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Standard approach @multi-loop level

<<Passera
<<Sotnikov
: [Hann] <<Wednesday Parallel I.A
Draw all Feynman diagrams yoeueiral <<Wednesday Parallel I1.A

Profit of Unitarity based methods

Generate integrands

Chetyrkin'[{ihaokr::} Use Integration-By-Parts Profit of DimReg
& identities

[Heinrich et al]

[Baglio, Campanaio, Glaus, [Smirnov]

Miihlleitner, Ronca,

Numerlcally [Valencia team]

LTD approach [ETH team]
[Mainz team]

[Kotikov]

[Remiddi, Gehrmann]

o

Evaluate integrals

<<Tuesday Parallel I1.A Analytlcally

Diff. Egs.

[Henn]
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Standard approach @multi-loop level

Complete automation @ NNLO ?

Eur. Phys. J. C (2021) 81:250 THE EUROPEAN ®)

https://doi.org/10.1140/epjc/s10052-021-08996-y PHYS'C AL JOU RNAL c updates

Review

Thresholds

Uv May the four be with you: novel IR-subtraction methods to tackle
NNLO calculations

W. J. Torres Bobadilla'>*®, G. F. R. Sborlini’, P. Banerjee*, S. Catani’, A. L. Cherchiglia®, L. Cieri’, P. K.

Dhani’-’, F. Driencourt-Mangin?, T. Engel*%, G. Ferrera’, C. Gnendiger*, R. J. Hernindez-Pinto'°, B. Hiller!!, G.
Pelliccioli'2, J. Pires'?, R. Pittau'4, M. Rocco', G. Rodrigo?, M. Sampaio®, A. Signer*-8, C. Signorile-Signorile!®-17,
D. Stickinger'®, F. Tramontano'?, Y. Ulrich*#-20

¢ FDH/FDR —> transition rules both ren. schemes @NNLO

¢ FDU —> preliminary mappings between VV & VR contributions

¢ IReg —> Towards full renormalisation @ 2L

€ Torino Scheme —> general subtraction method for massless & final states QCD
€ qt-subtraction —> benefits from any existing calculation for “F+jet”

¢ Antenna subtraction —> subtraction term at tree (RR) and one-loop (R) level

€ many more subs. schemes ...
William J. Torres Bobadilla

o




Causal representation —> Display only physical singularities
—> Multi-loop LTD representation




Multi-loop LTD representation

[Aguilera-Verdugo et al (2020)]
<< https:/ /indico.cern.ch/event/1021090/

<<Sborlini

¢ Any multi-loop Feynman integral
contains S sets of internal propagators

g, =itk . a5 PHYSICAL REVIEW LETTERS 124, 211602 (2020)

: ; ; Open Loop Amplitudes and Causality to All Orders
100p momenta linear combination of and Powers from the Loop-Tree Duality

external momenta

J. Jesus Aguilera-Verdugo,l’* Félix Dn'encourt—Mangin,l’Jr Roger J. Herndndez-Pinto % Judith Plenter®,"’

Selomit Ramirez-Uribe®,"**| Andrés E. Renteria-Olivo®,"" German Rodrigo®,""* German F. R. Sborlini®,"'’
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Facultad de Ciencias Fisico-Matemdticas, Universidad Autonoma de Sinaloa,
e.g. @ 2L Ciudad Universitaria, CP 80000 Culiacdn, Mexico
3Facultad de Ciencias de la Tierra y el Espacio, Universidad Auténoma de Sinaloa,
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¢ Feynman propagators
In terms of spatial components

1
G 2 2
0 (qz(:}))2 95,0 = +\/q’is - My s ol

: -
Pull out full dependence of the energy usual Feynman 10 prescription!

components of loop momenta

& Let’s now apply the Cauchy residue thm for each “energy” integration
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Multi-loop LTD representation

[Aguilera-Verdugo et al (2020)]

<< https:/ /indico.cern.ch/event/1021090/
¢ LTD representation is written in terms of nested residues <<Sborlini

A%) Gl el E—QT&'ZZRGS (A%) i 1v . nl lingg ) <O) :

1-ET

in terms of on-shell and off-shell propagators and

AP (1:2,...,m)= —21 Y Res (dA}L) A. 0 Imlg. o) = 0) ,

P

AL (1,...,77,):/ NxGel(l 1)
e

¢ Cauchy contour is always closed from below the real axis

LN)

X
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Let’s recap

Everything started from 1 dot » O

All one-loop amplitudes under control

William J. Torres Bobadilla
R




Let’s recap

Two-loop amplitudes

Three-loop amplitudes
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Let’s recap

’ @ Two-loop amplitudes

A—)@

Three-loop amplitudes

@ Same functional structure @ L loops
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Let’s recap

’ @ Two-loop amplitudes

Three-loop amplitudes

Same functional structure @ L loops

Follow the same approach @ 4 loops




Exp liCit app lica tion S [Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]

¢ So far —> relations among different kind of integral families

¢ The simplest application :: the two-loop sunrise diagram

AP — 2.12) / -
£ QZ § Q§ 0)) (Qz,O

142 ;1212

g =0 - 0 D

applying the Cauchy residue thm in {/1, {5}

AR / 6012 e 1B C 0
0105
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Exp liCit app lica tion S [Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]

¢ So far —> relations among different kind of integral families

¢ The simplest application :: the two-loop sunrise diagram

AP — 2.12) / -
£ QZ § Q§ 0)) (Qz,O

142 ;1212
g =4, q2a=-4—4l—p

applying the Cauchy residue thm in {/1, {5}

AR / 6012 e 1B C 0
0105

1
16065 (o) + a8l —po+a3)) (£ + 85 —po - o$))
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Exp liCit app lica tion S [Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]

¢ So far —> relations among different kind of integral families

¢ The simplest application :: the two-loop sunrise diagram

A(Q) 912 / !
- _<>)(, &O’
1221 217 % 0 —4;9 ¢i,0 T 4i 0

g =0 - 0 D

applying the Cauchy residue thm in {/1, {5}

Gp (i,7) = Res (Res (Gp(l, 212 {Qz 0= qz(o)}) {%, = qg( o)})

1
16065 (o) + a8l —po+a3)) (£ + 85 —po - o$))
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Explicit applications

¢ Some features with these individual residues

1
G2 —

4 + - -
4é3éﬁ(é3+wéo , —Mﬂ(éﬁ ~ G130 — Po

Structure of qgjg)

+ + +
Q§,o) - qg,o) iz quj) = 0 — Causal threshold at po (po > 0)

< a0 , Non-Causal threshold
d120 L0 Introduces unphysical singularities

¢ Summing all contributions up

AQ—-!/ : ( : - - )
2 AL iy
TR R S DR € ST e e

1,0 92,0 912,0 \ 41,0 120 P 41,0 12,0

Display causal structure only!

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
William J. Torres Bobadilla 11




Explicit applications

¢ Causal vs non-causal repr.

o / L
2 Fp GO e B G G O

1,0 92,0 912,0 \ 41,0 2,0 190 Mo 95 2,0 12,0 1+ Po

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
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MLT causal repr.

¢ Sunrise @ all orders

gr = b Withié{l,...,L},

Compact causal repr.

Tk = H 2%(?5)
i

(L) o 1 1 + (4+)
]. 2 e o o L 1 el AR [R—
A2, - (L 1)) /Zl,---,Z’L o <)‘f i N AL =41, r+1),0 T P10

sum over all int. lines

¢ Repr. in terms of causal thresholds

A — threshold if p; o > 0

(o) &
ey e pn g DG

A{ — threshold if p; o <0

| +
‘L+1 <_>q§1,.)..,L-|—1),0 =

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
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N*MLT causal repr.

[W.L.T. (2021)]

¢ Classify loop topologies

w Edges

w Vertices

1 1
e

e QEIL;)),) 5 LD

= i
Ay = qé1 ;) 0 T P20,

- -
A5 qé2 :)s) 0 T P3,0

+ (Af H)\;))

Two entangled causal thresholds

l(\ILI\)/ILT _ } }— }4— }4— + reverse
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N*MLT causal repr.

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]

¢ N'MLT (4 vertices) )T (2020]

all connections between
vertices & edges!

[von Manteuffel, Schabinger (2015)]
[Peraro (2016, 2019)]

Reconstruct integrand from numerical evaluations over finite fields [Xlappert, Klein, Lange (2020)]

/ 1 1(1+1)<1+1>+1(1+1)<1+1)
i N e ke Al e e e

oA 1o
. - — +— |+ (A < A)
s (A+ A*) <A‘ A‘) o £ _ ()
23 72 2 : : LSt 9(1,4,5),0 £ P10

Hecnl ()
)‘2 g Q(1,2,6)70 ﬂ:P2,0 )

+ (4
A3 =d(235),0 P30,

e U E)
)\4 3 q(3a476)70 :|: p470 ;

e
Az = 4(2,4,5,6),0 TP12.0;

e el k)

A3 = 4(1,2,3,4),0 T P13,0
)

A28 = 9(1,3,5,6),0 T P23,0

Three entangled causal thresholds

William J. Torres Bobadilla

e




N*MLT causal repr.

¢ N°MLT (4 vertices)

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
[W.J.T. (2021)]

all connections between
vertices & edges!

s CE)
Lo q(1’475)70 :l:pl’o :

e o)
)\2 o q(17276)70 :l:pQ)O 2

s ()
5 = d235),0 = P30

L (4)
= 4(3.4,6),0 T P40

R Gl
12 = 9(2,4,5,6),0 T P12,0

o)
= 4(1,2,3,4),0 = P13,0

)
23 = 9(1,3,5,6),0 T P23,0




N*MLT causal repr.

¢ N°MLT (5 vertices)

p3

Direct application of LTD

Reconstruct integrand
—> finite fields

[W..T. (2021)]

Four entangled causal thresholds

LR
)‘1 7 Q(1,4,5,7),0 ipl,O ’

SR
Ay 4(1,2,6,8),0 T P20

b R
Ay 4(2,3,5,9),0 T P3,0 5
SCE )
A 4(3,1,6,10),0 T P4,0 5

Lt ()
o= 9(7,8,9,10),0 + P50,
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AE :q( :

+
hodi

= 91234790 + p13,0

(+)

=
A28 = 9(1,3,5,6,89),0 T P23.0;

+
M=)

= 4(3,4,6,7,8,9),0 + pas0,

gt (E)
Ay = 9(1,3,5,6,7,10),0

)\12 1

Overlapped

0 s O

(2,4,5,6,7,8),0 = D15y

See

\f4—£g—|—£6—p4 =11

G

Aoy = 9(1,2,3,4,8,10),0 £ P24,
S h

A35 = 4(2,3,5,7,8,10),0 T P35,0 5

e
Agy = 9(2,4,5,6,9,10),0 + P34,0

SE e
Aog = q(1,2,6,7,9,10),0 = P25,0

i AR
Ay 9(1,4,5,8,9,10),0 + pis0-

)\12| |)\34

Entangled




N*MLT causal repr.

[W.JT. (2021)]
¢ In general

Vertices

w Edges

v Vertices

All subsets of up-to [n/2] elements

XE={{1}, {2}, {3}, {4}, {5},
{1, 2}, {1, 3}, {1,4}, {1, 5}, {2, 3}, {2, 4}, {2, 5}, {3,4}, {3, 5}, {4, 5}} |

n—1)(n—2 n—
( )2( ) 2 1 _ 1

intersection of subsets —>

{{{1,2}, {3,4}}, {{1,2}, {3,5}}, {{1, 2}, {4,5}}, {1, 3}, {2, 4}}, {{1, 3}, {2, 5}},
{{1,3},{4,5}}, {{1,4},{2,3}}, {{1,4},{2,5}}, {{1,4}, {3, 5} }, {{1,5}, {2, 3} },
{{1,5},{2,4}}, {{1,5}, {3,4}},{{2,3}, {4,5}}, {{2,4}, {3,5}}, {{2,5}, {3, 4}} } ,

= {{i,5}, {k, 13} = LLyg + Li; L,
Same causal repr. w/out LTD ! summing over all contributions

5 5
(L) i
d‘AN3MLT B Sj Sj Liij:l‘
k

S —l
William J. Torres Bobadilla j=i+1 I=k-+1

k,l#i,j




N*MLT causal repr.

[W.L.T. (2021)]

¢ In general loop topology made of k+2 vertices —> N'MLT

Vertices dim Aii
2 1

w Edges
3 3 o .
w Vertices

3
&
2

@ (n-1)(n—2)
2

All-loop causal representation

(L) . (_1)k+1

ddi . — B

LL+k+1

William J. Torres Bobadilla




N*MLT causal repr.

[W.L.T. (2021)]

¥
# In general loop topology made of k+2 vertices —> N*MLT

Vertices dim Aii
2 1

w Edges
3 3 - .
w Vertices

universal structure

3
&
2

: : : : depends on # lines
@ (n=1)(n-2)

All-loop causal representation

(L) (_1)k+1

=+
dAL—Hc—l—l — @IL—I—/{—{—l (AZ ) :

William J. Torres Bobadilla
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N*MLT causal repr.

[W.J.T. (2021)]

¥
# In general loop topology made of k+2 vertices —> N*MLT

Vertices dim Az-i
2 1

w Edges
3 3 < .
w Vertices

universal structure

3
&
2

: : : : depends on # lines
@ (n=1)(n-2

All-L l ; =
-loop causal representation = Z Q% Tt 1=

11%2..-9N; *J1J2---JN;
11 <K N,

d.A(L) T (—1)k+1 J1<IN; O 1 Ifinj=0
I i
@ causal thresholds cannot overlap
1

+ ! 7+ e
L’iliz---iN T )\:I: Z o N T )\:I: :
11

1192 IN j1<K<JN_1
T

0 otherwise

William J. Torres Bobadilla




All-loop order & multiplicity Removing
procedure
Z Z Lk

[W.J.T. (2021)]

LL+4
G z—|—1 k:—|—1
k: JF#1,7

1

w Equal # Vertices

Compute it once and for all

/\_

w Less # Edges

4
6‘ s

S (+)
Al = 414570 T P10

& )
A2 = q(12,6.8),0 = P2,0>

+ (+)
A3 = 4(2.3,5,9),0 T P3,0;

(09
7S
-
r

%0 k)
My = 4(3,1,6,10),0 = P4,0

ar Ak
e Ezé,g,lo),o + P50, Get causal repr. for free!
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All-loop order & multiplicity

5

. TL+4

—

=t

5

k_

j=i+1 I=k+1

1

Compute it once and for all

=
X

e
i Q(1,4’5,7)70 :Izpl,O )

)
2 = 4q(1,2,6,8),0 T P20

{ o)
3 = 4(2,3,5,9),0 TP3,0;

S k]
W 4(3,4,6,10),0 + P4,

0

William J. Torres Bobadilla

e

k,l#i,5

/
e

+ 4
1

(09
7S
-
r

Get causal repr. for free!

Removing
procedure

[W.J.T. (2021)]

w Equal # Vertices

Less # Edges



All-loop order & multiplicity Collapsing

. procedure

Y Loby :
Pl = s -
j=i+1 I=k+1
k,l#%,j

[W.J.T. (2021)]

1

7\

w Less # Vertices

Compute it once and for all vw Less # Edges

O
K —

e
i Q(1,4’5,7)70 :Izpl,O )

)
2 = 4q(1,2,6,8),0 T P20

{ o)
3 = 4(2,3,5,9),0 TP3,0;

S k]
W 4(3,4,6,10),0 + P4,

Get causal repr. for free!

0
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All-loop order & multiplicity Collapsing
S Z - procedure

[W.J.T. (2021)]

LL+44

Jj= ’L+1 k:+1
k: JF#1,7

1

/\

w Less # Vertices
Compute it once and for all < Less # Edges

Sy
e

N

9
X

S (+)
Al = 414570 T P10

. )
A q(1268)0ip2>o’

ol
)‘3 = Q(2,3,5,9)70 :tp3,0 9

Ait:q(grzmm 0 T P10, 1
i - $7,58,89,510— >\5 =

Get causal repr. for free!

1€s7UsgUsgUs 10
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All-loop order & multiplicity

[W..T. (w.i.p.)]

What about numerators?
“pull out” energies

(L) -
A=l ) _/e e N X Gl .n) qi-qj:q§+)-q§+)—qgjg)q§z)+qi,oqj,oa
S

R L
0 o Qg4
make use of poly. div. —> scalar integrands —SN=> ¢ H l:5
i=1 =1

4 Application: four gluons @2L

William J. Torres Bobadilla




All-loop order & multiplicity

[W..T. (w.i.p.)]

What about numerators?
“pull out” energies

(L) -
Ar (L.”,n)—ué e N X Gl .n) %-%::¢+”qf0—qﬁyézx+%p%p,
S

R L
make use of poly. div. —> scalar integrands = Z Ci H Lo
i=1 =1

4 Application: four gluons @2L

rank

N:Zcm 7{’065’0, with r,.s <4Ar+s<6.
.8
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All-loop order & multiplicity

[W..T. (w.i.p.)]

What about numerators?
“pull out” energies

(L) -
A=l ) _/e e N X Gl .n) qi-qj:q§+)-q§+)—qgg)qgg)-l-qi,oqj,o,
S

R L
make use of poly. div. —> scalar integrands —N = Z ¢ H 0,
i=1 =1

4 Application: four gluons @2L
rank
N:Zcmﬁ’o@’o, withims< AAr+s=6.
P4 r,S

= C8J{0,0,1,0,0,1,1} + ¢7J40,0,1,0,1,0,1} + €27J40,0,1,0,1,1,1} + C9J{0,0,1,1,0,1,1}
+ €22J40,0,1,1,1,1,1} T €3J40,1,0,0,0,1,1} T €4J40,1,0,0,1,0,1} + €25J40,1,0,0,1,1,1}
+ ¢18J40,1,0,1,1,1,1} + €13J40,1,1,0,0,1,1} + €14J40,1,1,0,1,0,1} + €2J{0,1,1,0,1,1,0}
tCodipnigi il Fesdmiiinl it ezl riiny t il 11 1)
+ ¢6J41,0,0,0,0,1,1} + €5J{1,0,0,0,1,0,1} + C26J¢1,0,0,0,1,1,1} + €16J{1,0,1,0,0,1,1}
T eisdiioraion tOduoiei 0 Fendiioigily T 0 tal ol
TCoadiioiii1 ) Feadriioni ECindpnaan ol o iii0a 10

+ C30J + Co1dJ + Coud
William J. Torres Bobadilla 30+{1,1,1,0,1,1,1} 21441,1,1,1,0,1,1} 244 1A 0] L)




All-loop order & multiplicity

[W..T. (w.i.p.)]

What about numerators?
“pull out” energies

(L) -
Aj (1,...,n)—/£ e N X Gl .n) qi-qj:q§+)-q§+)—qgg)qgg)-l-qi,oqj,o,
S

R L
make use of poly. div. —> scalar integrands —N = Z ¢ H 0,
i=1 =1

2
C1,4 ((pl,o + p2.0) (P1,0 + P2,0 + 2p3,0) — (Qﬁ))) T (q:(sj;))

4 Application: four gluons @2L 4p1,0 (P1,0 + P2,0) P3,0
rank

N — Zcm 10030,/ ¥ withr,s <4AT+5<6.
Tr,s

P4
= C8J40,0,1,0,0,1,1} T CrJg09#0,1,0,13 + C27J70,0,1,0,1,1,1} + C9J{0,0,1,1,0,1,1}
+ €22J40,0,1,1,1,1,1} #3740,1,0,0,0,1,1} T €4J40,1,0,0,1,0,1} + C25J40,1,0,0,1,1,1}
+ C18J40,1,0,1,19# + C13J40,1,1,0,0,1,1} + €14J40,1,1,0,1,0,1} + €2J{0,1,1,0,1,1,0}
+Coodinigi vy Feisdmiiinl i Feir il riiny t il 111}
+ C6Jg@#,0,0,0,1,1 + €5J(1,0,0,0,1,0,1} T C26J¢1,0,0,0,1,1,1} + €16J{1,0,1,0,0,1,1}
p3 {1,0,1,0,1,0,1} + €1J41,0,1,0,1,1,0} + €28J¢1,0,1,0,1,1,1} + C20J41,0,1,1,0,1,1}
TCoadiioiii1 ) Feadriioni ECindpnaan ol o iii0a 10

+ C30J + Co1dJ + Coud
William J. Torres Bobadilla 30+{1,1,1,0,1,1,1} 21441,1,1,1,0,1,1} 244 1A 0] L)
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Lotty — The loop-tree duality automation

Inf[i]:= << Lotty"

Lotty -- the LOop-Tree dualiTY automation

by William J. Torres Bobadilla (MPP)
Version 1.0 (March 14th of 2021) [WJ_T_ (2021)]
All functions are stored 1in the variable $LottyFunctions

Dual repr. of multi-loop Feynman integrands
All-loop causal repr. of scalar Feynman integrands
Download Lotty from Singular structure of any multi-loop topology

https://bitbucket.org/wjtorresb/lotty Direct translation to spherical coordinates

William J. Torres Bobadilla




Lotty — The loop-tree duality automation

inf1]:= << Lotty"

Lotty -- the LOop-Tree dualiTY automation

by William J. Torres Bobadilla (MPP)
Version 1.0 (March 14th of 2021) [W.J.T. (2021)]
All functions are stored 1in the variable $LottyFunctions

Dual repr. of multi-loop Feynman integrands
All-loop causal repr. of scalar Feynman integrands
Download Lotty from Singular structure of any multi-loop topology

https://bitbucket.org/wjtorresb/lotty Direct translation to spherical coordinates

o Two-loop kite di ' '
wo-loop kite diagrams All two-loop Scattering amplitudes

AP :/ﬁ b (1,2) + Gp (1,T3) + Gp (3,19)]
o 0412{1,2},C¥2={3,4},a3:{5}.

William J. Torres Bobadilla
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Lotty — The loop-tree duality automation

inf1]:= << Lotty"

Lotty -- the LOop-Tree dualiTY automation

by William J. Torres Bobadilla (MPP)
Version 1.0 (March 14th of 2021) [WJ_T_ (2021)]
All functions are stored 1in the variable $LottyFunctions

Dual repr. of multi-loop Feynman integrands
All-loop causal repr. of scalar Feynman integrands
Download Lotty from Singular structure of any multi-loop topology

https://bitbucket.org/wjtorresb/lotty Direct translation to spherical coordinates

o Two-loop kite di ' '
wo-loop kite diagrams All two-loop Scattering amplitudes

AP :/ﬁ b (1,2) + Gp (1,T3) + Gp (3,19)]
o 0412{1,2},C¥2={3,4},a3:{5}.

Lotty :: Computes all residues

{eb[1, 3], 6b[2, 3], GD[3, 5], GD[1, 4], GD[2, 4], GD[4, 5], GD[-2, 5], GD[-1, 5]}

William J. Torres Bobadilla
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Lotty — The loop-tree duality automation

inf1]:= << Lotty"

Lotty -- the LOop-Tree dualiTY automation

by William J. Torres Bobadilla (MPP)
Version 1.0 (March 14th of 2021) [W.J.T. (2021)]
All functions are stored 1in the variable $LottyFunctions

Dual repr. of multi-loop Feynman integrands
All-loop causal repr. of scalar Feynman integrands
Download Lotty from Singular structure of any multi-loop topology

https://bitbucket.org/wjtorresb/lotty Direct translation to spherical coordinates

o Two-loop kite di ' '
wo-loop kite diagrams All two-loop Scattering amplitudes

AP :/“ fe o e B i o

1282

a1 2{1,2},C¥2={3,4},043:{5}.

Lotty :: Computes all residues

{eb[1, 3], 6b[2, 3], GD[3, 5], GD[1, 4], GD[2, 4], GD[4, 5], GD[-2, 5], GD[-1, 5]}

1 1 1 1 1 1
T208 A0 226 LA 2280 2XA6 AL AL 23 As Az 2 A AL A
; 1 1 1 1 1 1 1
Causal representation 203050 2250 2A3Ae AL 2Ae ALAL 2A3 A5 A5 220 A3 AG 2 A3 e Ag
1 1 1 1 1 1 1
203 A A5 2A6 5 A5 2A A5 A5 2A3 A Ab 2A3 AL AL 2As A3 AL 2 AL A AL

William J. Torres Bobadilla
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Lotty — The loop-tree duality automation

inf1]:= << Lotty"

Lotty -- the LOop-Tree dualiTY automation

by William J. Torres Bobadilla (MPP)
Version 1.0 (March 14th of 2021) [W.J.T. (2021)]
All functions are stored 1in the variable $LottyFunctions

Dual repr. of multi-loop Feynman integrands
All-loop causal repr. of scalar Feynman integrands
Download Lotty from Singular structure of any multi-loop topology
https://bitbucket.org/wjtorresb/lotty Direct translation to spherical coordinates

o Two-loop kite di ' '
wo-loop kite diagrams All two-loop Scattering amplitudes

AP :/ﬁ (Gp(1,2) +Gp (1,12) + Gp (2,19)] |
7.7
a1 — {1,2},&2 = {3,4},043 = {5}

Lotty :: Computes all residues

{eb[1, 3], 6b[2, 3], GD[3, 5], GD[1, 4], GD[2, 4], GD[4, 5], GD[-2, 5], GD[-1, 5]}

1 1 1 1 1
2A6 A0 2A3 A A5 2A6 0 A 2236 A 26 AL A
; 1 1 1 1 1 1
Causal representation 203050 2250 2A3Ae AL 2Ae ALAL 2A3 A5 A5 220 A3 AG 2 A3 e Ag
1 1 1 1 1 1 1
203 A A5 2A6 5 A5 2A A5 A5 2A3 A Ab 2A3 AL AL 2As A3 AL 2 AL A AL

William J. Torres Bobadilla
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in a nutshell :: Dual & causal representation

[W.J.T. (2021)]
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Lotty — The loop-tree duality automation

in a nutshell ::

Dual & causal representation

= num = 1;
LoopMom = {11, 12, 13, 14};

assumptions (Im[Subscript[p[#], 0]] == 0) & /@ Range[4];

Xz

ougl= {1.6389, Null}

inf11}:= tmpl = RefineDual[tmp, num, propagators, LoopMom]; // AbsoluteTiming
tmpl

out1}= {4.73747, Null}

GD[{2, 4, , -7}], GD[{-2,

G
G
G
G

in[13]:= GetCausalProps[tmp, propagators]

ALL A[i] ARE STORED IN THE FUNCTION A2qi®@

oufisl= {p[1l]e - A
pPllle+pP[2]o - A[5],
pPlllo+p[4]o+A[T
pPl[lle +pP[2]e +PI[3
P[l]le+pP[2]e +pP[4
P[l]le+pP[3]e +P[4]0 +

[
Pl
Pl
otP
0 - A
A

[
[
[
[
[
(

15
]
]
]

propagators = {11, 12, 13, 14, -11+12-p[1], -12+ 13 -p[2], -13+14-p[3], -14+11-p[4]};

= tmp = GetDual[Nnum, prupagators, LoopMom, "Assumptions" -» assumptions]; // AbsoluteTiming
tmp2 = tmpx GetCausalProps[tmp, propagators, "GetPref" -» True] // Total;

Out[12]= {GD {-1, - ‘3s -4}], GD[{2, 3, 4, -5}], GD[{-2, -3, -4, -8}], GD[{-1,
{3, 4, -5, -6}], GD[{-3, -4, 6, -8}], GD[{-3, -4, -5, -8}], GD[{-1,

, -4, -5}], GD[{1, 3, 4, -6}],
» —4, -6}],

{-2, -4, 5, -6}],6GD[{-2, -4, -6, -8}], GD[{-1, -4, -5, -6}], GD[{1, 2, 4, -7}],

7, -8}, GD[{1, 4, 5, -7}], GD[{1, 4,
{-4,6,7, -8],GD[{-4, -5, 7, -8}], GD[{-4, -5, -6, -8}], GD[{-1,

[

D[

D[

[ 6, -7}], GD[{4, -5, -6, -T}],
D[

D({-2, -3,5, -7}], GD[{-2, -3, -7, -8}], GD[{-1, -3, -5, -7}], GD[{-1,
[

[

[

[

-3, 6, -7T}1,
{-3, 5,6, -7}, 6GD[{-3, 6, -7, -8}], GD[{-3, -5, -7, -8}], GD[{-1,
{-2, 5, , -7}, 6D({-2, -6, -7, -8}], GD[{-1, -5, -6, -7}], GD[{1, 2, 3, -8}], GD[{1, 3, 5, -8}],
{1, 3, , -8y],6D({1, 2, 6, -8}], GD[{1, 5, 6, -8}], GD[{1, 2, -7,
{1, -6, -7, -8}], GD[{2, 3, -5, -8}], GD[{2, -5, 6, -8}], GD[{2, -5,

_8}]’ GD[{l, 5, _7: _8}];
_7) _8}]’ GD[{3: _5: _6; _8}]}

1], p[lle +A[1], p[2]e - A[2], P[2]o + A[2], P[3]o -A[3], P[3]e +A[3], p[4]e -A[4], pP[4]o +A[4],
llo +p[2]o + A[5], p[2]o +P[3]o-A[6], P[2]e +P[3]o +A[6], P[Llle +P[4]e -A[7],
3Jo+pl4]lo-A[8], p[3]le+Pp[4]o+A[8], pP[lle+P[2]e+P[3]o+P[4]0-A[9],
[4]o + A[9], P[1l]lo +P[2]o +P[3]o - A[10], pP[1l]e +P[2]e +P[3]e +A[10O],

[11], p[1l]e +P[2]e +P[4]e + A[11], p[1l]e +P[3]e +P[4]e - A[12],

[12], p[2]e +P[3]e +P[4]0 - A[13], p[2]e +P[3]o +P[4]e + A[13]}

”37 ”7}] ’

_G’ _7}] ’

William J. Torres Bobadilla

THE LOOP-TREE DUALITY
AUTOMATION

[W.J.T. (2021)]




Lotty — The loop-tree duality automation

THE LOOP-TREE DUALITY
AUTOMATION

in a nutshell :: Dual & causal representation

[W.J.T. (2021)]

= num = 1; in[14]:= SetSingLam = {

LoopMom = {11, 12, 13, 14}; q[{1}] -» {1, 2, 5},
propagators = {11, 12, 13, 14, -11+12-p[1], -12+13-p[2], -13+14-p[3], -14+11-p[4]}; ql{2}] ~» {2, 3, 6},
assumptions = (Im[Subscript[p[#], 0]] = 0) & /@ Range[4]; ql{3}] » {3, 4, 7},

~ q[{4}]1 -» {4, 1, 8},
= tmp = GetDual[Nnum, prupagators, LoopMom, "Assumptions" -» assumptions]; // AbsoluteTiming q[{5}1 - {5, 6, 7, 8}

tmp2 = tmpx GetCausalProps[tmp, propagators, "GetPref" -» True] // Total; }3

ourdl= {1.6389, Null} ni1s:= PlotTop [SetSingLam]
inf11}:= tmpl = RefineDual[tmp, num, propagators, LoopMom]; // AbsoluteTiming P(2)

tmpl q(3)(+)

out1}= {4.73747, Null}

(+) +)
q(6)q q(Mo
Out[12]= {GD {-1, - ‘3s -4}], GD[{2, 3, 4, -5}], GD[{-2, -3, -4, -8}], GD[{-1, -3, -4, -5}], GD[{1, 3, 4, -6}],

(3, 4, -5, -6}], GD[{-3, -4, 6, -8}], GD[{-3, -4, -5, -8}], GD[{-1, -2, -4, -6}],
(-2, -4, 5, -6}], GD[{-2, -4, -6, -8}], GD[{-1, -4, -5, -6}], GD[{1, 2, 4, -T}], ours=  g2)% p(5) q@y
GD[{2, 4, -5, -7}], GD[{-2, -4, 7, -8}], GD[{1, 4, 5, -T}], GD[{1, 4, -6, -T}], GD[{4, -5, -6, -T}],
(-4,6,7, -8}], GD[{-4, -5, 7, -8}], GD[{-4, -5, -6, -8}], GD[{-1, -2, -3, -T}],

,-3,5,-7}], GD[{-2, -3, -7, -8}], GD[{-1, -3, -5, -7}], GD[{-1, -3, 6, -7}], q(5)0 q(8);’
(-3, 5,6, -7}], GD[{-3, 6, -7, -8}], GD[{-3, -5, -7, -8}], GD[{-1, -2, -6, -T}],
(-2, 5, -6, -7}], GD[{-2, -6, -7, -8}], GD[{-1, -5, -6, -T}], GD[{1, 2, 3, -8}], GD[{1, 3, 5, -8}],
(1, 3, -6, -8}], GD[{1, 2, 6, -8}], GD[{1, 5, 6, -8}], GD[{1, 2, -7, -8}], GD[{1, 5, -7, -8}], p(1)
(1, -6, -7, -8}], GD[{2, 3, -5, -8}], GD[{2, -5, 6, -8}], GD[{2, -5, -7, -8}], GD[{3, -5, -6, -8}]}

G
G
G
G

[
D[
D[
[
D[
DI{-
[
[
[
[

in46):= tmp3 = AllCausal[5]
in[13]:= GetCausalProps[tmp, propagators] tmp3 // Expand // Length
ALL A[i] ARE STORED IN THE FUNCTION x2qi@

oufig= {p[1lle - A[1], P[1]e +A[1], P[2]e - A[2], P[2]o +A[2], P[3]e - A[3], P[3]e + A[3], P[4]o - A[4], P[4]e + A[4], L(- (-
P[llo +P[2]e - A[5], P[1le +P[2]e + A[S];, P[2]e +P[3]o - A[6], P[2]e +P[3]o +A[6], P[1l]le +P[4]0o - A[7], (L[ [-
Pllle+pP[4]e+A[7 3loe+pP[4]o-A[8], p[3]o+P[4]o+A[8], P[llo+P[2]e +P[3]o +P[4]e - A[9], (L[-10{2, 3}] +L[-

P[lle +P[2]e +P[3 (4]0 + A[9], p[1l]le +P[2]e +P[3]o - A[10], p[1l]e +P[2]e +P[3]e + A[10O], (L[-10{1, 4}] +L[-

P[lle +p[2]e + P[4 (11], p[lle +pP[2]o +P[4]e + A[11], P[1l]le +P[3]o +P[4]e - A[12], (L[-10{1, 3}]+LI[-

( [ (- (-

(- (-

(- (-

(- (-

Out[46]= (L[—][{3,4}]+ (-]
10{2, 4}] +L
10{2, 3}]1 +L

{3, 5} +L[-]1[{4,5}])L
({2, 5}] +L[-]1[{4, 5}]
({2, 5}] +L[-1[{3, 5}]
({2, 4}] +L[-]1[{3, 4}]
({1, S}]+L[-1[{4, 5}]
0~ ({1, 5}]+L[-1[{3, 5}]
({1, 4}] +L[-]1[{3, 4}]
({1, 5}] +L[-1[{2, 5}]
({1, 4}] +L[-]1[{2, 4}]
({1, 3}] +L[-]1[{2, 3}]

[ [
[ Pl
[ 1, Pl
[ Joe+P
[ Jo - A
pP[l]lo+pP[3le +pP[4]o +A[12], p[2]o +P[3]e +P[4]0o - A[13], p[2]o +P[3]e +P[4]e + A[13]} (L[-][{1, 3}] +L
(L[-10{1, 2}] +L
(L[-10{1, 2}] +L
William J. Torres Bobadilla (L[-10{1, 2}] +L

[
]
] (
] (
] [
] [
] [
] [
] [
] [




Lotty — The loop-tree duality automation

in a nutshell ::

Dual & causal representation

= num = 1;
LoopMom = {11, 12, 13, 14};
propagators = {11, 12, 13, 14,
(Im[Subscript[p[#], 0]] ==

Xz

GetDual[num, prupagators, LoopMom, "Assumptions" - assumptions]; // AbsoluteTiming

assumptions 0) & /@ Range[4];

= tmp =

tmp2 = tmpx GetCausalProps[tmp, propagators, "GetPref" -» True] // Total;

ougl= {1.6389, Null}

inf11}:= tmpl = RefineDual[tmp, num, propagators, LoopMom]; // AbsoluteTiming

tmpl

ou11}= {4.73747, Null}

out[12]= {GD {-1, - —3, -4y], GD[{2, 3, 4, -5}],GD[{-2, -3, -4, -8}], GD[{-1, -3, -4,
{3, 4, -5, -6}], GD[{-3, -4, 6, -8}], GD[{-3, -4, -5, -8}], GD[{-1, -2, -4,
{-2, -4, 5, -6}],6GD[{-2, -4, -6, -8}], GD[{-1, -4, -5, -6}], GD[{1, 2, 4, -7}],
GD[{2, 4, , -7}], GD[{-2, 7, -8, GD[{1, 4, 5, -7}], GD[{1, 4, -6, -7}], GD[{4,
{-4,6,7, -8],GD[{-4, -5, 7, -8}], GD[{-4, -5, -6, -8}], GD[{-1, -2, -3, -7}],
, -3, 5, -7}],GD[{-2, -3, -7, -8}], GDLlada3 =D S S

-6}]1,

A I 1 ) W | AN

-11+12-p[1], -12+13-p[2], -13+14-p[3], -14+ 11 -p[4]};

-5, -6

-5}], GD[{1, 3, 4,

b

-7},

THE LOOP-TREE DUALITY
AUTOMATION

[W.J.T. (2021)]

SetSingLam = {
q[{1}] -» {1, 2, 5},
ql[{2}]1 -» {2, 3, 6},
q[{3}] > {3, 4, 7},
q[{4}]1 -» {4, 1, 8},
q[{5}]1 > {5, 6, 7, 8}
}s

In[14]:=

inf15:= PlotTop [SetSingLam]

p(2)
‘\ a3y

(+)
6
-6}1, 9(Clg

out[15]=

a7y

(2} p(5)

q(4)y

G
G
G
G

(-3, 5,6, -7}], GD[{-3, 6, -7, -8}], GD[{|nee:= tmp3 = AllCausal[5,
{-2,5, -6, -7}], GD[{-2, -6, -7, -8}], GO momcon = {p[4] » -p[1] -p[2] -p[3]};
(1, 3, -6, -8}], GD[{1, 2, 6, -8}], GD[{1,
(1, -6, -7, -8}], GD[{2, 3, -5, -8}], GD[{

[
D[
D[
[
D[
DI{-
[
[
[
[

in13:= GetCausalProps[tmp, propagators] njs2}= (% numerical check )

ALL A[i] ARE STORED IN THE FUNCTION A2qi0

ourtsl= {p[1le - A[1], p[l]e +A[1], P[2]0 - A[2], P[2]o0 1
Plllo +pP[2]o - A[5], p[lle +P[2]e +A[5], P[2]0
pPlllo+p[4]o+A[T 3Jo+pl[4]o-A[8], p[3]e
Plllo+pP[2]o+pPI[3 [4]o + A[9], P[l]o +pP[2]
pllle+pl[2]o+p[4 [11], p[lle +P[2]e +PI
pP[l]lo +pP[3]e +p[4]o +A[12], p[2]o +P[3]e+PI

repll =

[ [
[ Pl
[ I, Pl
[ Jo+p
[ Jo - A tmp2 - tmp4 /. momcon /. repll
[ Jo+ 2 () , 1996 (+)
Out[53]= {Q[l]e - 15493 ° q(2]e

4537
> o b
36068

(+) 1939
(o4 )

(+)
6
q[6]e - 3987

67731’

William J. Torres Bobadilla

= . Out[54]= O

toLambda = Lamb2qij[tmp3, SetSinglLam];
tmp4 = tmp3 //. toLambda /. momcon /. Subscript[p[5 | 6],

[Subsuperscr'ipt[q[#] 3 0, "(+)"] >

repll = Join[repll, [Subscr‘ipt[p[#] , 0] »

"ExpandToLambda" - True] ;

103

RandomInteger[{10°, 10*}]

RandomInteger[{10*, 16°}]

RandomInteger[{10°, 10%}]

I| & /@ Range[3] ]
RandomInteger[{10*, 10°}]

] & /@ Range[Lengthe@propagators];




Numerical evaluations

ddgl 2 2
= —1 dGF(1,2,3,4), 08 I(fl—kz) —|—ZO
(2)

ki=pr+...+pia

IR safe combination of Feynman integrals in d=4

IR finite integral in d=6

William J. Torres Bobadilla
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Numerical evaluations

ddfl 2 2
= —1 dGF(1,2,3,4), 08 :(fl—kz) —|—ZO
(2)

ki=pr+...+pia
[W.JT. (2021)]

IR safe combination of Feynman integrals in d=4

Soe X el N/ s

IR finite integral in d=6

{—1,sin9,cos 0, 6d_1} ;

{—1, —sinf, — cos 0,6d_1} ;

William J. Torres Bobadilla
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Numerical evaluations

ddfl 2 2
= —1 dGF(1,2,3,4), 08 :(fl—kz) —|—ZO
(2)

ki=p1+...+pi_1
[W.L.T. (2021)]

IR safe combination of Feynman integrals in d=4

e : Straightforward contour o__ —» Richardson extrapolation
IR finite integral in d=6 deformation @1L SRR

By {—1,sin9,0030,6d_1} .

Dy = {—1,—sin0,—cose,6d_1} .

William J. Torres Bobadilla

o




Numerical evaluations

ddfl 2 2
= —1 dGF(1,2,3,4), 08 :(fl—kz) —|—ZO
(2)

ki=p1+...+pi_1
[W.L.T. (2021)]

IR safe combination of Feynman integrals in d=4

{s=3+40,0 =7/6)

— (—1.2170(4) — 25.5158(4)) * 1072
{s=5+10,0 = 7/6} LTD = { 70(4) —25.5158(4)) + 10

e : Straightforward contour o__ —» Richardson extrapolation
IR finite integral in d=6 deformation @1L SRR

{—1,sin9,cos 0, 6d_1} ;

{—1, —sinf, — cos 0,6d_1} ;

William J. Torres Bobadilla

o




Numerical evaluations

ddfl 2 2
= —1 dGF(1,2,3,4), 08 :(61—]{?2) —|—ZO
(2)

ki=p1+...+pi_1
[W.L.T. (2021)]

IR safe combination of Feynman integrals in d=4

{s=3+40,0 =7/6)

— (—1.2170(4) — 25.5158(4)) * 102
{s=5+10,0 =7/6} LTD = ( 70(4) —25.5158(4)) = 10

e : Straightforward contour o__ —» Richardson extrapolation
IR finite integral in d=6 deformation @1L SRR

1 1 ( 5 (—S) 2) | : ,_’ : {—1,Sin9,0030,6d_1},
= log“| — |4+ .

(471‘)3 2 (5 + t) {—1,—sin0, —Cose,ﬁd_l} ;

{s=3+10,0 =7/6} — (1.2901(2) — 15.8528(2)) * 10~*

LD o 5440,0 = n/6} — (2.148004) — 10.7549(4)) % 10~*

William J. Torres Bobadilla

i




Numerical evaluations

QED & QCD/EW

- - [Driencourt-Mangin, Rodrigo, Sborlini, W.J.T. (2019) x 2]

[W.J.T. (2021)]

William J. Torres Bobadilla




Numerical evaluations

QED & QCD/EW

- - [Driencourt-Mangin, Rodrigo, Sborlini, W.J.T. (2019) x 2]

[W.J.T. (2021)]

On-shell energies

In[54]:= myqi0 = Subsuperscript[q[#],0,"(+)"]&/@Range[Length@propagators];
value = myqiO/.Subsuperscript[q[ii_],__J:>Sqrt[sp@propagators[[ii]]+m[ii]"2];
value = value/.LoopToSC[LoopMom,dim]/.spatial;

myrepl = Thread[myqiO->value]//FullSimplify

-> Vr1? + m[17?,
1
E\/Ecm2 + 4 Ecm r1 Cos[011] + 4 (r1? + m[2]?),

Vr1? + m[37?,
Vr2? + n[47?,
Vr2? + m[51?,
V/r12+r22+m61%+2r1r2 (Cos[A11]Cos[021] + Cos[012-0221Sin[A11]Sin[#21]) }

William J. Torres Bobadilla




Numerical evaluations

QED & QCD/EW

- - [Driencourt-Mangin, Rodrigo, Sborlini, W.J.T. (2019) x 2]

On-shell energies

In[54]:= myqi0 = Subsuperscript[q[#],0,"(+)"]&/@Range[Length@propagators];

value = myqiO/.Subsuperscript[q[ii_],__J:>Sqrt[sp@propagators[[ii]]+m[ii]"2];
value = value/.LoopToSC[LoopMom,dim]/.spatial;
myrepl = Thread[myqiO->value]//FullSimplify
{qr125” Vr1? + m[11%,
+ 1
q[2]§) E\/Ecm2 + 4 Ecm r1 Cos[011] + 4 (r1? + m[2]?),

Compactify variables

1 — XLy
031 -> V/r1? + m322, o o

qra1§? -> V/r2? + m[41?,
qr51§” Vr2? + m[51%,

qre1s” V/r12+r22+m61%+2r1r2 (Cos[A11]Cos[021] + Cos[012-0221Sin[A11]Sin[#21]) }

William J. Torres Bobadilla




Numerical evaluations

QED & QCD/EW

- - [Driencourt-Mangin, Rodrigo, Sborlini, W.J.T. (2019) x 2]

[W.J.T. (2021)]

S22
" == TYONSS
[(2) 0003 | | . Q\ N
P anns :/. \

-,
2
= X

Non-planar triangle
LTD (107°) | SEcDEC 3.0 (1079)

Planar triangle
LTD (10-%) | SecDEC 3.0 (1079)

On-shell energies

In[54]:=

myqi0 = Subsupe
value = myqi0/.!
value = value/.|
myrepl = Thread|

{al13” - Vr
qr23§” Vi

1
2

al31$” > Vr

9.43(5)

9.4647(9)

4.461(3)

4.4606(4)

-1

8.10(5)

8.0885(8)

4.101(3)

4.1012(4

6.49(3)

6.4760(6)

3.627(5)

3.6276(3

—4

5.02(2)

5.0188(5)

3.15(5)

3.1334(3

3

10.68(6

4.743(3

1

5.2590(5

33

20.81(1

20.748(2)

6.533(3

6.5331(6

25
+16

)
13.11(8)
)
)

15.74(9

(

(

(5
10.651(1)
13.070(1)

(2

(1

15.700(1)

)
5.259(3)
)
)

5.748(3

)
)
)
4.7436(4)
)
)
)

5.7474(6

Sl

Vr2? + m[4]2: :
J/r2Z + m51. Check with SecDec 3.0

V/r12+r22+m61%+2r1r2 (Cos[A11]Cos[021] + Cos[012-0221Sin[A11]Sin[#21]) }

qr41§”
qr515"
qr61§"”

William J. Torres Bobadilla
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Numerical evaluations

d d
m /dgl d€2 (172737-”77)7 GF(Z):qf_mQ_‘_ZO
—-3/5.0=7/6} — —1.5912(2) * 10~°
s =—3/5,0 = /6} (2) [W.J.T. (2021)]

{
=9 s — 9/ 0 /bl ~ ~ 169910115 (0"

s 3lbp plel oo ogaim g O(10”) per point
g -2 v a6l - OuGtE 0T

{
{

{—1,sin0, cos ), 6d_1} :

Il integral

—1,—sin#, — cos 0, 6d—1} :

1d(1,1,1,0,1,0,1,1,1) —1.219372 — 3 0.294408

14(1,2,1,0,1,0,1,1,1) 0.98317 + i 1.00335

19(1,1,1,0,1,0,1,2,1) 12.039969 + i 6.660946

Interesting set of integrals to look atin d=6 14(2,1.1,0,0,0,1,1,1) —0.554605 — §0.06984485

[Ronca, W.J.T. (w.i.p.)]
19(1,1,1,0,0,0,1,2,1) —1.91103 +i0.241649

19(3,1,1,0,0,0,1,1,1) 0.525679 + i 0.248668

William J. Torres Bobadilla [Divita, Laporta, Mastrolia, Primo, Schubert (2018)] »~




Multi-loop LTD causal representation

© In summary

AD) (1,2,...,n):ﬁ )
¢

Sk

Integration in the spatial components

i \/Q?er?—@()

o Straightforward numerical evaluation

Set dimension and evaluate
(finite integrand )

o Independently of the structure of numerator

o Completely automated code —> Lotty

William J. Torres Bobadilla

i

/ [Tdas 7 (a3)
g1

Rational function in qu,jg)

Dual repr. of Feynman integrands
All-loop causal repr.
Described by loop topologies’ features

vw Edges
vw Vertices

Find local UV/IR counter-terms

Find a repr. for real corrections

Provide a complete implementation
in d=4 at NNLO.

[Rodrigo, Ronca, Sborlini, W.J.T., Tramontano (w.i.p)]

Make of use poly. div —> Groebner basis

Pedestrian appl. of all the theory
developed for LTD
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i
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g1
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