Anomaly calculations

In curved spacetime
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/ DyDexp {iS[T, W]} —  tm [ D(RY, ) D(RE - w) exp {iS[0. 01}
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A non-chiral theory allows us to absorb the transformation into one of the variables:
D(Rx ) D(Ra - ) = DUD (7 Ry Ra - )

We demand that the regulator be compatible with all classical symmetries of the action:

([QiP—m] =0=[Q,Ra]=0) = Ra=f(I,A)

Treating the theory as a low-energy limit of another theory motivates ordering the
eigenvalues by their magnitude :

Ry = f(DD/A)
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Symmetries in QFT

Quantum symmetry breaking

DYD (f((P/N)?-4)) exp {5, ¥}
W W
Integration measure, i.e. the volume form Probability amplitude -density scalar

Symmetry of a probability distribution:
dpexp{iS} =d(g-u)exp{g-iS} Anomaly term:
= du det(g)exp{g - 15 det(e?) = eIl 1 H{Tx [T
(9)exp{g-iS} | det(eT)

Jacobian det.
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Symmetries in QFT

Quantum symmetry breaking

Our theory: hm /DM? F((D/A)?) - ) exp {iS[, ¢

Anomaly term:;

Anomaly is computed w.r.t. requlated measure:

det(e?) = ™1 a1 Tr [T = A11_>1f1f1 Tr [Tf((D/A)?)
”YJDM

The covariant derivative in gauge theory; curved spacetime:

V,=D,=0u+3A4,""Smn +T%,U." + ALT*

(Kinda) ordinary GR. ,
Generalised to rotate arbitrary spinors. ~ Ordinary GR Gauge freedom
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Weyl Anomaly (fermion sector)

Quantum correction to trace of stress-energy tensor

Generalised Ward identity:

0S . 0S 0S
<(g . 596> F — 5gF>JO;2A< —1 1T [5g‘q)] + (E ' 69(1) | Se ' 596) F> ‘

Quant. sym. break. Ns———

Class. sym. break., A,;S J=0,Rx

Special case:

0S 0S 0S
— -0 = —1 T — - | - .
(5 0e)) = cmile) + (-0 55 0e))

Quant. sym. break. N =——————————
Class. sym. break., A,S

J=0,RA
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Quantum correction to trace of stress-energy tensor

Quantum breaking of classical symmetry:

5 se) = { —iTrisle] ).
56 g g
J=0,RA S——r

Quant. sym. break. J=0.R

Weyl anomaly of QED (ignoring Einstein-Hilbert action of gravity):

<T5>J:O,:RA \—/—/_i e > | Tr [T] = lim Tr [Tf((D/A)7)]

Quant. sym. break.” ;_g p. A— 00
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Weyl Anomaly (fermion sector)

Long calculation - reduced to a trace over fermion indices
Anomaly is computed w.r.t. requlated measure: Tt [7'| = lim Tr [w(x)f((lﬁA)Q)]

A—0
Treeg | X | = lim Tr | X f((AD)?)] (4.15)
= /l\l_r% d*z \/g(z) [< ‘Xf ((AD)?) >] (4.16)
= jl\i_r% d*z \/g(x) tr [(z|f((AD)?)|z)] (4.17)
. 4 d4k
— /l\l_r% d x\/ﬁ(x)X(ax)/ (o [<x|f( (AD) )|k> (k|x) ] (4.18)
~ lim [ d'svG@)X (@) [ (‘jﬁ’)“ c [(kle) (e| F(ABY)K)] (4.19)
— 11\1_12) d*z./g9(z) X (x) / ((21:;4 tr [e”"** f((AD)?) €] . (4.20)

= lim d4a:\/§(a:)X(x)/ ((217(];4 tr [f((AlD)Q) [1]] . 8# —> 8# + ’Lku :

A—0
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Weyl Anomaly (fermion sector)

Long calculation - substitute expression for covariant derivative

Anomaly is computed w.r.t. requlated measure: I [T] — /1\1_% Ir [w(x)f((lﬁA)Q)}

lim Tr [w(z) Id f((AD)?)] (4.23)

A—0

— lim [ d*zw(z) / (‘;:;4{1;1« [f(AQ((Du+iku)2+F+G”(Du+z’ky)))[1]]}

A—0

— lim [ dzw(z) A~ / d(z(jr\)’? {tr F(A2((Du+ k) + F +G*(D, +ik,)) ) 1] }

A—0

A—0 2T )

— lim [ d*zw(z) A / (d4k4 {tr [ f( (AD, + ik,)? + A%F + G¥(A2D, + Aik,,)) [1]] } |
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Weyl Anomaly (fermion sector)

Long calculation - Taylor expansion
Anomaly is computed w.r.t. requlated measure: Tt [7'| = lim Tr [w(z)f((lﬁA)Q)]

A—0O
Taylor expanding f(...):

f( (AD,, +ik,)* + A2F + G"(A2D, + Az’k,,)) (4.24a)
= ( — k k" + Aik, (2D* + G*) + A% (G*D,, + D, D" + F) ) (4.24b)

— — 1 (m) p ' p p 2 (W [ .
=3 (—kuk)(Azku(QD +G") + A2(G"D, + D,D +F)) (4.24¢)

m=0 .

= f(—k, k") (4.244)
+ A( (= k, k") (iky (2D” + G”))) (4.24¢)

+ A? (; f"(—k.k")(ik, (2D + G*))* + f'(—k.k*) (D* + F + G*D,,) ) (4.24f)
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Long calculation - Taylor expansion

Anomaly is computed w.r.t. requlated measure: I [T] — /1\1_% Ir [w(z)f((lﬁA)Q)}

Taylor expanding f(...):

f( (ADM + ’I:ku)2 — A2F + GV(AQDV + A'lkl,/)) 1+ A3 (%f”’(—k#k“)(ik‘u(ZDV 4 Gu))3
_ f( — kyk* + Aik, (2D* + G¥) + A*(G*D,, + D,D" + F) ) 1
00 1 m T if”(_kuk”) ({ikV(QDV + Gu)v D’ + F + GMD#}))
=y ( - kuk“) (Az’k“ (2D* + G*) + A2 (G*D,, + D, D" + F) ) 1
= k) e (ﬂf (k) (@K, 20" + G)')
+ A( f'(=k.k")(ik,(2D" + G”))) + éf”’(—kﬂk“)(
| (tk,(2D” + G*))*(D* + F) + (tk,(2D” + G*))(D? + F)(ik,(2D" + G*))
+ A’ (Qf”(—k#k“)(iku(w” +G")* + f'(—kuk") (D* + F + G*D,,) ) + (D + F)(ik,(2D" + G"))?)

1

+ O(A).



Weyl Anomaly (fermion sector)

Long calculation - Taylor expansion

Anomaly is computed w.r.t. requlated measure: I [T] — /1\1_% Ir [w(x)f((lﬁA)Q)}

Taylor expanding f(...):

f( (ADM + 'I:]C'u)z —I— AZF + GV(AZDV + A'lk,/)) 4 A3 (éf///(_k'uku)(iku(ZDu 4+ Gu))B

— f( — kK" + Aik, (2D* + G*) + A*(G*D,, + D,D" + F) ) 1
+ o " (= k") ({z’k,,(ZD” +G"),D*+ F + G“Du}))

5 L) (050 8 D 0004 1)

m= 4 1 " L . v v\\4
i +A (ﬂf (k) ((ik (2D" + G*))')
+ A(f/(—kuk*)ik,(2D" +G"))) + o (k)
| (tk,(2D” + G*))*(D* + F) + (tk,(2D” + G*))(D? + F)(ik,(2D" + G*))
+ A’ (zf”(—kuk’“‘)(iku@l?” +G")* + f'(—kuk") (D* + F + G*D,,) ) + (D + F)(ik,(2D" + G"))?)

1

+ O(A).

After a number of partial integrations, and exploiting Lorentz symmetries in various integrals...
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Weyl Anomaly (fermion sector)

Long calculation - penultimate formula
Anomaly is computed w.r.t. requlated measure: Tt [7'| = lim Tr [w(x) 7 (( ), A)Q)}

A—0

+ tr

12

lim Tr |w(z)Id f((AD)?)] = lim [ d*z {

A~ ( / drr f(r)) tr [Id] [1] — A2 ( / dr f(r)) tr [C] [1]
m} |

1 1
_[HOH Hﬁ] [Ha7 HB] T E[HOH [Ha7 C]

1 2
]+§C

A—0

P°=D*+F+G"D,
1 vV
I = Z[’)’uﬁ’ [[Dy, D]
GV _,.y,ueml/ (Z’Az[ga’ ,ym] 1 Azm,yn)
H" = D" + ;G"
C=F-1G*-1[H, G").
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Weyl Anomaly (fermion sector)

Long calculation - ultimate formula

Anomaly is computed w.r.t. requlated measure: I [T] — /1\1_% Ir [w(x)f((lﬁA)Q)}

Assuming a Levi-Civita connection...

lim ITr [w(:c) 1d f((Aﬁ)Q)] — lim [ d%s \/5(23)11)(:17) {

A ( / drr f(r)) tr [Id] [1] — A~ ( / dr f(r)) tr [F] 1

1 ‘ 1 1
+ tr| = [Da, Dg)[D®, D] + 2[D,,, [D*, F) + S F? [1]}.
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Weyl Anomaly (fermion sector)

Long calculation - the wrong answer

Anomaly is computed w.r.t. requlated measure: I [T] — /1\1_% Ir [w(x)f((lﬁA)Q)}

My answer for QED appears to be wrong...

/l\iLI})Tr —2w(z) Id f((AlD)Q)] = 2"l\i§}) dz \/§((Z7)T;1;(1:) {

AN (/ drrf(r)) + A2 (/ dr f(r)) R

22 L 1 P2 1 abed 1 L
+ € §E“/F’ -+ gR 24R R(,b(;(i — gD“D/ R} :
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Restoring broken Weyl symmetry

Changing the measure

Can change the model to be Weyl-invariant; loses coordinate-invariance.

E.Q.

DYDY — D (|g]"/*) D (19™*0)

* Retains partial coordinate-invariance (isovolumetric/ unimodular' spacetime transformations).
* Next steps:

1. Complete derivation of gravitational anomalies. (Maybe require Zeta-function reg.)

2. Formulate Weyl-invariant theory. (Requires new gauge field: dilaton'. May be alive').

3. Apply technigues of anomaly calculation to coordinate anomalies.

4. Make phenomenological predictions based on new/broken symmetries.



