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Can we integrate out
a spatial dimension?
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* separate a spatial integration I3

d%k

: J drr*.s LTD(rlAc)
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* |dentify poles

parameterise pinched thresholds
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e construct counterterms
RE(k) [ <r—r;<l%>>2]
exp

r— rl;—-“(lAc) EZ.,

CT;J—L.(r, lAc) =
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* separate a spatial integration I3
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* separate a spatial integration I3

d%k ; -
: dr r* S rp(rk)
R

* |dentify poles

parameterise pinched thresholds
(analytically!)

e construct counterterms before:

R+ k — .
(k) CT (1) = Res[fx ()_7),;} xl]

i
r— (k)

e calculate residues
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separate a spatial integration I3
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[ dr rQJLTD(rlAc) — Z CT”, subtracted integral

d%k
Im/ = ——I 07y Z Z PR sum of residues
12\ e pel1)
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d% A |
Rel = — J ; [ dr | r* 7y mp(rk) — Z Z CTZ. subtracted integral
m (1) g (i.))EE pE{*1)
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2 _,\0
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3
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sum of residues

all existing pinched thresholds & = {(i,j) e {1,....,n}*|(p; — p)* > (m;+ m)* A (p; — p)° > ()}

2Im1 gi—1

2Im A — f) = Z

x (7

locally finite representation
of generalised unitarity

ndeA(i — X)A¥(f — x)



d’k , A _
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ij
(i,)€E pe{xl}
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d% A
Rel = —I o 3[ dr | r* 7y (k) — Z CTZ subtracted integral
2 SRR ()EE pe(1) always free of poles
4%k
Im/=— —J > Z Z pR sum of residues
2 (27)

(.)EE pei=l) only finite without pinches

all existing pinched thresholds & = {(i,j) e {l,...,n)? | (p; —p)” > (m;+m)” A (p; — p)° > ()}

locally finite representation
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subtracted integrand

LTD integrand
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thresholds can be grouped

not all intersections lead

to higher-order poles

+ +
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‘ thresholds can be grouped

nhot all intersections lead
to higher-order poles
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How far can we push
threshold subtraction?
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Topology Kin. N&2* N, Phase Exp. Reference Numerical A o] A [%] b [%] -]
o3 , 10° Re 5.372715  5.372733 +/- 0.000378 0.048 3e-04 pe0a
10°  Im -6.681071 -6.681071 +/- 0.000103 5e-04 7e-07
os , 10° Re __~ -0.561372 -0.561372 +/- 0.000014 0.014 3e-05 om0
Triangle 10°  Im ~1.016658 -1.016658 +/- 0.000006 6e-05 4e-08
o7 , 10° Re = -2.387669 -2.387670 +/- 0.000087 0.018 7e-05 .
10°  Im ~3.030811 -3.030812 +/- 0.000022 0.048 4e-05
og , 10°  Re ., ~4.271184 -4.271188 +/- 0.000117 0.039 1e-04 fe0d
10°  Im 4.493049  4.493044 +/- 0.000065 0.078 1e-04
o , 10° Re .o 0.737898 -0.737896 +/- 0.000027 0.065 2e-04 fe0d
10°  Im ~1.196570 ~-1.196570 +/- 0.000003 0.018 4e-06
9 - - - -
10 . 1o9 Re o 1.856449 -1.855447 +/- 0.000093 0.018 9e-05 So—05
10 Im 2.135544  2.135545 +/- 0.000037 0.039 7e-05
10°  Re ~0.554879 -0.554876 +/- 0.000055 0.050 5e-04
Box 1L4P.K1 3 10° Im 03 -1.131167 -1.131167 +/- 0.000017 0.010 2e-05 2e-04
10°  Re ~7.240038 -7.239970 +/- 0.000596 0.114 0.001
1L4P. K2 3 10° Im 05 5 719278 -5.719281 +/- 0.000148 0.020 5e-05 0.001
10°  Re ~2.069838 -2.069871 +/- 0.000168 0.194 0.002
1L4P.K3 3 10° Im 06 ) 553783 -1.553779 +/- 0.000035 0.116 3e-04 0.001
10°  Re ~2.276333 -2.276333 +/- 0.000102 0.002 1e-05
1L4P. K3x 3 10° Im 06 0.179910  0.179910 +/- 0.000024 2e-05 3e-07 1e-05
9 - -
p1a . 1o9 Re ., 1.023505  1.023505 +/- 0.000052 0.001 8e-06 50-05
10 Im 1.403822  1.403823 +/- 0.000011 0.152 1e-04
10°  Re ~0.153898 -0.153897 +/- 0.000010 0.086 0.001
pl4 2 10°  1Inm 14 4 037575 =-1.037575 +/- 0.000008 0.016 1e-05 9e-05
9 — — + — —
oiE . 1o9 Re ., 0.420464 -0.429465 +/- 0.000492 0.002 2e-04 re0a
10 Im -6.554400 -6.554412 +/- 0.000051 0.229 2e-04
Pentagon 10°  Re —0.564923 -2.564918 +/- 0.000489 0.009 2e-04
1LoP. 1 10 Inm 12 3.443330  3.443352 +/- 0.000239 0.094 0.001 0.001
10°  Re 5.971432  5.971441 +/- 0.000223 0.039 1e-04
1LoP. 11 0 100 Inm 13 0 0.000000 +/- 0.000137 1e-04 le-04
10°  Re ~1.176800 -1.176797 +/- 0.000080 0.028 2e-04
_ _ 2e-04
Hexagon 1LOP.I  10° Im 13 0.030396 -0.030397 +/- 0.000022 0.055 0.004 e-0
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10°  Re ~7.240038 -7.239970 +/- 0.000596 0.114 0.001
1L4P.K2 10°  Im 05 5719278 -5.719281 +/- 0.000148 0.020 5e-05  °-°01
10°  Re ~2.069838 -2.069871 +/- 0.000168 0.194 0.002
1L4P.K3 10°  Im % 1 553783 -1.553779 +/- 0.000035 0.116 3e-0a4 0001
10°  Re -2.276333 -2.276333 +/- 0.000102 0.002 1e-05
1L4P.K3x 10°  Im 06 5.179910  0.179910 +/- 0.000024 26-05 3e-07  1¢7O°
p1a 10° Re .,  1.023505  1.023505 +/- 0.000052 0.001 8e-06 . _
10°  Im 1.403822  1.403823 +/- 0.000011 0.152 1e-04
o1a 10° Re  _,, -0.153898 -0.153897 +/- 0.000010 0.086 0.001 .
10°  Im -1.037575 -1.037575 +/- 0.000008 0.016 1e-05
oiE 10° Re _, -0.429464 -0.420465 +/- 0.000492 0.002 2e-04  _
10°  Im -6.554400 -6.554412 +/- 0.000051 0.229 2e-04
9 - - - -
Pentagon o . 10° "Re ) -2.564923 -2.564918 +/- 0.000489 0.009 2e-04 o
10 Im 3.443330  3.443352 +/- 0.000239 0.094 0.001
10°  Re 5.971432  5.971441 +/- 0.000223 0.039 1e-04
1LoP. 11 10°  Im 3 0.000000 +/- 0.000137 1e-04 Le-04
10°  Re -1.176800 -1.176797 +/- 0.000080 0.028 2e-04
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IR divergent scalar topologies with IR counterterms (triangle diagrams)

Topology Kin. Nge Ng Ng* N, Phase Exp. Reference Numerical A o] A% A %] -]
10°  Re 0.380313  0.380322 +/- 0.000552 0.016 0.002

IR 1 - 0.001
Box aCiisub 1 1 10°  Im 03 _3 447431 -3.447458 +/- 0.000248 0.106 0.001
10°  Re ~4.801140 -4.800655 +/- 0.000736 0.658 0.010

1S2C_IR_sub 2 + 0.010
Pentagon 152C._IR.sub 6  10° 1Im 00 0.414486 -0.414435 +/- 0.000209 0.243 0.012

One-loop amplitudes interfered with tree level (with UV and IR counterterms)

Topology Kin. Ng Ng** N, Phase Exp. Numerical
_ 4 10°  Re -1.596350 +/- 0.000682
+
ug — W Box uubar Wphim 3 5 10° %% -0.059046 +/- 0.000065
_ L 10° Re 1.004428 +/- 0.000529
_) _ —
utd - W W 2 Pentagon uubar WpWmZ 4 2 00 1m 04 1 878321 +/~ 0.000090
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Conclusion

e construction of locally finite integrand

* NO need for contour deformation

* separation of real and imaginary part

o partially reducing integration dimension to two

— hew robust method for numerical calculation of loop
integrals in momentum space

Outlook

» extension to multi-loop integrals

= combining loop and PS integration
(threshold residue = PS integral, local cancellation of real and virtual, local unitarity)

28
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pinched (singular)

non-pinched (locally cancelling)

Double poles

Local (mis)cancellations

= k) = 17 (k)

ri (k) = rig(k)
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Local (mis)cancellations

pinched (singular) r,-f(l?) = r¥ (k)
for eithera =iorb =
non-pinched (locally cancelling) r,-]i-(fc) = r3 (k)

1 re N
Double poles RN TR A |
] E] ”:”i}; [#1 3

depends on coordinate system
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Origin 1 (no pinched poles)
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Exterior origin introduces
Integrable singularities

—_—— .
- - - - _ _ _ _

outward normal of ellipsoid

No pinched poles:

Topology Kin. Ne Ng Ng* N, Phase Exp. Reference Numerical A o] A% b [%]-]

10°  Re ~7.437071 -7.430810 +/- 0.017054 0.367 0.084
3?2 Box4E 4 1 L0 08 6.578304 6.570476 +/- 0.005288 1.480 0.119 0.101




