone surface

* Nucleation rate times area n n ‘ ‘
 Contributions from %

one and two string loops One string-loop cont. Two string-loop cont.

[

t1
(Tt Ty ) 300018 (11, 9, 1) = CDW(T)P(tl,tz,T)/ dtan(tm)/ d* 21Ty (t1, 7)
—© M

12))
X / dtnzF(tnz) / dZZZTmn(t%'F)
—60 Ao —

, t12
(Thi T )S28'% (81, to, 7) =Cpw (1) P(t1, ta, ) / dt,I'(tn) d* 2T (t1, 7) Ty (to, )

Ri2
\ DW plane
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Dimensionless GW spectrum function

Jo»J15.) [for TT-gauge
Clearer for FOPT case and also true w/o envelop approx.

Jinno, Takimoto (2016) Jinno, Takimoto (2017) <TTTTTT> - (]% . 72)4

» A(k/p) is expressed by the sphe. Bessel func.

. 3 >0 >0 Cow () B ] ] |
ASele (L. = — k3 / dt kt / d kr)E} Fy A F
( /ﬁ) 47_(_/3 0 dCOS( d) "y TTSZ(T’ td) ]O( T) 0 Ly 1 (k’r')2 2-

AdOUble(k/ﬂ) :G%ﬁk:g/ dtdCOS(kW
“ 0 t

. I(r, td)2
j1(kr)

x -(jo(kr) 2 :3].(2157]?)7;))

X ( a,ov T td + ga non('r td)) (gg,ov('r’ _td) + gg,non(r7 _td))

- From Green func.

]1 kr ]2(]{:7')
+ (ioter 5
X [(ga oV ’r td + ga non('r td)) gl/)/,ov (Ta _td) + gg,ov(’r’ td) (g(/z/,ov (T7 _td) + g(/z,,non(r7 _td))]

ji(kr) | .o J2(kr)
(]O k’f‘) 2 L - 19 (kT)2 gl/)/,ov('r? td)gg,ov('r? _td)- '
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(Not main story)

TT-gauge Is not good for this calculation?

n * Sums of j,,J;,/, components show cancellations
D Including const. part -

= l l | = 2 — T — T —
102 L 10° E =
= = 1 =
= = 10" &

109 = E )
1 E 107" = =
Q 107 = = Q. 2 -
2 LF 5 2 107 3 -
o 107 2 = L) _a F —
2 - " S 8 103~ =
B 1073 = 4 8 4 F =
= - 4 < 107 = B fdouble =
104 L i .= IRO =
= - Asmgle = 107° & =
= 6 . ~ double =
. - 107 /1 AT IR12 =
_ Asmgle - — =
= 1077 E S /=
. y - = r =

| | 1 \ \ \ | \ 1 ! I I 1 1 1 | 1 1 I 1 | 1 1 1 1

0 1 2 3 2 3

Log1o(k/B) Log10(k/B)

Causality shows up

Caprini, Durrer, Konstandin, Servant, 0901.1661
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Total spectrum

Maybe unique for constant term of source in time

€.J., Roper Pol, Caprini, Neronov, Semikoz, [2201.05630].

A(k/B)
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3 — Total E
%— Asingle —%
? Adouble %
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Log 10 (k/B)
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Cut off @ DW scale

or initial loop radius



Present GW spectrum [YH-Nakano 2405.09599]

\ 4
@V T.=10MeV, f=10H,, dpw = &/H. o~ (10% GeV)3
LS 7
¢ NANOGrav | - DEC'GO:,:’: | ET
| — =107
10-16 " |
10—20 ..... - f — 10—12
10;‘.:’ BRTS 04 01 100 TS
f [Hz]
| non-thermal production of DW, d,.;. = dy
* Assumptions: wall prod.
DW not in scaling regime, N.;;s = dy./d,.;s per Hubble
6

https://indico.cern.ch/event/1335106/contributions/5833097/attachments/2857038/5002596/EuCAPT_hamada.pdf



Summary

» Expanding string loops emit GW due to O(2) # O(3) symmetry

* The GW spectrum from expanding string loops is derived

and fitted with the PTA signals

* This calculation neglected the Hubble expansion, sound wave, and

turbulence of plasma (or plasma itself)
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Appendix



Definition of spectrum function

ek o () (128 Y a1

3 B2peo
A(k/ﬂ) 87TG6,52tpt()

2k3
: ﬁ / dtl/ dtg COS tl tz (tl t2 k)

42 K2 p2,

QGW t /C)
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Spherical Bessel representation

1
<Tikal>(S) = a10;;0x + a > (6ik01 + 6,10 )
+ b5 7R) + baSitit
1
by —
+ D3 1
-+ Cl?'i?'j?k?l’

(O 7Ty + 647 ;P + O ¥ify + 0;17i7%)

* Kij,kl(I%)Kij,mn(]%)<Tlemn>(S)

1
=2a, + (1 = c%)bs + 5 (1 =c%)?c

25 Jinno, Takimoto (2016)



O(2) Symmetric effect

overlapped regime: —oo<t<t
bp 5 12 * No contribution when O(3) sym.

non-overlapped regime:  t12 <1 <ty(9) . - Exist only for double-loop contribution
* Dominant contribution for spectrum

- Same DW-plane correlation
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i) = 13 -87rcosh % + B2 — 12K,
Expression (single)” ™ = " (2) e

/2 ' — 2t 4t
- dtr 27 | (2t — t4)? [ 7 — cos™! el
— 2 /_OO Te ( T —tq) (7‘(’ COS (r T
1

r? + 2t 4t
+(2t + tg)* (ﬂ'—COS ( T dT))

(2t + tg)
single _ i 3 > > CDW( ) p /- Jl(kr) /| JZ(kr) /-
ASEC(k/B) = 47rﬁk /0 dty cos(kty) /td drr3I('r . _]O(kr)FO = Fi A (k)2 Fz_
3(2 _ 1213/2
Fé(’f’, td) —3,r (T2B2td) K2 (%) )
,',.3 ’f’2 . t2 _
F{(Ta td) — \/ﬁz ’ _25T(T2 o t?l)Kl <182 ) T 3(T o 5td)K2 (1827')- 3
Fy(r,tg) = r” Br{9r* — 90r2t2 + 105t; + 28°r(r* — t2)*} Ko (ﬁ T)
2B3\/r2 — t?i i 2

+4{9r* — 90r2t2 + 105¢4 + B2 (r? — t2)(r? — 5t2)} K4 (59 ,
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Expression (double)

Adouble (k/,B)

o0 o0 20 (’l“)
2 B3 / dt, cos(kt dr —DW
6471',8 0 d ( d) ' I(’l“, td)2

: ji(kr) o Je(kr)
X [( o(kr) — 2 - +3 (kr)? )
X a ov(’r t + ga non('r td)) (g:z’,ov(r? _td) + g(lzl,non(r? _td))

N ((j ]1 (kr) jg(kr))

(kr)?
X [(ga ov + ga non T td)) gb ov (T _td) T g;),ov(r td) (g(/; ov (T7 _td) + gg,non(rv _td))]
+ (]0(167“) — 2 p + 19

Jlacr) 9(2}55)”) o (7, L) o (ry —t) |

kr) — 2

(3.65)
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Z(r,tq) :% [87’(' cosh (%) + 52

~aka (),
1 [~T/2 — Ot gt
— = dtp e”'T | (2ty —tg)? [ ™ — cos™!
4/_00 e [( 7~ ta) (W o (7“ (2tr — tq) )>

+(2t7 + tg)? (7? micl ( (22;24%5) )>]

where

gIR(T7
gconv('ra td)

Adouble (k/ﬁ)

=T €

gg,non(r7 td)gg,non(r7 _td) —JIR (T7 td) + gCOHV(’r? td)?

tq) 26471'2

2e7T [(8 +4r 4+ 1r8)% — 2r(4 + r)t5 + t4]

t
— 1672”2 ((8—|—4r—|—r —I—td)cosh——2(2—|— )tdsinh—d>

2
= AfRo(k/B) + AfRiz (k/B)

Jir part

double 3 > > 2 1 . 1 :

Afgi(k/8) =3mpk° | dtacos(kta /td drr2Cpw(r) ( Ty I(Oo’td)Q)jo(kr)
3Nuatediyg Hok (. 27k/B
g, 240 o
o0 o0 2 B .

Adouble 3 r*Cpw(r) ji(kr) | og2(kr)

k/B) =3npk® | dtgcos(kty) [ d 2 -3
Alrie (k/B) =38 /0 d cos(ktq) /td r Z(r,tg)? | L (kr)2
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IR divergence

A?ﬁgble(k/ B) = 32T " sinh 27k

T—00 3Nwallsd2DWH*k -(1 | 27Tk/ﬂ
B

) (1 — cos(kL)) + B *kx(k/B) sin(kL)
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FOPT result 2. ANALYTIC DERIVATION OF
THE GW SPECTRUM .00

3 i 1 d
M ol S

Final expression ! (k/!)!

8' G $2% | ot din k
single o Fo = 2(% — 13)2(r + 6r + 12),
k
A(s) = E dtd dr c T3I((:Z:(’r)td) Fy =2(r* - t3) [—1'2(7"3 +4r? + 12r + 24)
ta

+t3(r® + 12r% + 60r + 120)]

k o (k
X []O(k’f’)Fo -+ ]ll(crr) Fy, + Jligrz) Fol F= % [r4(r* + 4r® + 20r* + 72r + 144)

— 2t3r%(r* + 12r° 4 84r? 4 3607 + 720)
+tg3(r* 4 20r° + 180r? + 840r + 1680)]

double (d) _ cos(ktd) G(ta,r)
A 967 / did /td dr - r4Z(tq,r) = (r* — t3) [(r® + 27®) + tq(r® + 61 + 12)]
. |
200 6 t4,r) Gty

contains many polynomials, exponentials, and Bessel functions, but ju
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https://www2.yukawa.kyoto-u.ac.jp/~ppp.ws/PPP2016/slides/takimoto.pdf



FOPT result

2. ANALYTIC DERIVATION OF
THE GW SPECTRUM

Result

- Consistent with numerical simulation within factor -

A _Peak amplitude
determined
0.01 7N Sl 21""'/Etot ;i
-4 h :
t0 | fll\ conbPrmed idiag;
- Total N | GW (k) | I din L
107 = Single - tot N
— Double
-8 A 1 ‘ 2 A . ; k
0501 0.1 I 0 100 1000 /P
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https://www2.yukawa.kyoto-u.ac.jp/~ppp.ws/PPP2016/slides/takimoto.pdf



