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Introduction
Electric unit charge e:
» crucial input parameters of QED and the SM(+beyond)
» defined in the Thomson limit (low-energy  interaction with e™)
eZ

> high-precision measurements of a(0) = £~ at low energies

» links high-energy and low-energy physics
> enters analysis of running of couplings to high energies (unification?)

Some features/theorems connected with electric charge Qe:

» charge quantization:
all relative charges Q are integers or integer multiple of 1/3
< only partial explanation in SM (Q. = Qw ok, Q. = 3Qq unexplained)

P charge universality:

renormalization of e does not depend on charged particle
(=field-theoretical fact in QED and the SM)

< any charged particle can be used for renormalization of e

» Thirring's low-energy theorem: Thirring '50  (SM: S.D. '97)
ety—e ™y ety—e ™y |
0 Compton (E‘Y) £ *30 O Thomson to all orders!
Y
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Renormalization of e:

> renormalization condition in Thomson limit
< no corrections in the low-energy limit for on-shell (OS) electrons

fOS £
v v fos
—
. s 'vvv\<
k fos fos
a(p") TR (k,—p',p)u(p)  —  — Qredi(p)yuu(p)

k—0

> renormalization transformation: e = Z.e = (1+dZ.)e
bare ren.

< charge ren. constant Z. fixed by vertex correction I’ﬁf’c(O, —p,p)

» QED: Z. derived from 7~ self-energy ¥4 via QED Ward identity

» SM(+beyond):  Z. calculable from ¥A4/AZ but underlying gauge-

invariance arguments much more complicated!
— issue of this talk

Relevance of relating Z. to (f-independent) self-energies ¥44/A%?
— General understanding, proving theorems, technical simplifications, ...
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On the history of charge renormalization in the SM
Charge renormalization at NLO:

» pioneering works on electroweak renormalization:

> §Z. from explicit 1-loop vertex correction
Ross, Taylor '73; Sirlin '80; Bardin, Khristova, Fedorenko '80; Aoki et al. '82
» §Z. via Ward identities from explicit calculations
Fleischer, Jegerlehner '81; Bohm, Spiesberger, Hollik '86; Hollik '90; Denner '93

> more recently: derivation of §Z, via Lee identities . .. sp ‘19

Charge renormalization at NNLO:

» §Z. from explicit 2-loop vertex correction
Degrassi, Vicini '03; Actis, Passarino et al. '06

» §Z. checked against BFM result (see below) Degrassi, Vicini ‘03

Charge renormalization to all orders:

» Background-Field Method (BFM):

generalization of QED-like result to SM . s 5 \weiglein ‘04

» conventional R gauge:

» correct conjecture, but wrong proofs Efe?fairgeiraﬁ?,bz Awramik et al. ‘02

> new approach via charge universality ¢ o
— confirmation of previous conjecture  — this talk!
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Charge renormalization in QED

Physikalisches Institut__;
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Charge renormalization in QED

Ward identity for the unrenormalized Aff vertex function:
KT (ke Bp) = = Qreo [T7(3.—B) = T (=p. )|
Renormalization transformation: g r(x) = Z}/z Pr(x), AS(x) = Zj‘f A*(x)

G;‘ff(k, p,p) = Z}\ﬁ‘z Zs Géf;(k, P, p) (full, reducible Green function)
I—éii(k, p,p) = Zjﬁ‘z Zr rﬁff(k, P, pP) (amputated, 1Pl vertex function)

— Ward identity for the renormalized Aff vertex function:

KRk pop) = — Qe 2. 23 [T (B, ~) — TR (—p.p)]
— Expansion for k — 0 yields i
(o) [AFF 12— OTR (=p, p)
a(p) TR, (0, —p,p) u(p) = — Qre Z. Z,," (p) g u(p)
L _Qred(p)vuu(p) = @(p) v, u(p)

(wave-fet. ren. of vr)

= Z.= ZAjQ = independent of f = Charge universality of QED!
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Charge renormalization in the SM @ NLO
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From QED to the SM

QED SM

Gauge symmetry:
U(1)em exact U(1)y spontaneously broken,

U(1)em mixes SU(2); and U(1)y trafos
Neutral gauge bosons:

photon field A, 2 neutral gauge fields W2, B,
mass basis via Weinberg rotation:

AH _ [ <w —Sw BM
ZH - Sw Cw WS
— mixing of A,, Z,, in higher orders

BRS symmetry:

fully decoupling FP ghost fields | FP ghosts non-decoupling
— ghost-free Ward identities < ghost contributions in
Slavnov—Taylor (ST) ids.

for Green fcts. GV1¥2 and
Lee ids. for 1Pl vertex fcts. V1V
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Charge renormalization in the SM @ NLO in R, gauge
1-loop Ward identity:  derived via Lee identities or ST identities
(Denner, S.D., 1912.06823) (see also backup slides)
_ arff —p,
8(p) T (0. ~p. p) u(p) = — Qrep a(p) PP i)
9pt (+)

l3 e ZA 0
C e BO) e w(p), s = 21 )

Sw,0Cw,0 M2
Generalization beyond 1-loop level not available!

7 Z1/2 F1/2 7

: FR, 0\ _ 77 ZA o _ (5f0N\1/2 ;o

Renormalization: <A0> = ( o 1/2> <A>, woty=f7 = (Z0)*f
AZ ZAA

a(p) TATT (0, —p, p) u(p) = a(p) TAT (0, —p, p) u(p) + 16Zza a(p) T2 u(p)

L —Qred(p) vy ulp) + 2 (6Zan+6Z5% +6257) d(p) FA” u(p)

1
o Qre (1 +0Z + §5ZAA + ;TW(SZZA) a(p) vu u(p)

Ky re (1 TAZ(0)
W, f
+ — —6Zzp — u
swew (2 AT M ) 0(p) Yueo— u(p)
1 _ o
= §Ze = —=0Zpp — Sw 5774 0 (OS renormalization)
2 2CW
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Renormalization in the background-field method
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Basics of the Background-Field Method (BFM)
DeWitt '67,'80; 't Hooft '75; Boulware '81; Abbott '81  SM: Denner, S.D., Weiglein '94

Fields W split into background and quantum parts: W — U+ w

» Background fields W

> sources of the BFM effective action [ U]
» external and tree lines in Feynman Adiagrams o
> gauge of background gauge fields A7, not fixed in ['[W]

» Quantum fields WV:
> integration variables of the functional integral /D\IJ exp {ifd4x E}
» loop lines of Feynman diagrams L
P> Re-type gauge-fixing to support gauge invariance of '[V]
BFM gauge invariance and gauge fixing of W
» W] fully invariant under “ordinary” gauge transformations of W
— “ghost-free” QED-like Ward identities for BFM vertex fcts. ...
> Reducible Green fcts. G¥ and S-matrix elements:

> gauge-fixing of \j required for bkg. propagators G
> formed from trees with vertex fcts. [V
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BFM version of charge renormalization in the SM
Denner, S.D., Weiglein '94

BFM Ward identity for the unrenormalized Aff vertex function:

KAV (k,—k)=0, V=A2Z,

KE (kB p) = — Qres [F70(5, ) — F¥(—p, p)]

L . 5 2 22\ s
Renormalization transformation: (%’) = ( 2z "ZA (ZA) frn = (Z7) 7 87
j

Ao z:2 72 ) \A
AZ AA
afif; o*\1/2 o\1/2 25,
f’(=p.p) = Z(Z[ )2 (Z57) 2 1 (—p, p),
~AARF o* 12 o\1/2 2 VR £, _
Fe (ki Byp Z >z (@) (2 R )
A2 I,n N~~~

Z54; = 0 due to BFM gauge invariance

BFM Ward identity for the renormalized AFf vertex function:
(k p: p) - Qfeze Z}‘i; [r;';( P) - ﬁ; (7 p)]

= Zo.= Zg/il/z analogously to QED = Charge universality of the SM!
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Charge renormalization in the SM

to all orders in R gauge
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Charge renormalization with a fake fermion

Idea: exploit charge universality and
introduce fake fermion 7 with infinitesimal weak hypercharge:

TYwn=Q,—0, ., =0, m;, = arbitrary
Lagrangian:
_(. s
= 77(1{/9 2g1 Yw,n B — mn) {@ Qne (A + %Z) - mn} n
Charge renormalization condition for 7:

i(p) T17(0, —p, p) u(p)

o o —Que a(p)yuu(p)
pr=m2,

Renormalization transformation: 1 = Z,%/z i

P (k. B, p) = ZuZan' 17" (k. B p) +2, 250" T2 (k, b, p)
——— —/—’

=— h.o —
Qneovu+ = —Qneo CW ’YM‘H‘ o.

But: higher-order contributions to Z, and I}/ are of ()} )!
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Charge renormalization with a fake fermion  (continued)
Some sample diagrams for corrections to Z,, and r){ﬁn:

=

AlZ

=

V4
1 LT O

= Direct calculation of r;‘ﬁ"(o, —p, p) (without Ward identities, etc.):

M

ré:’_]:(ov —Pp; P)

S 2
~ Qe Z [ijf + 2 l} HO(Q)
W,0

— Qnevu

-1
S

= Z.= {zjf + 737 —W"} =
Cw,0

2§02
1/2 1/2 | Sw — 0Cyw
Zan + Zza e+ 5c$v]
= function of gauge-boson self-energies only

and in agreement with previously “conjectured” results of
Bauberger '97; Freitas et al. '02; Awramik et al. '02
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Generalization to gauge groups GxU(1)
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The class of GxU(1)y models

» Gauge group GxU(1)y: G = any Lie group of rank r,
U(1)y = "weak hypercharge” subgroup as in the SM,
so that U(1)em = mixture of G and U(1)y

> Neutral gauge fields:  B" and C/' (k=1,...,r),
(Ck correspond to diagonal generators of G)

Mass basis of neutral gauge fields:  photon A*, r bosons Z}'

B* A+ Rea Rez;, -+ Rez
Clu ZlM Raa Raz -+ Rgz
. =R . = . . . eneralization of
ki b g
. : : : . : Weinberg rotation
cH Vi Rc,a Rec,zz -+ Rez

» Examples:
> SU(2)xU(1)y — SM
> SU(3)XU(1)Y Pisano, Pleitez '91; ...
> SU(Z)XU(l)XU(]‘)Y Babu, Kolda, March-Russell '97; ...

Special feature:  kinetic mixing
Lym D kC/"B,,., for U(1) gauge fields C/, B}
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Renormalization of the GxU(1)y model

OS renormalization in the photon—Z-boson sector

1/2 1/2 Z1/2
Ag Z/?,/A2 Zf/z21 s lA/zzr AH
a 0
20»1 - ZzlA Zzlz1 T Zzlz, Z
Z"‘ 1/2 1/2 . 1/2 Z“
0,r ZZ,A erzl ZZ,Z, r

— order-by-order calculation of OS field ren. constants:
ZiA 1 2 51/2
7172 _ Lok 7(0) = 22 1k z,/szz,/A(M% + 6M3))
ZA T 1 2
‘ 237 (M3, + oM,

Zaa=1-Y Zza—YeR7(0) = 1+ O(a),
k

= O(a)

BFM renormalization — in full analogy to the SM!
» gauge-invariant BFM invariant action f
> QED-like Ward identities, Z, 4 =0
» charge renormalization constant:  Z, = ZA;/Z
> charge universality = method of fake fermion applicable!

RADCOR/Loopfest, 5/2021
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Charge renormalization of the GxU(1)y model with a fake fermion 7
Properties of 7:
» gauge charges: %YWJ7 =Q,—0, e=gRga
» Yukawa couplings to Higgs fields S;:  y; — 0

Lagrangian:
. R
£y =110 - Que(A+ S 2. ) = my— Swsin
k i

Renormalized Ann vertex function:

[T (K, B, p) = ZnZuk TA7" (k. B, p) + ZZ Zy/3T i (K, B, p)

12 2:121532,
/ Z{ k

2
n

= —iQuev. Ze +O(Q )

L —iQnevu fork—)Oandp =m

Charge renormalization:

1
1/2 12 Rz, +0RBz,
Zan Z Zzn Rea + dRpa
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Conclusions
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Conclusions
Electric charge in QED, the SM, and beyond:

» Unit charge e is a crucial model parameter
< defined (renormalized) in Thomson's low-energy limit

» Charge quantization — grand unification required for full explanation
» Charge universality — charge ren. does not distinguish specific particle

Renormalization of electric charge (ren. constant Z):
< desirable: express Z, in terms of (gauge-boson) self-energies
» QED: Z. fixed by ¥4 to all orders (Ward identity)
» SM: situation more complicated (AZ-mixing, BRS invariance)
> NLO: Z. fixed by ¥**/AZ (laborious proof via Slavnov—Taylor/Lee ids.)
P all orders: situation “QED-like” in BFM renormalization,
new: exploit charge universality in conventional R gauge and

employ “fake fermion” n with Q, — 0 for renormalization
(concept adapted from ren. of mixing angles)

Y 4%

Denner, S.D., Lang '18
» GxU(1)y gauge theories: all-order renormalization as in SM

» Outlook: general gauge theories?
BFM renormalization similar to SM/QCD; R, gauge laborious?!
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Backup slides
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Derivation of the QED Ward identity for the AfF vertex
Becchi-Rouet-Stora (BRS) invariance of Green fcts.
+ decoupling of U(1) Faddeev—Popov fields u(x), (x):
SBRsYr(y) = —iQreou(¥)vr(y), OBRsi(x) = —f0A(x)  (R¢ gauge)

= 0=16prs(0| T d(x) r(y) ¥¢(2) |0)

“ (0 T Ol Au(x) e (v) e (2) |0)

—iQreo (0] T uly) (x) r(y) #(2) [0) »@< - &7

+1Qreo (0] T u(2) a(x) ¢ (y) ¢ (2) |0)

»O-)—Q»O‘)—‘

B}:GAff(x,y, z) —iQreo GY(y,x) G (v, z) +iQreo G¥¥(z,x) G y,z)

€
— Ward in. for G}f‘” in momentum space:
1 Fooo- iQre Fro =
0= — k6t (kpp) = =5 [67(-p.p) — 67 (. )]
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Derivation of the QED Ward identity for the Aff vertex  (continued)

Amputation of external propagators: Green fcts. G — 1Pl vertex fcts. [

Gl (k,Bp) = Gk, —k) G (p,—p)ir*" (k,p,p) G (—p, p)
Zoaf f
Y Y
_k) \ f _
p f

ik —k) = =[Gk~ i (pp) == [¢7(-pp)]

ik,
+ use Ward identity for v propagator: ~ k* Gﬁ‘;‘(k7 —k) = —liz

= Ward id. for rAff>”(k,ﬁ. p):

KT (kB p) = = Qreo (5, =) ~ T (~p,p)]
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Deriving Ward identity (*) for the Aff vertex in the SM from BRS invariance

Sprs¥r(y) = — iQreot (Y)r(y) + ..., OprsiA(x) = —éaA(X) (Re gauge)

= 0=10prs (0| T 7*(x) ¢r(y) ¥¢(2) |0)

1 7 X Y
= ey @“WQ/\/\
éa .

3
. Qr W, f ZAfF
+ ieg [_ Gu g ff(yax}/7z)+7 w_G" ff(.yzxzy’z)
Cw, SW,0€W,0
1 A X o
P f/F .
V25w 2
. Qr . BaAfF ISV,f WL F
+ie |[— G (Z7X7y,Z)—7G (Z7X7y,Z)UJ+
Cw,0 Sw,0Cw,0
1 A7 X v
_ Gu"E ﬂr,(z,x,y, z)w+} o---->{--Jza
V25w oz
hy,r = weak isospin, p = sgn(l\?\/ﬂ,)7 uB = cwu? + swu?

(f, f')L = weak isospin doublet, wy = %(1 +v5)
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Sketch of the evaluation of the ST identity

Further manipulations:

> “Project away” weak isospin part: G (x,y,2) — wi G (x,y, z)w-

B=Acr .. . .
< GY T'ff terms are the only surviving ghost contributions:
» no 1-loop graphs with links between (u®&*) and (ff) lines

B-A 7 BgA F
o Gy x v, z) = G* 7 (y,x)G(y,z) at one loop

Y
y >
A
z

» non-vanishing contributions are major obtacle beyond 1-loop level!

z

» Transition to momentum space — projected 1-loop identity

0=wi k"G (k, B, p)w-—
Qreo

+é€a UG””(kQ)w+ (67 (=p.p) = 6" (B, ~B)| - (+¥)
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Sketch of the evaluation of the ST identity  (continued)

Next steps:
» Determination of G“BEA(kQ) via ST identity:  (égrsB” = 9" uF)

0= dprs (0] T 8%(x) Bu(y)[0) = — & 9k GiP (x, y) + 85647 (x,y)
N GUBEA(k2): Kkt kY AB(k k) = —i|:cwo GAA(kZ) +sWoGAZ(k2)
Eak? éa —_—

= —i¢4/k? (Slavnov identity)

icwo Sw,0 ,SZ):f‘Z(k2)
= 1-—=—— at one loop
k2 cwo k2 — §zMy

k ky 4 k ku 4
where GVV (k —k) (g;,u/ _ 1;;2 ) G_IYV (k2) + H GVV (k2)
iZ44 (k%) 1§A§ZZf‘Z(k2)
K2(k2 — M2)’ K2(k? — £2M3)
T44(0) = £{4(0) (analyticity!)

at one loop: G—?z(k2) Gflz(kz)
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Sketch of the evaluation of the ST identity  (continued)

» Amputation of the photon leg:

k”G;‘ff(k, B, P) _ Z kp,GAV Glff,l/ + kuG;\X Glff
N——

(underlining = amputation; x = Goldstone boson)

= kG = k*G? /(i€z2Mz) (ST identity)
. - ~k2 =

= B weart | a7 g2 _ K oxrf
k2 §zMz

= Intermediate 1-loop result from (xx):

wik G Tw_ = Qreows [6"(~p,p) — 6" (5,~p)]

R =l
€ - Ok egMg O

Sw,0

- Qe 22 [6f7(~p.p) ~ 67 (5. -P)] fo-

Physialisches I
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Sketch of the evaluation of the ST identity  (continued)
Final cumbersome steps:

» Low-energy limit:

0 AFF . €A1 (K)
calculate —/— |wi k"G (k, k, using G4 (k?) = 224k 2 L
IkH |:UJ+ ( —pP— p) :|k:0 g G ( ) k2(k2 — sz%)
AFF fr
= wiGy (0,—p,p)w— = — Qregw+ opr (=P, p)w—
ZAZ 0) Gz swo OGLT
[ 0. (0:—P, P -|—Q;f€'o$)0 opi (=P, p) |w—
» Amputation of fermion Iines:
_ = -1
Fff(—p, p)=1i [fo(—p, p)] = p — my¢ + 1-loop corrections
Bfo _ arff -
_ _ fo _ R fo _
op PP (=p.p)ig (=P:P) G (=P, P) , p
G0, —p.p) = 67 (=p, p)ir Y7 (0, ~p, p) 6" (~p, p)
f_.
> On. TR 2 2y-2 2 2
On-shell limit:  isolate terms o (p* — m;)~° for p* — mg

(ms = renormalized OS mass!)
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BFM renormalization of the SM — A/Z sector

. ) Denner, S.D., Weiglein '94
2-point vertex functions:
Kk \ ~vv Kk 2070 S A
MY (—k, k) = <g,w - *;(2 > PV (k2 L e vV Y(K%), V.V =A2
BFM Ward identity for the unrenormalized AV vertex functions

KEEAY (k,—k) =0
i, = regular at k?=0 AAV(O) =ifY()=0

OS renormalization transformation

~ 1/2 1/2 ~
20\ _(%2 4\ (2 2 _ g2 2
(Ao>_<z142 2 )\a) Moo= Mt ol
AZ AA
TW) = = ZE 20 = 20 232 — ME - 5M3) — ER7(K)
“subgraph-ren.”
self-energy
—Z35— %5k7(0)

OS renormalization conditions
> AA wave-fct. ren.: 14+ TAA(0) =0 = Zji=
24

> s 2_ 2A _ 1/2 TR
no AZ mixing for k°=0: T§7(0)=0 = Z; 27 (360

. RADCOR/Loopfest, 5/2021
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