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We focus on two-loop virtual top quark corrections
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4 external vector bosons  
→ 138 tensor structures 
→ 18 physically relevant form factors 

3 external vector bosons  
→ 60 tensor structures 
→ 6 physically relevant form factors 
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High-energy approximation
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Therefore high-energy means large-pT.

Result (form factor, helicity amplitude, cross section) is expressed as
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Drastic improvement by Padé approx.

4

2. Z-Boson Pair Production

One can learn from these plots, that the farther one wants to stretch beyond the initial
radius of convergence, the more terms one needs to incorporate in the Padé procedure.
With m

32
t
, one seems to be able to extend the initial radius of convergence which is

about pT . 350GeV by roughly 200GeV down to at least a reasonable prediction for
pT = 150GeV. It is interesting to note that, starting from the ST expansion includingm32

t
,

one can indeed produce predictions down to the top quark production threshold, even if
the uncertainty estimates for such low values of

p
s get rather large.

200 400 600 800 1000
0.00

0.01

0.02

0.03

0.04

Figure 2.29.: Padé approximated di�erential partonic cross section for �xed scattering
angle of � = �/2. Pink and Dark violet curves show the ST result form30

t
andm32

t
, purple

gives the ePDR Padé result. The LT result is shown for the curvesm�10
t

(dark green) and
m

�12
t

(light green). The ePDR Padé result for the LT series is shown in greenish blue.

As a �nal plot, V�n is shown in Fig. 2.29 as a function of
p
s for a �xed scattering angle

� = �/2. It seems, that at least for � = �/2 the combination of the ST and LT expansions
to the orders calulated in this thesis is su�cient to give a complete description of V�n
for all centre-of-mass energies. It is however also visible, that one would pro�t most
from a threshold expansion or a direct numeric calculation in the region where both Padé
approximations overlap. Note again, that Vf in shows only the top quark mass e�ects
and does neither contain contributions from light quarks only nor the interference term
between light quarks and the top quark.

64

what audience imagine  
as "high-energy approx."

our actual prediction

[D. Wellmann, Ph. D. thesis]
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Complementarity with exact numerical evaluation

5Figure 6: Relative uncertainty of the Padé results in the
p
s–pT plane. The points of [42]

are overlayed. Note that a logarithmic scale is used for the relative uncertainty.

• For
p
s < 700 GeV and pT � 200 GeV we add points from the Padé approximation.

The boundary above which we include points from the Padé approximation is denoted as
a yellow line in Fig. 6. We note here that if one reproduces Figs. 5 and 6 using the 6320
points described above the behaviour is qualitatively the same and we therefore refrain
from showing them in this paper.

In Fig. 7 we compare the Padé results to the improved version of the grid, which provides
precise results in the whole relevant phase space. We note that the wiggly behaviour and
the deviation of the grid data points from the Padé approximation for larger values of

p
s

and smaller values of pT could be improved by including further data points from the Padé
approximation. This behaviour would then be pushed to higher values of

p
s. We judge

the performance of the grid as displayed by Fig. 7 to be su�cient for the phenomenological
applications of this paper, and further improvements of the grid not to be necessary. This
improved grid can be downloaded from [42].

15

use numerical 

results

use high-energy approximation

from study of gg->HH [J. Davies, G. Heinrich, S. P. Jones, M. Kerner, GM, M. Steinhauser, D. Wellmann]
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Complementarity with exact numerical evaluation
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Complementarity with exact numerical evaluation
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Our setup to calculate the two-loop amplitude   
qgraf [Nogueira, ’93]                                                                                : generate amplitudes


q2e/exp [Harlander, Seidensticker, Steinhauser, ’98, Seidensticker, ’99] : rewrite output to FORM notation


TFORM 4.2 [Rujil, Ueda, Vermaseren ’17]                                            : projection to the form factors


LiteRed [Lee, ’13]                                                                                    : mH, mZ expansion


FIRE [Smirnov, ’14] (with LiteRed rules [Lee, ’13])                    : IBP reduction to master integrals


tsort [Smirnov, Pak]                                                               : minimization of master integrals

exact form factors

form factors expanded in mZ, mH

form factors expanded in mZ, mH, mt

Integration-by-parts (IBP)

reduction applied here

𝒜 =
32

∑
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n +

m2
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m2
t

32
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(mt)nA(0,1)
n + ⋯

"high-energy expansion 1st stage"

"high-energy expansion 2nd stage"
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ZZ, ZH amplitudes share the same 
Master Integrals at high-energy
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After the "1st stage" expansion,  
we obtain massless-legs 
for general Feynman integrals.


(corrections in mZ and mH  
 can be expressed in terms of  
 the massless-leg diagrams, too)
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Master integrals at two-loop
=131(planar&crossing)+30(nonplanar&crossing)
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JHEP 1803 (2018) 048

[arXiv:1801.09696]

JHEP 1901 (2019) 176

[arXiv:1811.05489]

"high-energy expansion 2nd stage"
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Expansion in mt

Naive expansion of the integrand like

gives wrong result.

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

is finite.

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

massive massless

Using the program asy.m, we obtain five regions which are specified by scalings of alpha-paramaters (α1,α2,α3,α4)
as following:

R1 = (0, 0, 0, 0) (5)

R2 = (0, 0, 1, 1) (6)

R3 = (0, 1, 1, 0) (7)

R4 = (1, 0, 0, 1) (8)

R5 = (1, 1, 0, 0). (9)

For example, in the region R2, we expand eq.(4) in terms of small scale valuables α3 ∼ α4 ∼ m2. In practical
calculation, I replace like α3 → xα3,α4 → xα4,m2 → xm2 and expand with a single variable x.

1.1 region 1

The contribution from region 1 is expressed as one-fold Mellin-Barnes integral.

I(1) =

∫ ∞

0

4∏

n=0

dαn α−d/2
1234 exp(−(sα1α3 + tα2α4)/α1234)

∞∑

n=0

(−m2α1234)n

n!
(10)

=
∞∑

n=0

∫ ζ+i∞

ζ−i∞
dz

(−m2)ntzΓ(2 + n+ ε)

n!s2+n+ε+z
β(−n− ε,−n− ε) [β(1 + z,−1− n− ε− z)]2 β(−z, 2 + n+ ε+ z), (11)

where β is the Beta function and the real part of integration path ζ is taken as −1 < ζ < 0. The initial value of
ε = (4− d)/2 is chosen to satisfy a condition

−2− n− z < ε < −1− n− z (12)

in order to regularize the integral (11).
By evaluating the integral (11), we obtain the series coefficients of I(1)

I(1) =
∞∑

n=0

(m2)nf (1)
n (13)

and the leading contribution f0 is

f (1)
0 =

1

st

(
4

ε2
− 2 log st

ε
+ 2 log s log t− 4π2

3

)
. (14)

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (15)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ε)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(16)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2

)−δ1−δ2−ε
Γ(δ1 + δ2 + ε− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(17)

I(2)2 =
s−δ3−3t−δ4−3

(
m2

)−δ1−δ2−ε
Γ(δ1 + δ2 + ε− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (18)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (19)

2
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(m2
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m2
t

(k2)2
+ · · ·

"high-energy expansion 2nd stage"
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Method of region

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

2
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p2

p1 p3
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1

= + +

++

``all-hard” region = massless integral

the scaling of propagators in terms of alpha-parameter representation

[Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]
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red: soft-scaling propagators
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Method of region

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

1 one-loop case

We consider the following scalar integral:
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blue: hard-scaling propagator

red: soft-scaling propagators

the scaling of propagators in terms of alpha-parameter representation
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↵4 ↵4
↵3

↵2

↵1

↵1
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[Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]

we denote them as

(α1,α2,α3,α4)
χ∼ (1, 0, 1, 0) (4.8)

or simply (1, 0, 1, 0). Also, the sum of the variables will be expressed as

αi1...in ≡ αi1 + · · ·+ αin , δi1...inin+1...in′ ≡ δi1 + · · ·+ δin − δin+1 + · · ·+ δin′ . (4.9)

The bar on an index indicates that the variable corresponding to the index is subtracted instead of
added. Sometimes ε and δj are treated in the same way, and in those cases we express ε as δ0. For
example, δ0012̄ = 2ε+ δ1 − δ2.

Finally, we introduce the following compact notation for the product of Γ-functions

Γ [x1, . . . , xn] ≡
n∏

i=1

Γ(xi) . (4.10) gamma

4.2 Kinematics and High Energy Expansion
ss:kinematics

The assignment of the external momenta q1, ..., q4 is illustrated in Fig. 3. We consider the 2 to 2 process
but define all the external momenta as incoming. In addition to the usual Mandelstam variables s, t, u,
(which we call physical Mandelstam variables), we introduce S, T, U as

S = −s = −(q1 + q2)
2, T = −t = −(q1 + q3)

2, U = −u = −(q2 + q3)
2 . (4.11) stu

In our calculation we assume that S, T, and U are positive and thus call them positive Mandelstam
variables. They are required in subsection 7.1.

In this paper, we consider some of the master integrals of Higgs pair production at next-to-leading
order. The loops are induced by the top quark, so there are two mass scales, the Higgs mass mH and
the top quark mass mt. We consider the high energy limit where the following hierarchy is satisfied

m2
H < m2

t $ S, T, U . (4.12) hie0

The high energy expansion in this case is two-fold. First, we treat m2
H as the soft parameter and

m2
t , S, T, U as the hard parameters. Afterwards, we treat m2

t as the soft parameter and S, T, U as the
hard parameters.

In the first expansion, i.e. the mH -expansion, mH enters the integrals through the on-shell con-
dition of the external momenta

q21 = 0, q22 = 0, q23 = m2
H , q24 = m2

H . (4.13) os1

In terms of χ, the scaling we impose here is

m2
H ∼ χ, m2

t ∼ 1, S ∼ 1, T ∼ 1, U ∼ 1 , (4.14) sca1

and the resulting series expression of an integral I is expressed symbolically as3

I(S, T, U,m2
t ,m

2
H) =

∑

nH

(m2
H)nH cnH (S, T, U,m2

t ) . (4.15) symbol1

3 In general, the coefficients cnH depend on log(m2
H), but in our case not.
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Method of region: "all-hard" region

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

2

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

+= ( (

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1+ ( (

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

Internal Note

Go Mishima

May 25, 2017
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p1 p3

p4

1

· · · + · · ·

We can apply the integration by parts (IBP) reduction.

m2
t

(m2
t )

2

In our case, the expansion in this region corresponds to the naive Taylor expansion.


The right hand side consists of massless diagrams with dots.
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Method of region: soft-collinear regions 
InternalNote

GoMishima
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Usual momentum representation is not always possible…

Cancellation of auxiliary parameters between soft regions occurs.
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1 + �3

1 + �4

The integrals are ill-defined,

so we have to introduce 

analytic regularization

of the exponent of propagators.
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(
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n=1

dαn

)
(1)

α−d/2
12 e−m2α12−(sα1α3+tα2α4)/α12 (2)

− α−d/2−2
12 (α3 + α4)((d/2)α12 +m2(α12)

2 − sα1α3 − tα2α4) (3)

× e−m2α12−(sα1α3+tα2α4)/α12 (4)

+ · · · (5)

α1234 = α1 + α2 + α3 + α4 (6)

1
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(
4∏

n=1

dαn

)
(1)

α−d/2
12 e−m2α12−(sα1α3+tα2α4)/α12 (2)

− α−d/2−2
12 (α3 + α4)((d/2)α12 +m2(α12)

2 − sα1α3 − tα2α4) (3)

× e−m2α12−(sα1α3+tα2α4)/α12 (4)

+ · · · (5)

α1234 = α1 + α2 + α3 + α4 (6)

1

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ε)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2
)−δ1−δ2−ε

Γ(δ1 + δ2 + ε− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
s−δ3−3t−δ4−3

(
m2
)−δ1−δ2−ε

Γ(δ1 + δ2 + ε− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain

f (2)
0 =

(m2)−ε

st

[
1

ε

(
− 1

δ3
− 1

δ4
+ log st

)]
(26)

f (3)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t/m2

)
+

π2

12

]
(27)

f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s/m2

)
+

π2

12

]
(28)

f (5)
0 =

(m2)−ε

st

[
− 2

ε2
+

1

ε

(
1

δ3
+

1

δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log s log t− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
(s+ t) + 2 log

(
m2
)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
2m4

s3t3
[
− log

(
m2
) (

−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2

(
m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5
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Method of region: total

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

1 one-loop case

We consider the following scalar integral:
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k
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k + p3

I =
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By evaluating the integral (??), we obtain the series coefficients of I(1)

I(1) =
∞∑

n=0

(m2)nf (1)
n (13)

and the leading contribution f0 is

f (1)
0 =

1

st

(
4

ε2
− 2 log st

ε
+ 2 log s log t− 4π2

3

)
. (14)

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (15)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ε)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(16)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2

)−δ1−δ2−ε
Γ(δ1 + δ2 + ε− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(17)

I(2)2 =
s−δ3−3t−δ4−3

(
m2

)−δ1−δ2−ε
Γ(δ1 + δ2 + ε− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (18)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (19)

we obtain

f (2)
0 =

1

ε

(
− 1

δ3
− 1

δ4
+ log st

)
(20)

f (3)
0 = − 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t

)
+

π2

12
(21)

f (4)
0 = − 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s

)
+

π2

12
(22)

f (5)
0 = − 2

ε2
+

1

ε

(
1

δ3
+

1

δ4

)
+

π2

6
. (23)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (24)

f0 =
1

st
(2 log s log t− π2) (25)

f1 =
2m2

s2t2
[
−2 log2

(
m2

)
(s+ t) + 2 log

(
m2

)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(26)

f2 =
2m4

s3t3
[
− log

(
m2

) (
−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2

)
+ 6 log2

(
m2

)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(27)

3

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ε)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2
)−δ1−δ2−ε

Γ(δ1 + δ2 + ε− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
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(
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)−δ1−δ2−ε

Γ(δ1 + δ2 + ε− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain

f (2)
0 =

(m2)−ε

st

[
1

ε

(
− 1

δ3
− 1

δ4
+ log st

)]
(26)

f (3)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t/m2

)
+

π2

12

]
(27)

f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s/m2

)
+

π2

12

]
(28)

f (5)
0 =

(m2)−ε

st

[
− 2

ε2
+

1

ε

(
1

δ3
+

1

δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log s log t− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
(s+ t) + 2 log

(
m2
)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
2m4

s3t3
[
− log

(
m2
) (

−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2

(
m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ε)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)

I(2)1 = −
s−δ3−2t−δ4−2

(
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)−δ1−δ2−ε

Γ(δ1 + δ2 + ε− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
s−δ3−3t−δ4−3

(
m2
)−δ1−δ2−ε

Γ(δ1 + δ2 + ε− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain

f (2)
0 =

(m2)−ε

st

[
1

ε

(
− 1

δ3
− 1

δ4
+ log st

)]
(26)

f (3)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t/m2

)
+

π2

12

]
(27)

f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s/m2

)
+

π2

12

]
(28)

f (5)
0 =

(m2)−ε

st

[
− 2

ε2
+

1

ε

(
1

δ3
+

1

δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log

s

m2
log

t

m2
− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
(s+ t) + 2 log

(
m2
)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
2m4

s3t3
[
− log

(
m2
) (

−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2

(
m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5

Cancellation of auxiliary parameters between soft regions occurs.
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Applying Padé to the resulting series of mt
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Double-Higgs boson production at NLO

Go Mishima: Karlsruhe Institute of Technology (KIT), Higgs Coupling 2019, Sep. 30 - Oct. 4, Oxford

high-energy approximation

 7

based on JHEP 1803 (2018) 048, JHEP 1901 (2019) 176, JHEP 1902 (2019) 080

Expand each Feynman diagrams by means of the method of region.
[Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]

Non-planar MIs

G33(1, 1, 1, 1, 0, 1, 1, 0, 0) G33(1, 1, 1, 1, 0, 2, 1, 0, 0) G51(1, 1, 0, 1, 1, 1, 1, 0, 0) G59(1, 0, 1, 1, 1, 1, 1, 0, 0)

G47(1, 1, 1, 0, 1, 2, 1, 0, 0) G91(1, 1, 1, 1, 0, 1, 1, 0, 0) G47(1, 0, 1, 1, 2, 1, 1, 0, 0) G33(1, 1, 1, 1, 1, 1, 1, 0, 0)

�(l1 + q4)
2

G33(1, 1, 1, 1, 1, 1, 1,�1, 0)

((l1 + q4)
2
)
2

G33(1, 1, 1, 1, 1, 1, 1,�2, 0)

((l2 + q1)
2
)
2

G33(1, 1, 1, 1, 1, 1, 1, 0,�2) G51(1, 1, 1, 1, 1, 1, 1, 0, 0)

�(l1 + q4)
2

G51(1, 1, 1, 1, 1, 1, 1,�1, 0)

�(l2 + q2)
2

G51(1, 1, 1, 1, 1, 1, 1, 0,�1)

((l1 + q4)
2
)
2

G51(1, 1, 1, 1, 1, 1, 1,�2, 0)

((l2 + q2)
2
)
2

G51(1, 1, 1, 1, 1, 1, 1, 0,�2)

total: 161 MIs(s, t � m
2
t
)

Matthias Steinhauser — Higgs boson pair production — RADCOR 2019 8
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Apply the Padé approximation with respect to   . 
-> The region of convergence is significantly improved. 
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Figure 10: Sixteen two-loop non-planar master integrals. Solid and dashed lines repre-
sent massive and massless scalar propagators, respectively. The external (thin) lines are
massless. Squared propagators are marked by a dot and numerators are explicitly given
above the diagrams (see also the definitions of the families in Eq. (22)). The remaining
14 non-planar master integrals, which are not shown, are obtained by crossing.

23

dots: exact results  
from pySecDec

example: one of the non-planar MIs

room for improvement: 
1. sometimes it generates unphysical singularity 
2. we want to estimate the uncertainty  
(3. form factors, i.e. combinations of MIs, converge not as good as single MI)
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Applying Padé to the resulting series of mt
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Double-Higgs boson production at NLO

Go Mishima: Karlsruhe Institute of Technology (KIT), Higgs Coupling 2019, Sep. 30 - Oct. 4, Oxford

high-energy approximation

 7

based on JHEP 1803 (2018) 048, JHEP 1901 (2019) 176, JHEP 1902 (2019) 080

Expand each Feynman diagrams by means of the method of region.
[Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]
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Matthias Steinhauser — Higgs boson pair production — RADCOR 2019 8
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Apply the Padé approximation with respect to   . 
-> The region of convergence is significantly improved. 
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Figure 10: Sixteen two-loop non-planar master integrals. Solid and dashed lines repre-
sent massive and massless scalar propagators, respectively. The external (thin) lines are
massless. Squared propagators are marked by a dot and numerators are explicitly given
above the diagrams (see also the definitions of the families in Eq. (22)). The remaining
14 non-planar master integrals, which are not shown, are obtained by crossing.

23

dots: exact results  
from pySecDec

example: one of the non-planar MIs

room for improvement: 
1. sometimes it generates unphysical singularity 
2. we want to estimate the uncertainty  
(3. form factors, i.e. combinations of MIs, converge not as good as single MI)
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Pole distance re-weighted (PDR) Padé method (slightly simplified version)

17

For each fixed numerical values of s and t, we re-arrange the series in the form 

R =
16

∑
n=1

cnxn

There are several choices for the Padé approximation, {8/8}, {9/7}, {7/9},...

The original quantity is reproduced when x=1.

x

1

x

1

Choice 1 Choice 2

pole of Padé rational function

not nice behaviour

tend to be away from the exact value

better behaviour

tend to be close to the exact value
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Pole distance re-weighted (PDR) Padé method (slightly simplified version)

18

x

1

consider the distance between x=1 and the nearest pole= βi

Choice i

wi =
β2

i

∑j β2
j

We introduce a weighting function

αi : result of "Choice i" Padé 
   (value at x=1)

α = ∑
i

wiαiPrediction from our method

Estimated uncertainty
∑i wi(αi − α)2

1 − ∑i w2
i
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Result (ZH case)
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Figure 4: Vfin as a function of
p
s for eight values of pT , at the scale µ

2 = s. The
uncertainty estimate of the Padé procedure is displayed as light-coloured bands. For
pT � 350 GeV, we also show two high-energy expansion curves including terms up to
order m30

t
and m

32
t
.

6 NLO virtual finite cross-section

Our starting point is Ṽfin in Eq. (12). For the LO form factors we use the exact results
and for the two-loop form factors we use the high-energy expansion. This allows us to
write Vfin in Eq. (13) as an expansion in mt up to order m32

t
.2 At this point we can apply

the Padé approximation procedure as described in Section 5. In Fig. 4 we show Vfin for
several fixed values of pT as a function of

p
s. For pT = 400 GeV and larger we also show

two high-energy expansion curves, which include terms up to m
30
t

and m
32
t
. These curves

agree well with each other and with the Padé approximation which they produce. For
lower values of pT , these curves do not agree with each other, and are not visible within

2Note the double-triangle contribution, which is known analytically (see Appendix A and Ref. [14]),
is not included in our numerical results for Vfin.

11
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Conclusion

20

• We consider the two-loop virtual top quark correction 
to the gluon fusion production of ZZ and ZH.


• In the high-energy approximation, MIs are the same as HH production.


• Padé approximation improves the prediction drastically, 
and we further refine the method to obtain reliable estimation.


• Our results can serve  
1. cross check for other works (mainly exact numerical calculation) 
2. super fast evaluation (without Padé) in high-energy region 
3. input for combined grid data base ← work in progress


