Three-loop soft anomalous dimensions in QCD
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e Higher-order soft-gluon corrections
e Three-loop soft anomalous dimensions
o I'g for processes with W, Z, v, H

e I'g for single-top, top-pair, and 2 — 3 top processes
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Soft-gluon corrections

very important because they are typically large and
they dominate the perturbative corrections

consider partonic processes pq, +pp, — p1 +p2 + -

define s = (pa +pp)?, t = (pa —p1)*, u= (pp —p1)* and s4 = s+t +u— Y m?

In® (s4/M?)
54

Soft corrections { } with £ < 2n — 1 for the order af corrections
_|_

Resum these soft corrections for the double-differential cross section

At NLL accuracy we need one-loop soft anomalous dimensions

At NNLL accuracy need two loops; at N3LL accuracy need three loops

Approximate NNLO (aNNLO) and approximate N3LO (aN3LO) predictions

for cross sections and differential distributions (single and double)
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Soft-gluon Resummation

moments of the partonic cross section with moment variable NV:
o(N) = f(d34/s) e~ Nsa/s5(sy)

factorized expression for the cross section in 4 — ¢ dimensions

M
O_ab—>12(N, 6) — tr {Hab—>12 (048<,LLR)) Sab—>12 <N 7048(HR)>}
HF

Xwa (Na,,U,F,G) ¢b(Nb,MF,€) HJ’L (N,,LLF,G)

Hab—>12 Sab—>12

is hard function and is soft function

Sab—12 gatisfies the renormalization group equation

(’uRauiR + 5(93)62 ) gab—12 _ _F,Tsab_)l2 gab—12 _ gab—12 F%b_>12
s

Soft anomalous dimension F%b_”Q controls the evolution of the soft function

which gives the exponentiation of logarithms of N
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Resummed cross section

After renormalization-group evolution of the functions in the
factorized cross section, we have

G2 (N) =exp | Y BN | exp | Y E(N)
i=a,b j=f.s.q,9

) VN,
<tr Hab—>12 <a5<\/§)> PeXp / #Pgab%lQ (CVS (,LL))
\/g

Vs/N
x Gab—12 (a5(£)> Pexp / d—MF%’HlQ (as ()
N N U
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Cusp anomalous dimension

< < <<€
o A <

A basic ingredient of soft anomalous dimensions

cusp angle § = cosh™!(p; - p;/ /pzzp?) and Tcusp = Zoo (%)n Fgﬁgp

n=1

One loo
P ) = Cp(fcothd —1)

In terms of 8 = tanh(6/2) = 4/1 — % we have 0 = In <%) and

L+ (1-5)

(D8 N _
28 (1+5)

cusp = (CFf

1] = —Cp (Lg+1)
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Cusp anomalous dimension

Two loops

1
F((Z?l)sp — KQF((:}J)SeriCFCA{1+§2+02—coth0

93
(20 + 02 + — +Liz (1 — 6_29)]

+ coth? 0

—C3-FC29+-%;—%01A2(6_29)-kId3(6_29)]}>
where Ko = (Cy <ﬂ — %2) — %nf

In terms of 3

28 _ wp 1 { 2(1—6)
p 2 p + ;CFCa + (G2 +1n .

7 [em(355) - (555) + 5 (155) -1 ()
212 — — — —B)°
+%[ ¢z — (G21n (1_,_@)_lln?)(%)_ln(%)LiQ(%)

(2]
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Cusp anomalous dimension

Three loops

3 1 2 1 3
F‘(:u)Sp — K?’F((?u)sp + 2 K> (Fgu)sp — Ko F((:u)sp) + C( )
where
2
245 67 11 11 55 ¢ 209 5¢ 7¢ n
K3 - 0124 (___C2+_C3+—C4)+C'an <——+_3>+0Anf (_ + 2 3)__f
96 36 24 8 96 2 432 18 12 108

and C) has a very long expression
Again, the result can be expressed in terms of 3

For n; = 5, we have the numerical result

T35 ~ 0.092 8% + 2.803 TSLLD
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Cusp anomalous dimension - massless cases

If eikonal line i represents a massive quark and eikonal line j a massless quark,
then we have simpler expressions

One loop

1) m; 2p; - pj 1

iy = o [ mﬁﬂ) =

Two loops

. . 1

Pewp’ = KaTouy + 70rCa(l —G3)
Three loops
. 1
F((Z?J)Sp = Kj F((Zzlll)sp b+ §K2CFCA(1 —(3)
1 3 C3 3 9
et (430§ -Joor 30
TOPCA T3 T g5 gt e

If both eikonal lines are massless, then

oo
pmassless Cpln( bi pf’)E (—O‘S) K
S T

n=1
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I's for some simple processes

processes with trivial color structure

I's¢ vanishes for:

Drell-Yan processes qqg — v*, qq — £
W-boson production via ¢q77 — W*

Higgs production via bb — H and gg — H

electroweak boson pair production qq — v, q¢ — 27, g4 — WTW —,
97 = vZ;5 q7' = W*n3 97 - W*Z

charged Higgs production via bb - H- W+, bb - HtH—, g9 - HTH~

for Deep Inelastic Scattering (DIS)

At one loop: Fgl)qv*—>q = Cpln(—t/s)
At two loops: Fg) T K> Cpln(—t/s)
At three loops: ngg) VT R O In(—t/s)
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I's for large-pr W, Z, v, H production

Let V=W or Z or v or H

For the processes qg — W=*¢ and q9 — Zq and qg — vq and bg — Hb
At one loop: Fgl)qg_)Vq/ = Cpln <_T“> — CTA In (%)
At two loops: Fg) a9=Va _ Ko Fg)qgﬁvq/

At three loops: ngg) 9—Va _ Ks ngl)qg—ﬂ/'q

For the processes q7 — Wig or q§ — Zg or q§ — g or bb — Hyg

At one loop: Fgl)qq —Ve - CTA In (Z—g)

At two loops: Fg) 9=V _ g, Fgl)qq —Vyg

At three loops: ngg) 19 =V9 _ g, ngl) 97 —Vg

same ['g for reverse processes such as ¢ — qg and vg — qq
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Single-top production

Single-top cross sections  m=172.5 GeV
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Single-top t-channel production

/
Fbsq%tq is a 2 x 2 matrix: use t-channel singlet-octet color basis
At one loop
I“(l)bq—hﬁq’ —cp |n t(t — m%) B 1 F(l)bq—nﬁq’ _ Cp . u(u — m%) F(l)bq—nﬁq’ . u(u — m%)
S11 mts3/2 o | S 12 2N, S(S_m%) ’ S 21 —S(S_m%)

2 2 2
(1)bq—>tq’ B Ca t(t—mt) 1 u(u—mt) Ca u(u_mt) 1
FSZ2 B (CF_T) |:1n( my s3/2 —;+21n s(s—m?) +7 tn mt33/2 _5

At two loops

(2)bg—tq’ _ (1)bg—tq’ | 1 N (2)bg—tq’ _ (1)bg—tq’
Us11 =Felgyy T OrCall —¢3), Usi2 =FKaTgy,

(2)bg—tq’ _ (1)bg—tq’ (2)bg—tq’ _ (bg—tq’ | 1 _
Us21 =FK2lgo ’ U522 = K2 lgo + L OrCall —c3)

At three loops

3)bg—tq’ 1)bg—tq’ 1 2 1 3 C3 3 9
Ff‘?ilq ’ :K3F§§ilq T+ —KeCpC (1 —¢3)+CpCy [ —— 4+ ¢ — = — —¢als + —¢5
2 4 8 s 8 16

(3)bg—tq’ _ (1)bg—tq’ (3)bg—tq’ (3)bg—tq’ _ (1)bg—tq’ (3)bg—tq’
ARET = K3T g1 T X510 ’ U521 = K3l g9 T Xgo1

1 3 ¢3 3

(3)bq—>tq/ i (1)bq—>tq/ i . 2 - ° 532 i (3)bq—>tq/
LAppae = K3T g/, +2K20FC’A(1 ¢3)+CprCy 4+8C2 s 8C2C3+16C5 + X500
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Single-top s-channel production

_/ T
i ~t0 is a 2 x 2 matrix: use s-channel singlet-octet color basis

At one loop
_ 2 _ 2 _ 2
F(l)q@’—)tb —C 1 5T My 1 (1)qg’ —>tb _ CF t(t —my) (1)gq’ —tb t(t —my)
=Cp |n | ——= ) -=|. Iy} =——m(—7202"), r§l = [ ———
S 11 mt\/g 2 2N¢ u(u—mt) U(U—mt)
2 2 2
~/ T C s —m 1 t(t — m?%) C t(t — m2%) 1
I‘(1)qq —tb _ Cp — A In t — ~ 4+21In t + A In t .
S 22 2 me~/s 2 u(u — m%) 2 me s3/2 2
At two loops
(2)qq’ —tb _ (1)qq’ —tb | L B (2)qq —tb _ (1)qq’ —tb
FS]_]_ _K2F5’11 + 4CFCA(1 C3)’ FS]_Q _KQFS]_Q
(2)qq’ —tb _ (1)qq’ —tb (2)aq’ —tb _ (1)qg’ —tb 1 B
Us 21 = Kalga ’ U522 = Ka2lgo + 4CFCA(1 ¢3)

At three loops
1 3 ¢3

3)qq’ —tb 1)qg’ —tb | 1
nggq —t :K3nggq —t +5K2CFCA(1_C3)+CFC?4 (_Z+5C2_?_5C2C3+EC5>

—/ IR —/ IR —/ IR
1_,(3)qq —tb — K I‘(1)qq —tb 4 X(B)qq —tb

(3)qg’ —tb _ (1)qq’ —tb (3)qq’ —tb
RS = K3T g1 T X519 ’ S 21 S 21 S 21
3)qq’ —tb 1)qq’ —tb 1 2 1 3 ¢3 3 9 Vaga! —th
re’ T = Ky AT T g — Ky OpOA( ) 1 ORCh ( — o 2 - T - =Gl G5 |+ X0
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Associated tIV production

At one loop
= n — = — 1n
S d mi/s ) 2 2 t —m2

At two loops

1
FEg2)bg—>tW — Ko ngl)bg—ﬂw i ZCFCA(l _ CS)

At three loops

bg—tW bg—tWw | 1 1 3 (3 3
PPtV - g p{P +§K20FCA<1_C3)+CFC,%1 (_Z T35 73

same I'g for bg — tH~ and for FCNC qg — tZ, qqg — tZ', qg — ty
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Top-antitop pair production

pp->tt at LHC energies aN'LO m=172.5 GeV
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Top-antitop pair production: ¢ — ¢t channel

F(gj—)tt is a 2 X 2 matrix: use s-channel singlet-octet color basis
At one loop for g — tt
2 2
(1)qg—tt (1) B (1)qg—tt _ CF t—my (1)qg—tt _ t—my
A t t
2 2 22
(1)qg—tf Ca (1) t — my C A smy (t —my)
r = 1 — r +4Cp 1 ) - — |1 +1
22 ( QC’F) cusp F n(u—m? 2 B (u—m%)4
At two loops for q7 — tt
(2)gq—tt  _ (2) B8 (2)gg—tt _ B r(1)ag—tt (2)gg—tt _ B r(1)gg—tt
Us11 = lousp: Tyg - <K2 —Cal, ) T2 oy - (K2 T AN, ) To1
2)qg—ti 1)qG—stt Ca 2) B 1) B C?A
— —
Féz)qq = K2Fé2)qq + (1 e ) (Fgu)sp - KZFEH)SP) T o)
F

2
where N’B _ i 1n2 1-5 + w Co — 1n2 1-5 — Lig i
2 4 1+ 8 88 1+ 8 (1 + B8)2

At three loops for gqqg — tt

(3)ag—tt  _ (1)ag—tt ©a (3) B (1 BY) , K2 2
I‘S 22 o K3 FS 22 T I‘Cusp - K3Fcusp + CA(l —<¢3)
2Cp 2

1 3 ¢ 3 9 = n

3 3 (3)gg—tt

+ C —— + —C2 — — — —C2¢3 + —¢(5 | + X
A ( 4 8 8 8 16 S22
(3)gg—tt . . .
where X denotes unknown three-loop contributions from four-parton correlations

S 22
other 3-loop matrix elements not fully known either but have analogous structure to that at two loops
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Top-antitop pair production: gg — ¢t channel

3 x 3 matrix for gg — tt with color basis ¢; = §%°§12, c2 = dabch2, c3 = z'f“bCTf2

- gg—tt gg—tt -
FS 11 0 FS 13
gg—tt _ gg—tt gg—tt
FS o 0 PS 22 PS 23
gg—tt gg—tt gg—tt
= FS 31 FS 32 FS 22 =
At one loop for gg — tt
2 2
1—1(1)99—”/{ _ 1-,(1) B 1_,(1)gg—>t1? . t — mj F(l)gg—w,f o t— mj
S11 cusp > 913 W _ 2] Ts31 w2 )
t t
2 2
~(Dgg—tt  _ L Ca N Ca | (GZmpummp
S 22 - 2C cusp + 2 " s m?2 ,
F t
- cC t — m?2 - (N2 — 4 t — m?
r(Dgg—tt  _ AL t r(Dgg—tt _ e In t
S 23 2 u—m% S 32 2Ne u—m%
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Top-antitop pair production: gg — ¢t channel

At two loops for gg — tt

(2)gg—tt  _ (2)B (2)gg—tt _ - B (1)gg—tt (2)gg—tt _ B (1)gg—tt
i1 = Teuspr Tgi3 Ko —=CaANgy )T g3 o Tg3y = | K2+ CaAN; )Tyl ’
(2) (1) 2)8 _ 1 8Y , 7
2)gg—tt 1)gg—tt 2 1 ) A
r = KaT + F ol + —=(1 - ¢3),
S 22 S 22 ( 2C ) cusp cusp 4 3
(2)gg—tt . (1)gg—tt (2)gg—tt _ (1)gg—tt
Tsa3 = Kaolgog » Tgag = Kalg3y

At three loops for gg — tt

(3)gg—tt (1)gg—tE Ca (3) B (1) B
FS’ Qgg o K3 FS Qgg T (1 - E) (Fcusp K 1—‘<:usp) T 5 CA(l —<3)

3 3 <3 (3)gg—tt
+CHy (—— + gCQ . —C2C3 + —C5) + X595

(3)gg—tt
S 22

other 3-loop matrix elements not fully known either but have analogous structure to that at two loops

where X denotes unknown three-loop contributions from four-parton correlations.
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Top double-differential distributions in ¢¢ production
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Top double-differential distributions in ¢¢ production
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tqH, tqZ, tqvy, tq\V production

consider ¢’ — tbH as well as q¢ — tbZ, q@’ — tbvy, q@ — tbW —, qf — tg’' W+
use s-channel singlet-octet color basis and further define

s’ = (p1 +p2)27 th = (Pv _p2)27 u' = (Pa _p2)2
At one loop

B ;2 B Ve 2 _ Ve,
r(Dad’ =tbH _ o 4y (2 7T ) 1 paed—ebr _ Cr o (TET ™) N (1) qq’—pE _ 2T ™)
S11 my/s ) S 12 2N, u/(u—m%) S 21 u/(u—m%)
(1) q@’ —tbH s/ —m? 1 1 t/(t — m?) Ne¢ t/(t — m?)
r =Cp |[In —_ —_ | — — In + In
S 22 me/s 2 N¢ u’(u—m%) 2 s(s’—m%)

Two-loop and three-loop result structure as in s-channel single top

also consider processes bqg — tq’ H as well as bqg — tq'Z, bqg — tq’~, bg — tqW —,
qq — t¢ W7, and use t-channel singlet-octet color basis

At one loop
/ 2 / 2 / 2
r(Wba—ta’H _ o | fF (t—mi)\ 1 r(Wba—tg’H _ CF (Y (u —my) r(Wbg—te'H _ | [ (u — m7)
S11 F mys3/2 5 | 7T s 12 2N, s(s/ —m2) TS 21 s(s! — m2)

/ — m2 u/ u — m2 u/ u — m2
F‘(Sl;;q_ﬂfq/HZCF |:1n (—t (¢ 3/2t)> _i:| _Lln( (/ 2t)> + Ne ln( ,( 2t)>
me¢s 2 N s(s —mt) 2 t(t—mt)
Two-loop and three-loop result structure as in t-channel single top
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Summary

e soft anomalous dimensions through three loops
e I's for processes with W, Z, v, H

e single-top production

e top-antitop pair production

e 2 — 3 processes involving tops

o soft-gluon corrections through alN°LO are very significant
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