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RADIATIVE CORRECTIONS

Developments in fixed-order calculations 
at the center of Radcor-Loopfest
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In the last 10-20 years, much effort dedicated to understand two-loop 

scattering amplitudes in QCD with the goal of breaking the NNLO frontier 

for  processes


In parallel, first impressive results for  for  (Higgs and Drell-Yan)

2 → 2

N3LO 2 → 1

RADIATIVE CORRECTIONS
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RADIATIVE CORRECTIONS
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Rediscovered the SM, discovered the Higgs, 
and started doing precision physics 


Vector bosons, top quarks, Higgs couplings, 
jets, heavy flavours…

phenomenology and SM physics



WHAT HAVE WE LEARNED?

pp

500 µb�1

80 µb�1

W Z t̄t t

t-chan

WW H

total

tt̄H

VBF

VH

Wt

2.0 fb
�1

WZ ZZ t

s-chan

t̄tW t̄tZ tZj

10�1

1

101

102

103

104

105

106

1011

�
[p

b
]

Status: July 2018

ATLAS Preliminary

Run 1,2
p
s = 7,8,13 TeV

Theory

LHC pp
p
s = 7 TeV

Data 4.5 � 4.6 fb
�1

LHC pp
p
s = 8 TeV

Data 20.2 � 20.3 fb
�1

LHC pp
p
s = 13 TeV

Data 3.2 � 79.8 fb
�1

Standard Model Total Production Cross Section Measurements

Rediscovered the SM, discovered the Higgs, 
and started doing precision physics 


Vector bosons, top quarks, Higgs couplings, 
jets, heavy flavours…

phenomenology and SM physics formal developments

structure of scattering amplitudes:


- unitarity, recursion relations, spinor 
helicity, color ordering, IBPs, DEs,…

Special functions in pQFT:


- connections with algebraic geometry and 
number theory, polylogs, elliptic stuff, 
CYs, iterated integrals…
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3

IR divergences, factorisation in QCD, 
resummation, effective field theory…



BEYOND NNLO FOR 2->2 THERE IS STILL A LOT TO LEARN

Progress towards NNLO QCD corrections to  processes dominated this conference2 → 3

See talks by:  B. Page, H. Chawdhry, F. Buccioni, V 
Sotnikov, N. Syrrakos, C. Papadopoulos, R. Poncelet, H. 
Hartanto,…

Just scratching the surface…!
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New challenges from pushing methods to 
compute scattering amplitudes from two to 

three loops:


Higher combinatorial complexity, new special 
functions and new geometries, discontinuities 

(bootstrap?)… IR singularities and new sources for 
possible factorisation breaking 
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SCATTERING AMPLITUDES AT 3 LOOPS

Some results for 3 loop amplitudes in SUSY known (N=4, N=8 SUGRA, etc..) 
[Henn, Mistlberger ’19,’20]



Simplest, non-trivial place to start investigations of three loop amplitudes in QCD


  non trivial for various reasons:


- Relatively large number of Feynman diagrams (~3000)


- Very non trivial IBP reduction needed ( rank-6 10 propagator NPL integrals )


But still relatively simple


- Simple functions: 4 point massless @ 3 loops can be expressed in terms of HPLs


- simpler color correlations and simpler IR structure than, say, 

qq̄ → γγ

gg → gg

Some results for 3 loop amplitudes in SUSY known (N=4, N=8 SUGRA, etc..) 

[Henn, Mistlberger, Smirnov, Wasser ’19]

[Henn, Mistlberger ’19,’20]

SCATTERING AMPLITUDES AT 3 LOOPS



DI-PHOTON AS OF TODAY

The production of two photons has received a lot of attention


- One- and Two-loop scattering amplitudes known for 20 years 


- NNLO inclusive and recently exclusive over final state radiation [Catani, et al ’11, ’13, Campbel et al ’16]
[Chawdhry et al ’21]

- Various degrees of sophistication (resummation, PS, etc) [Alioli, et al ’10 …]

Important background for Higgs + New Physics


Clean final state, high production rate, etc


Interesting theory/exp questions: (IR sensitivity cone 
isolation…) [Gehrmann et al ’20]

Figure 17: Illustration of the perturbative convergence of the fixed-order predictions, for
the six measured ATLAS distributions.

– 31 –

[Anastasiou et al ’00; Bern 
et al ’00,’01,’03; Glover et 
al. ’00,’01,’03, …]

[Gehrmann et al ’20]



TOWARDS DIPHOTON AT 3 LOOPS (AND N3LO)

q(p1) + q̄(p2) → γ(p3) + γ(p4) , with p2
i = 0

Consider the production of 2 photons in quark-antiquark annihilation

s = (p1 + p2)2 , t = (p1 − p3)2 , and x = − t/s s > 0 , t < 0 0 < x < 1
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Figure 4: The physical regions (i), (ii) and (iii) in the (s, t, u)-plane.

where the usual polylogarithms are given by

Lin(x) = Sn−1,1 (x) . (6.5)

The three kinematically accessible regions of the phase-space are depicted in Fig. 4.

(i) s > 0, t, u < 0. All logarithms and polylogarithms occurring in Eqs. (6.2) and (6.3)

are real in this region.

Formulae for the other two regions, (ii) and (iii), can be derived by analytic continua-
tion, starting from region (i) and following the paths indicated in the figure.

The analytic continuation can be performed through a few simple steps.

(ii) t > 0, s, u < 0. Going from region (i) to region (ii), we have to pass through two
branches: t = 0 and s = 0. We can then split the analytic continuation into two steps:

- we first split the logarithm T = log(−t)−log(s). At t = 0, nothing happens to the

polylogarithms Sn,p (−t/s), but log(−t) gets an imaginary part: log(−t)→ log(t)−
iπ.

We are now in an unphysical region, where both s and t are positive and u is

negative. Using the transformation formulae for x→ 1/x (see, eg. Refs. [14, 4]),
we can express Sn,p (−t/s) in terms of Sn,p (−s/t) and log(t/s).

- To enter region (ii), we have to pass now the branch point at s = 0. We split

log(t/s) = log(t)− log(s) and U = log(s+ t)− log(s) and we analytically continue
log(s)→ log(−s) + iπ.

21

[Anastasiou, Gehrmann, Oleari, Remiddi, Tausk ’00]
[Smirnov ’99; Smirnov, Veretin ’00; Tausk ’00]

Interesting analytic structure, 
no Euclidean region



THE HELICITY AMPLITUDES IN ‘THV

2

such that in the physical scattering region, one has

s > 0 , t < 0 , u < 0 ) 0 < x < 1. (3)

We use the helicity of the incoming quark �q and of
the incoming photons �3,4 to label the scattering ampli-
tude of the process. We denote the scattering amplitude
between well-defined helicity states by A�q�3�4 . Using
parity, charge-conjugation and symmetry relations, it is
easy to see that there are only two independent helicity
configurations [10, 12]. In what follows, for clarity we will
compute the over-complete set of four helicity configura-
tions {�q�3�4} = {L � �}, {L � +}, {L + �}, {L + +},
which allow us to obtain the remaining ones for right-
handed quarks by a simple charge-conjugation transfor-
mation, as it will be discussed below.

In order to compute the helicity amplitudes, we reg-
ulate both infrared and ultraviolet divergences using di-
mensional regularisation, i.e. we work in d = 4 � 2✏
dimensions. By choosing a gauge such that

✏i · pi = 0 , i = 3, 4 and ✏3 · p2 = ✏4 · p1 = 0 , (4)

it is easy to see that, at any order in QCD perturbation
theory, Lorentz covariance dictates that the amplitude
can be parametrised as

A(s, t) =
5X

i=1

Fi(s, t) ū(p2)�
µ⌫
i u(p1)✏3,µ✏4,⌫ (5)

where u and ū are the spinors for the incoming quark and
antiquark, respectively, and the five Lorentz tensors �µ⌫

i
are defined as

�µ⌫
1 = �µp⌫2 , �µ⌫

2 = �⌫pµ1 ,

�µ⌫
3 = /p3 p

µ
1p

⌫
2 , �µ⌫

4 = /p3 g
µ⌫ ,

�µ⌫
5 = �µ/p3 �

⌫ . (6)

The functions Fi(s, t) are scalar form factors which only
depend on the Mandelstam invariants and on the number
of dimensions d. Since the colour structure is straight-
forward, we keep colour indices implicit here. For ease of
typing, we define the five independent structures

Ti = ū(p2)�
µ⌫
i u(p1)✏3,µ✏4,⌫ , (7)

and from now on, with a slight abuse of language, we refer
to the Ti as the independent tensors for the problem at
hand.

At first sight, it may seem puzzling that we find five
independent tensor structures when we have only four
helicity amplitudes (not considering charge conjugation).
This mismatch is however easy to explain: the decompo-
sition Eq. (5) is valid for arbitrary dimension d. For four-
dimensional external states, the five tensor structures Ti

are no longer independent, and four of them are enough
to span the whole space [54, 55]. Since eventually we are

only interested in the d ! 4 limit, it is convenient to
reorganise the tensors Ti and choose for T5 a linear com-
bination which is identically zero when four-dimensional
external states are considered. This can be achieved by
choosing

T i = Ti , i = 1, ..., 4 ,

T 5 = T5 �
u

s
T1 +

u

s
T2 �

2

s
T3 + T4 . (8)

We then write the scattering amplitude as

A(s, t) =
5X

i=1

F i(s, t)T i , (9)

where the form factors F i are suitable linear combina-
tions of the original Fi, whose explicit form will be ir-
relevant in the following. All the non-trivial information
for the process of Eq. (1) is encoded in the form factors
F i. We stress once more that, while all five form factors
are in general required for the result in Conventional Di-
mensional Regularisation (CDR), only the first four are
enough to compute the helicity amplitudes in tHV, see
the supplement material for more details.
Eq. (9) can be inverted to select individual form fac-

tors. This is done by introducing suitable projectors op-
erators defined such that1

X

pol

PiA(s, t) = F i(s, t) , (10)

where we use d dimensional polarization sums. Since
the five T i form a basis for our space, we can write the
projectors as

Pi =
5X

k=1

cikT
†
k . (11)

A straightforward calculation, reported in the supple-
ment material, shows that the matrix cik is block-
diagonal

cik =


C4⇥4 0
0 c55

�
. (12)

As a consequence, the fifth tensor T 5 decouples from the
other four. This, combined with the fact that it always
evaluates to zero for four-dimensional external states,
shows that the helicity amplitudes receive contributions
only from the first four form factors in Eq. (9). In other
words, there is a one-to-one correspondence between he-

licity amplitudes and form factors in the ’t Hooft-Veltman

1 The individual form factors are not gauge-invariant, see Eq. (4),
and the reference vector q3(4) = p2(1) should be used in the
polarisation sums.
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i=1

ℱi(s, t)Ti

To compute helicity amplitudes, start from generic tensor decomposition in d-dim
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only interested in the d ! 4 limit, it is convenient to
reorganise the tensors Ti and choose for T5 a linear com-
bination which is identically zero when four-dimensional
external states are considered. This can be achieved by
choosing

T i = Ti , i = 1, ..., 4 ,

T 5 = T5 �
u

s
T1 +

u

s
T2 �

2

s
T3 + T4 . (8)

We then write the scattering amplitude as

A(s, t) =
5X

i=1

F i(s, t)T i , (9)

where the form factors F i are suitable linear combina-
tions of the original Fi, whose explicit form will be ir-
relevant in the following. All the non-trivial information
for the process of Eq. (1) is encoded in the form factors
F i. We stress once more that, while all five form factors
are in general required for the result in Conventional Di-
mensional Regularisation (CDR), only the first four are
enough to compute the helicity amplitudes in tHV, see
the supplement material for more details.
Eq. (9) can be inverted to select individual form fac-

tors. This is done by introducing suitable projectors op-
erators defined such that1

X

pol

PiA(s, t) = F i(s, t) , (10)

where we use d dimensional polarization sums. Since
the five T i form a basis for our space, we can write the
projectors as

Pi =
5X

k=1

cikT
†
k . (11)

A straightforward calculation, reported in the supple-
ment material, shows that the matrix cik is block-
diagonal

cik =


C4⇥4 0
0 c55

�
. (12)

As a consequence, the fifth tensor T 5 decouples from the
other four. This, combined with the fact that it always
evaluates to zero for four-dimensional external states,
shows that the helicity amplitudes receive contributions
only from the first four form factors in Eq. (9). In other
words, there is a one-to-one correspondence between he-

licity amplitudes and form factors in the ’t Hooft-Veltman

1 The individual form factors are not gauge-invariant, see Eq. (4),
and the reference vector q3(4) = p2(1) should be used in the
polarisation sums.
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s > 0 , t < 0 , u < 0 ) 0 < x < 1. (3)

We use the helicity of the incoming quark �q and of
the incoming photons �3,4 to label the scattering ampli-
tude of the process. We denote the scattering amplitude
between well-defined helicity states by A�q�3�4 . Using
parity, charge-conjugation and symmetry relations, it is
easy to see that there are only two independent helicity
configurations [10, 12]. In what follows, for clarity we will
compute the over-complete set of four helicity configura-
tions {�q�3�4} = {L � �}, {L � +}, {L + �}, {L + +},
which allow us to obtain the remaining ones for right-
handed quarks by a simple charge-conjugation transfor-
mation, as it will be discussed below.

In order to compute the helicity amplitudes, we reg-
ulate both infrared and ultraviolet divergences using di-
mensional regularisation, i.e. we work in d = 4 � 2✏
dimensions. By choosing a gauge such that

✏i · pi = 0 , i = 3, 4 and ✏3 · p2 = ✏4 · p1 = 0 , (4)

it is easy to see that, at any order in QCD perturbation
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5X

i=1

Fi(s, t) ū(p2)�
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The functions Fi(s, t) are scalar form factors which only
depend on the Mandelstam invariants and on the number
of dimensions d. Since the colour structure is straight-
forward, we keep colour indices implicit here. For ease of
typing, we define the five independent structures

Ti = ū(p2)�
µ⌫
i u(p1)✏3,µ✏4,⌫ , (7)

and from now on, with a slight abuse of language, we refer
to the Ti as the independent tensors for the problem at
hand.

At first sight, it may seem puzzling that we find five
independent tensor structures when we have only four
helicity amplitudes (not considering charge conjugation).
This mismatch is however easy to explain: the decompo-
sition Eq. (5) is valid for arbitrary dimension d. For four-
dimensional external states, the five tensor structures Ti

are no longer independent, and four of them are enough
to span the whole space [54, 55]. Since eventually we are

only interested in the d ! 4 limit, it is convenient to
reorganise the tensors Ti and choose for T5 a linear com-
bination which is identically zero when four-dimensional
external states are considered. This can be achieved by
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T i = Ti , i = 1, ..., 4 ,

T 5 = T5 �
u

s
T1 +
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T2 �
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T3 + T4 . (8)

We then write the scattering amplitude as

A(s, t) =
5X

i=1

F i(s, t)T i , (9)

where the form factors F i are suitable linear combina-
tions of the original Fi, whose explicit form will be ir-
relevant in the following. All the non-trivial information
for the process of Eq. (1) is encoded in the form factors
F i. We stress once more that, while all five form factors
are in general required for the result in Conventional Di-
mensional Regularisation (CDR), only the first four are
enough to compute the helicity amplitudes in tHV, see
the supplement material for more details.
Eq. (9) can be inverted to select individual form fac-

tors. This is done by introducing suitable projectors op-
erators defined such that1

X

pol

PiA(s, t) = F i(s, t) , (10)

where we use d dimensional polarization sums. Since
the five T i form a basis for our space, we can write the
projectors as

Pi =
5X

k=1

cikT
†
k . (11)

A straightforward calculation, reported in the supple-
ment material, shows that the matrix cik is block-
diagonal

cik =


C4⇥4 0
0 c55

�
. (12)

As a consequence, the fifth tensor T 5 decouples from the
other four. This, combined with the fact that it always
evaluates to zero for four-dimensional external states,
shows that the helicity amplitudes receive contributions
only from the first four form factors in Eq. (9). In other
words, there is a one-to-one correspondence between he-

licity amplitudes and form factors in the ’t Hooft-Veltman

1 The individual form factors are not gauge-invariant, see Eq. (4),
and the reference vector q3(4) = p2(1) should be used in the
polarisation sums.

𝒜(s, t) =
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∑
i=1

ℱi(s, t)Ti

𝒜λqλ3λ4
(s, t) =

5

∑
i=1

ℱi(s, t)[Ti]λqλ3λ4,d=4

Helicity amplitudes in tHV can be computed by fixing 
helicities on the tensors in d=4

To compute helicity amplitudes, start from generic tensor decomposition in d-dim
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such that in the physical scattering region, one has

s > 0 , t < 0 , u < 0 ) 0 < x < 1. (3)

We use the helicity of the incoming quark �q and of
the incoming photons �3,4 to label the scattering ampli-
tude of the process. We denote the scattering amplitude
between well-defined helicity states by A�q�3�4 . Using
parity, charge-conjugation and symmetry relations, it is
easy to see that there are only two independent helicity
configurations [10, 12]. In what follows, for clarity we will
compute the over-complete set of four helicity configura-
tions {�q�3�4} = {L � �}, {L � +}, {L + �}, {L + +},
which allow us to obtain the remaining ones for right-
handed quarks by a simple charge-conjugation transfor-
mation, as it will be discussed below.

In order to compute the helicity amplitudes, we reg-
ulate both infrared and ultraviolet divergences using di-
mensional regularisation, i.e. we work in d = 4 � 2✏
dimensions. By choosing a gauge such that

✏i · pi = 0 , i = 3, 4 and ✏3 · p2 = ✏4 · p1 = 0 , (4)

it is easy to see that, at any order in QCD perturbation
theory, Lorentz covariance dictates that the amplitude
can be parametrised as

A(s, t) =
5X

i=1

Fi(s, t) ū(p2)�
µ⌫
i u(p1)✏3,µ✏4,⌫ (5)

where u and ū are the spinors for the incoming quark and
antiquark, respectively, and the five Lorentz tensors �µ⌫
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are defined as
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2 , �µ⌫
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µ⌫ ,
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5 = �µ/p3 �

⌫ . (6)

The functions Fi(s, t) are scalar form factors which only
depend on the Mandelstam invariants and on the number
of dimensions d. Since the colour structure is straight-
forward, we keep colour indices implicit here. For ease of
typing, we define the five independent structures

Ti = ū(p2)�
µ⌫
i u(p1)✏3,µ✏4,⌫ , (7)

and from now on, with a slight abuse of language, we refer
to the Ti as the independent tensors for the problem at
hand.

At first sight, it may seem puzzling that we find five
independent tensor structures when we have only four
helicity amplitudes (not considering charge conjugation).
This mismatch is however easy to explain: the decompo-
sition Eq. (5) is valid for arbitrary dimension d. For four-
dimensional external states, the five tensor structures Ti

are no longer independent, and four of them are enough
to span the whole space [54, 55]. Since eventually we are

only interested in the d ! 4 limit, it is convenient to
reorganise the tensors Ti and choose for T5 a linear com-
bination which is identically zero when four-dimensional
external states are considered. This can be achieved by
choosing

T i = Ti , i = 1, ..., 4 ,

T 5 = T5 �
u

s
T1 +

u

s
T2 �

2

s
T3 + T4 . (8)

We then write the scattering amplitude as

A(s, t) =
5X

i=1

F i(s, t)T i , (9)

where the form factors F i are suitable linear combina-
tions of the original Fi, whose explicit form will be ir-
relevant in the following. All the non-trivial information
for the process of Eq. (1) is encoded in the form factors
F i. We stress once more that, while all five form factors
are in general required for the result in Conventional Di-
mensional Regularisation (CDR), only the first four are
enough to compute the helicity amplitudes in tHV, see
the supplement material for more details.
Eq. (9) can be inverted to select individual form fac-

tors. This is done by introducing suitable projectors op-
erators defined such that1

X

pol

PiA(s, t) = F i(s, t) , (10)

where we use d dimensional polarization sums. Since
the five T i form a basis for our space, we can write the
projectors as

Pi =
5X

k=1

cikT
†
k . (11)

A straightforward calculation, reported in the supple-
ment material, shows that the matrix cik is block-
diagonal

cik =


C4⇥4 0
0 c55

�
. (12)

As a consequence, the fifth tensor T 5 decouples from the
other four. This, combined with the fact that it always
evaluates to zero for four-dimensional external states,
shows that the helicity amplitudes receive contributions
only from the first four form factors in Eq. (9). In other
words, there is a one-to-one correspondence between he-

licity amplitudes and form factors in the ’t Hooft-Veltman

1 The individual form factors are not gauge-invariant, see Eq. (4),
and the reference vector q3(4) = p2(1) should be used in the
polarisation sums.

lim
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u
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u
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2
s

T3 + T4) = 0

We can identify one 
evanescent tensor structure

To compute helicity amplitudes, start from generic tensor decomposition in d-dim

𝒜λqλ3λ4
(s, t) =

5

∑
i=1

ℱi(s, t)[Ti]λqλ3λ4,d=4

Various approaches to exploit this, see also  [Davies et al ’20][Chen ’19]

useful also in other context, see for example [Abreu et al ’18]
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The projectors

The projectors defined in Eq. (11) can be found in the following way. Contracting them with the scattering
amplitude in Eq. (9) and summing over the helicities of the external states in d space-time dimensions, we require

X

pol

PiA(s, t) = F i(s, t) . (24)

Note that following the choice in Eq. (4), the d dimensional polarisation sum for the photons reads
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(25)

If we define the matrix Mij =
P

pol T
†
iT j , the coe�cients of the projectors can be expressed rather compactly as
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As one can observe from Eq. (26), the fifth tensor T 5 decouples from the other four. This, combined with the fact
that it is always zero for four dimensional external states, is enough to prove that the helicity amplitudes in four
dimensions receive contribution only from the first four form factors in Eq. (9), see Eqs (20).

It is possible to use our projectors to compute the generic n-loop ⇥ m-loop contraction in Conventional Dimensional
Regularisation (CDR), summed over colours and polarisations. A simple exercise gives
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where Nc = 3 is the number of colours. By direct inspection of this formula it is then obvious that, with our choice
of tensors, the fifth form factor is only relevant to obtain results for the higher orders in ✏ of the scattering amplitude
in the CDR scheme.

The infrared structure of the loop amplitude

In this appendix, we define the explicit formulas for the infrared subtraction operators Ii required to define our
finite remainders Eq. (18). We follow the notation of Ref. [89] and refer the reader to that reference for a detailed
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such that in the physical scattering region, one has
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We use the helicity of the incoming quark �q and of
the incoming photons �3,4 to label the scattering ampli-
tude of the process. We denote the scattering amplitude
between well-defined helicity states by A�q�3�4 . Using
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easy to see that there are only two independent helicity
configurations [10, 12]. In what follows, for clarity we will
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tions {�q�3�4} = {L � �}, {L � +}, {L + �}, {L + +},
which allow us to obtain the remaining ones for right-
handed quarks by a simple charge-conjugation transfor-
mation, as it will be discussed below.

In order to compute the helicity amplitudes, we reg-
ulate both infrared and ultraviolet divergences using di-
mensional regularisation, i.e. we work in d = 4 � 2✏
dimensions. By choosing a gauge such that

✏i · pi = 0 , i = 3, 4 and ✏3 · p2 = ✏4 · p1 = 0 , (4)

it is easy to see that, at any order in QCD perturbation
theory, Lorentz covariance dictates that the amplitude
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The functions Fi(s, t) are scalar form factors which only
depend on the Mandelstam invariants and on the number
of dimensions d. Since the colour structure is straight-
forward, we keep colour indices implicit here. For ease of
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i u(p1)✏3,µ✏4,⌫ , (7)

and from now on, with a slight abuse of language, we refer
to the Ti as the independent tensors for the problem at
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At first sight, it may seem puzzling that we find five
independent tensor structures when we have only four
helicity amplitudes (not considering charge conjugation).
This mismatch is however easy to explain: the decompo-
sition Eq. (5) is valid for arbitrary dimension d. For four-
dimensional external states, the five tensor structures Ti

are no longer independent, and four of them are enough
to span the whole space [54, 55]. Since eventually we are

only interested in the d ! 4 limit, it is convenient to
reorganise the tensors Ti and choose for T5 a linear com-
bination which is identically zero when four-dimensional
external states are considered. This can be achieved by
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T i = Ti , i = 1, ..., 4 ,
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We then write the scattering amplitude as

A(s, t) =
5X

i=1

F i(s, t)T i , (9)

where the form factors F i are suitable linear combina-
tions of the original Fi, whose explicit form will be ir-
relevant in the following. All the non-trivial information
for the process of Eq. (1) is encoded in the form factors
F i. We stress once more that, while all five form factors
are in general required for the result in Conventional Di-
mensional Regularisation (CDR), only the first four are
enough to compute the helicity amplitudes in tHV, see
the supplement material for more details.
Eq. (9) can be inverted to select individual form fac-

tors. This is done by introducing suitable projectors op-
erators defined such that1
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
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As a consequence, the fifth tensor T 5 decouples from the
other four. This, combined with the fact that it always
evaluates to zero for four-dimensional external states,
shows that the helicity amplitudes receive contributions
only from the first four form factors in Eq. (9). In other
words, there is a one-to-one correspondence between he-

licity amplitudes and form factors in the ’t Hooft-Veltman

1 The individual form factors are not gauge-invariant, see Eq. (4),
and the reference vector q3(4) = p2(1) should be used in the
polarisation sums.
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The projectors

The projectors defined in Eq. (11) can be found in the following way. Contracting them with the scattering
amplitude in Eq. (9) and summing over the helicities of the external states in d space-time dimensions, we require
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Note that following the choice in Eq. (4), the d dimensional polarisation sum for the photons reads
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As one can observe from Eq. (26), the fifth tensor T 5 decouples from the other four. This, combined with the fact
that it is always zero for four dimensional external states, is enough to prove that the helicity amplitudes in four
dimensions receive contribution only from the first four form factors in Eq. (9), see Eqs (20).

It is possible to use our projectors to compute the generic n-loop ⇥ m-loop contraction in Conventional Dimensional
Regularisation (CDR), summed over colours and polarisations. A simple exercise gives
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where Nc = 3 is the number of colours. By direct inspection of this formula it is then obvious that, with our choice
of tensors, the fifth form factor is only relevant to obtain results for the higher orders in ✏ of the scattering amplitude
in the CDR scheme.

The infrared structure of the loop amplitude

In this appendix, we define the explicit formulas for the infrared subtraction operators Ii required to define our
finite remainders Eq. (18). We follow the notation of Ref. [89] and refer the reader to that reference for a detailed
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The projectors

The projectors defined in Eq. (11) can be found in the following way. Contracting them with the scattering
amplitude in Eq. (9) and summing over the helicities of the external states in d space-time dimensions, we require

X

pol

PiA(s, t) = F i(s, t) . (24)

Note that following the choice in Eq. (4), the d dimensional polarisation sum for the photons reads
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If we define the matrix Mij =
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iT j , the coe�cients of the projectors can be expressed rather compactly as
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As one can observe from Eq. (26), the fifth tensor T 5 decouples from the other four. This, combined with the fact
that it is always zero for four dimensional external states, is enough to prove that the helicity amplitudes in four
dimensions receive contribution only from the first four form factors in Eq. (9), see Eqs (20).
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where Nc = 3 is the number of colours. By direct inspection of this formula it is then obvious that, with our choice
of tensors, the fifth form factor is only relevant to obtain results for the higher orders in ✏ of the scattering amplitude
in the CDR scheme.
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PROJECTORS IN ’T HOOFT-VELTMAN

In new basis of tensors, by definition only first four contribute to hel amplitudes

Derive projector operators for these tensors



𝒜λqλ3λ4
(s, t) =

5

∑
i=1

ℱi(s, t)[Ti]λqλ3λ4,d=4
=

4

∑
i=1

ℱi(s, t)[Ti]λqλ3λ4,d=4
+ 𝒪(ϵ)
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As one can observe from Eq. (26), the fifth tensor T 5 decouples from the other four. This, combined with the fact
that it is always zero for four dimensional external states, is enough to prove that the helicity amplitudes in four
dimensions receive contribution only from the first four form factors in Eq. (9), see Eqs (20).
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where Nc = 3 is the number of colours. By direct inspection of this formula it is then obvious that, with our choice
of tensors, the fifth form factor is only relevant to obtain results for the higher orders in ✏ of the scattering amplitude
in the CDR scheme.

The infrared structure of the loop amplitude

In this appendix, we define the explicit formulas for the infrared subtraction operators Ii required to define our
finite remainders Eq. (18). We follow the notation of Ref. [89] and refer the reader to that reference for a detailed

2

such that in the physical scattering region, one has

s > 0 , t < 0 , u < 0 ) 0 < x < 1. (3)

We use the helicity of the incoming quark �q and of
the incoming photons �3,4 to label the scattering ampli-
tude of the process. We denote the scattering amplitude
between well-defined helicity states by A�q�3�4 . Using
parity, charge-conjugation and symmetry relations, it is
easy to see that there are only two independent helicity
configurations [10, 12]. In what follows, for clarity we will
compute the over-complete set of four helicity configura-
tions {�q�3�4} = {L � �}, {L � +}, {L + �}, {L + +},
which allow us to obtain the remaining ones for right-
handed quarks by a simple charge-conjugation transfor-
mation, as it will be discussed below.

In order to compute the helicity amplitudes, we reg-
ulate both infrared and ultraviolet divergences using di-
mensional regularisation, i.e. we work in d = 4 � 2✏
dimensions. By choosing a gauge such that

✏i · pi = 0 , i = 3, 4 and ✏3 · p2 = ✏4 · p1 = 0 , (4)

it is easy to see that, at any order in QCD perturbation
theory, Lorentz covariance dictates that the amplitude
can be parametrised as

A(s, t) =
5X

i=1

Fi(s, t) ū(p2)�
µ⌫
i u(p1)✏3,µ✏4,⌫ (5)

where u and ū are the spinors for the incoming quark and
antiquark, respectively, and the five Lorentz tensors �µ⌫

i
are defined as

�µ⌫
1 = �µp⌫2 , �µ⌫

2 = �⌫pµ1 ,

�µ⌫
3 = /p3 p

µ
1p

⌫
2 , �µ⌫

4 = /p3 g
µ⌫ ,

�µ⌫
5 = �µ/p3 �

⌫ . (6)

The functions Fi(s, t) are scalar form factors which only
depend on the Mandelstam invariants and on the number
of dimensions d. Since the colour structure is straight-
forward, we keep colour indices implicit here. For ease of
typing, we define the five independent structures

Ti = ū(p2)�
µ⌫
i u(p1)✏3,µ✏4,⌫ , (7)

and from now on, with a slight abuse of language, we refer
to the Ti as the independent tensors for the problem at
hand.

At first sight, it may seem puzzling that we find five
independent tensor structures when we have only four
helicity amplitudes (not considering charge conjugation).
This mismatch is however easy to explain: the decompo-
sition Eq. (5) is valid for arbitrary dimension d. For four-
dimensional external states, the five tensor structures Ti

are no longer independent, and four of them are enough
to span the whole space [54, 55]. Since eventually we are

only interested in the d ! 4 limit, it is convenient to
reorganise the tensors Ti and choose for T5 a linear com-
bination which is identically zero when four-dimensional
external states are considered. This can be achieved by
choosing

T i = Ti , i = 1, ..., 4 ,

T 5 = T5 �
u

s
T1 +

u

s
T2 �

2

s
T3 + T4 . (8)

We then write the scattering amplitude as

A(s, t) =
5X

i=1

F i(s, t)T i , (9)

where the form factors F i are suitable linear combina-
tions of the original Fi, whose explicit form will be ir-
relevant in the following. All the non-trivial information
for the process of Eq. (1) is encoded in the form factors
F i. We stress once more that, while all five form factors
are in general required for the result in Conventional Di-
mensional Regularisation (CDR), only the first four are
enough to compute the helicity amplitudes in tHV, see
the supplement material for more details.
Eq. (9) can be inverted to select individual form fac-

tors. This is done by introducing suitable projectors op-
erators defined such that1

X

pol

PiA(s, t) = F i(s, t) , (10)

where we use d dimensional polarization sums. Since
the five T i form a basis for our space, we can write the
projectors as

Pi =
5X

k=1

cikT
†
k . (11)

A straightforward calculation, reported in the supple-
ment material, shows that the matrix cik is block-
diagonal

cik =


C4⇥4 0
0 c55

�
. (12)

As a consequence, the fifth tensor T 5 decouples from the
other four. This, combined with the fact that it always
evaluates to zero for four-dimensional external states,
shows that the helicity amplitudes receive contributions
only from the first four form factors in Eq. (9). In other
words, there is a one-to-one correspondence between he-

licity amplitudes and form factors in the ’t Hooft-Veltman

1 The individual form factors are not gauge-invariant, see Eq. (4),
and the reference vector q3(4) = p2(1) should be used in the
polarisation sums.
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The projectors

The projectors defined in Eq. (11) can be found in the following way. Contracting them with the scattering
amplitude in Eq. (9) and summing over the helicities of the external states in d space-time dimensions, we require

X

pol

PiA(s, t) = F i(s, t) . (24)

Note that following the choice in Eq. (4), the d dimensional polarisation sum for the photons reads
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If we define the matrix Mij =
P
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iT j , the coe�cients of the projectors can be expressed rather compactly as
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As one can observe from Eq. (26), the fifth tensor T 5 decouples from the other four. This, combined with the fact
that it is always zero for four dimensional external states, is enough to prove that the helicity amplitudes in four
dimensions receive contribution only from the first four form factors in Eq. (9), see Eqs (20).

It is possible to use our projectors to compute the generic n-loop ⇥ m-loop contraction in Conventional Dimensional
Regularisation (CDR), summed over colours and polarisations. A simple exercise gives
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where Nc = 3 is the number of colours. By direct inspection of this formula it is then obvious that, with our choice
of tensors, the fifth form factor is only relevant to obtain results for the higher orders in ✏ of the scattering amplitude
in the CDR scheme.
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As one can observe from Eq. (26), the fifth tensor T 5 decouples from the other four. This, combined with the fact
that it is always zero for four dimensional external states, is enough to prove that the helicity amplitudes in four
dimensions receive contribution only from the first four form factors in Eq. (9), see Eqs (20).
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where Nc = 3 is the number of colours. By direct inspection of this formula it is then obvious that, with our choice
of tensors, the fifth form factor is only relevant to obtain results for the higher orders in ✏ of the scattering amplitude
in the CDR scheme.

The infrared structure of the loop amplitude

In this appendix, we define the explicit formulas for the infrared subtraction operators Ii required to define our
finite remainders Eq. (18). We follow the notation of Ref. [89] and refer the reader to that reference for a detailed
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where Nc = 3 is the number of colours. By direct inspection of this formula it is then obvious that, with our choice
of tensors, the fifth form factor is only relevant to obtain results for the higher orders in ✏ of the scattering amplitude
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The results computed with the procedure discussed so
far contain both ultraviolet and infrared singularities. Up
to three loops, they can be written as follows

F i = �kl(4⇡↵) e
2
q

3X

k=0

⇣↵s,b

2⇡

⌘k
F

(k,b)
i , (14)

where e =
p
4⇡↵ is the electric charge, eq is the charge of

the incoming quark in units of e, ↵s,b is the bare strong
coupling and �kl carries the colour indices of the two in-
coming quarks. We remove ultraviolet singularities by
expressing our result in terms of the MS renormalised
coupling ↵s(µ):

F i = �kl(4⇡↵) e
2
q

3X

k=0

✓
↵s(µ)

2⇡

◆k

F
(k)
i . (15)

The relation between renormalised and bare coupling is
given by

S✏↵s,b = µ2✏↵s(µ)Z[↵s(µ)], (16)

with S✏ = (4⇡)�✏e��E✏ and

Z[↵] = 1�
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+O(↵3

s) . (17)

The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
(k)
i of Eq. (15) still

contain infrared singularities. Their form is universal and
can be expressed in terms of the lower-order scattering
amplitudes as follows [88, 89]

F
(1)
i = I1F

(0)
i + F

(1,fin)
i ,

F
(2)
i = I2F

(0)
i + I1F

(1)
i + F
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i ,

F
(3)
i = I3F

(0)
i + I2F

(1)
i + I1F

(2)
i + F

(3,fin)
i .

(18)

In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,

I2 ⇠ 1/✏4, I3 ⇠ 1/✏6. The finite remainders F
(k,fin)
i in

Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).

As we have already mentioned, it is straightforward
to obtain the helicity amplitudes from our form factors
by evaluating the tensor structures T i for well-defined
helicity states, see Eq. (8). We stress once more that

for any helicity configuration one has T 5,�q�3�4 = 0. We
write for left-handed spinors ūL(p2) = h2| and uL(p1) =
|1] and for the the photon j of momentum pj

✏µj,�(qj) =
hqj |�µ

|j]
p
2hqjji

, ✏µj,+(qj) =
hj|�µ

|qj ]
p
2[jqj ]

.

With these definitions we find

AL�� =
2[34]2
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↵(x) , AL�+ =
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(20)

Note that the remaining amplitudes for right-handed
quarks can be obtained by a charge-conjugation trans-
formation as follows

AR�3�4 = AL�⇤
3�

⇤
4
(hiji $ [ji]) , (21)

where �⇤
i indicates the opposite helicity of �i. Symmetry

under exchange of the two photons requires

�(x) = �(1�x), �(x) = �↵(x), ↵(1�x) = �↵(x), (22)

and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),

Li3,3(x, 1), Li3,3(1� x, 1), Li3,3(x/(x� 1), 1),

Li4,2(x, 1), Li4,2(1� x, 1), Li2,2,2(x, 1, 1), (23)

which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop

4 Note that PolyLogTools [86] uses a di↵erent convention for in-
dices and arguments compared to the ones we adopt here.
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coupling ↵s(µ):

F i = �kl(4⇡↵) e
2
q

3X

k=0

✓
↵s(µ)

2⇡

◆k

F
(k)
i . (15)

The relation between renormalised and bare coupling is
given by

S✏↵s,b = µ2✏↵s(µ)Z[↵s(µ)], (16)

with S✏ = (4⇡)�✏e��E✏ and

Z[↵] = 1�
�0

✏

⇣↵s

2⇡

⌘
+

✓
�2
0

✏2
�

�1

2✏

◆⇣↵s

2⇡

⌘2
+O(↵3

s) . (17)

The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
(k)
i of Eq. (15) still

contain infrared singularities. Their form is universal and
can be expressed in terms of the lower-order scattering
amplitudes as follows [88, 89]
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(18)

In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,

I2 ⇠ 1/✏4, I3 ⇠ 1/✏6. The finite remainders F
(k,fin)
i in

Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).

As we have already mentioned, it is straightforward
to obtain the helicity amplitudes from our form factors
by evaluating the tensor structures T i for well-defined
helicity states, see Eq. (8). We stress once more that

for any helicity configuration one has T 5,�q�3�4 = 0. We
write for left-handed spinors ūL(p2) = h2| and uL(p1) =
|1] and for the the photon j of momentum pj

✏µj,�(qj) =
hqj |�µ

|j]
p
2hqjji

, ✏µj,+(qj) =
hj|�µ

|qj ]
p
2[jqj ]

.

With these definitions we find
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2[34]2

h13i[23]
↵(x) , AL�+ =

2h24i[13]
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�(x) ,

AL+� =
2h23i[41]

h24i[32]
�(x) , AL++ =

2h34i2

h31i[23]
�(x) .

(19)
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Note that the remaining amplitudes for right-handed
quarks can be obtained by a charge-conjugation trans-
formation as follows

AR�3�4 = AL�⇤
3�

⇤
4
(hiji $ [ji]) , (21)

where �⇤
i indicates the opposite helicity of �i. Symmetry

under exchange of the two photons requires

�(x) = �(1�x), �(x) = �↵(x), ↵(1�x) = �↵(x), (22)

and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),

Li3,3(x, 1), Li3,3(1� x, 1), Li3,3(x/(x� 1), 1),

Li4,2(x, 1), Li4,2(1� x, 1), Li2,2,2(x, 1, 1), (23)

which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop

4 Note that PolyLogTools [86] uses a di↵erent convention for in-
dices and arguments compared to the ones we adopt here.

Fixing the helicities on the remaining tensors, we find in spinor-helicity
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The results computed with the procedure discussed so
far contain both ultraviolet and infrared singularities. Up
to three loops, they can be written as follows
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3X
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(k,b)
i , (14)

where e =
p
4⇡↵ is the electric charge, eq is the charge of

the incoming quark in units of e, ↵s,b is the bare strong
coupling and �kl carries the colour indices of the two in-
coming quarks. We remove ultraviolet singularities by
expressing our result in terms of the MS renormalised
coupling ↵s(µ):

F i = �kl(4⇡↵) e
2
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The relation between renormalised and bare coupling is
given by

S✏↵s,b = µ2✏↵s(µ)Z[↵s(µ)], (16)

with S✏ = (4⇡)�✏e��E✏ and
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The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
(k)
i of Eq. (15) still

contain infrared singularities. Their form is universal and
can be expressed in terms of the lower-order scattering
amplitudes as follows [88, 89]
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In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,

I2 ⇠ 1/✏4, I3 ⇠ 1/✏6. The finite remainders F
(k,fin)
i in

Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).

As we have already mentioned, it is straightforward
to obtain the helicity amplitudes from our form factors
by evaluating the tensor structures T i for well-defined
helicity states, see Eq. (8). We stress once more that

for any helicity configuration one has T 5,�q�3�4 = 0. We
write for left-handed spinors ūL(p2) = h2| and uL(p1) =
|1] and for the the photon j of momentum pj

✏µj,�(qj) =
hqj |�µ

|j]
p
2hqjji

, ✏µj,+(qj) =
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.

With these definitions we find
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Note that the remaining amplitudes for right-handed
quarks can be obtained by a charge-conjugation trans-
formation as follows

AR�3�4 = AL�⇤
3�

⇤
4
(hiji $ [ji]) , (21)

where �⇤
i indicates the opposite helicity of �i. Symmetry

under exchange of the two photons requires

�(x) = �(1�x), �(x) = �↵(x), ↵(1�x) = �↵(x), (22)

and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),

Li3,3(x, 1), Li3,3(1� x, 1), Li3,3(x/(x� 1), 1),

Li4,2(x, 1), Li4,2(1� x, 1), Li2,2,2(x, 1, 1), (23)

which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop

4 Note that PolyLogTools [86] uses a di↵erent convention for in-
dices and arguments compared to the ones we adopt here.

α(0)(x) = δ(0)(x) = 0

β(0)(x) = γ(0)(x) = 1
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The results computed with the procedure discussed so
far contain both ultraviolet and infrared singularities. Up
to three loops, they can be written as follows

F i = �kl(4⇡↵) e
2
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3X
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⇣↵s,b
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(k,b)
i , (14)

where e =
p
4⇡↵ is the electric charge, eq is the charge of

the incoming quark in units of e, ↵s,b is the bare strong
coupling and �kl carries the colour indices of the two in-
coming quarks. We remove ultraviolet singularities by
expressing our result in terms of the MS renormalised
coupling ↵s(µ):
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The relation between renormalised and bare coupling is
given by
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The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
(k)
i of Eq. (15) still

contain infrared singularities. Their form is universal and
can be expressed in terms of the lower-order scattering
amplitudes as follows [88, 89]
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In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,

I2 ⇠ 1/✏4, I3 ⇠ 1/✏6. The finite remainders F
(k,fin)
i in

Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).

As we have already mentioned, it is straightforward
to obtain the helicity amplitudes from our form factors
by evaluating the tensor structures T i for well-defined
helicity states, see Eq. (8). We stress once more that

for any helicity configuration one has T 5,�q�3�4 = 0. We
write for left-handed spinors ūL(p2) = h2| and uL(p1) =
|1] and for the the photon j of momentum pj

✏µj,�(qj) =
hqj |�µ
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Note that the remaining amplitudes for right-handed
quarks can be obtained by a charge-conjugation trans-
formation as follows

AR�3�4 = AL�⇤
3�

⇤
4
(hiji $ [ji]) , (21)

where �⇤
i indicates the opposite helicity of �i. Symmetry

under exchange of the two photons requires

�(x) = �(1�x), �(x) = �↵(x), ↵(1�x) = �↵(x), (22)

and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),

Li3,3(x, 1), Li3,3(1� x, 1), Li3,3(x/(x� 1), 1),

Li4,2(x, 1), Li4,2(1� x, 1), Li2,2,2(x, 1, 1), (23)

which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop

4 Note that PolyLogTools [86] uses a di↵erent convention for in-
dices and arguments compared to the ones we adopt here.
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discussion of the infrared structure of loop amplitudes. For our case, we define the following operators
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while the one for the quark anomalous dimension reads
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UV-ren helicity amplitudes and form factors can be computed as series in αs

4

The results computed with the procedure discussed so
far contain both ultraviolet and infrared singularities. Up
to three loops, they can be written as follows
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where e =
p
4⇡↵ is the electric charge, eq is the charge of

the incoming quark in units of e, ↵s,b is the bare strong
coupling and �kl carries the colour indices of the two in-
coming quarks. We remove ultraviolet singularities by
expressing our result in terms of the MS renormalised
coupling ↵s(µ):
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The relation between renormalised and bare coupling is
given by
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The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
(k)
i of Eq. (15) still

contain infrared singularities. Their form is universal and
can be expressed in terms of the lower-order scattering
amplitudes as follows [88, 89]
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In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,

I2 ⇠ 1/✏4, I3 ⇠ 1/✏6. The finite remainders F
(k,fin)
i in

Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).

As we have already mentioned, it is straightforward
to obtain the helicity amplitudes from our form factors
by evaluating the tensor structures T i for well-defined
helicity states, see Eq. (8). We stress once more that

for any helicity configuration one has T 5,�q�3�4 = 0. We
write for left-handed spinors ūL(p2) = h2| and uL(p1) =
|1] and for the the photon j of momentum pj

✏µj,�(qj) =
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p
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Note that the remaining amplitudes for right-handed
quarks can be obtained by a charge-conjugation trans-
formation as follows

AR�3�4 = AL�⇤
3�

⇤
4
(hiji $ [ji]) , (21)

where �⇤
i indicates the opposite helicity of �i. Symmetry

under exchange of the two photons requires

�(x) = �(1�x), �(x) = �↵(x), ↵(1�x) = �↵(x), (22)

and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),

Li3,3(x, 1), Li3,3(1� x, 1), Li3,3(x/(x� 1), 1),

Li4,2(x, 1), Li4,2(1� x, 1), Li2,2,2(x, 1, 1), (23)

which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop

4 Note that PolyLogTools [86] uses a di↵erent convention for in-
dices and arguments compared to the ones we adopt here.

IR poles follow general factorisation formula [Catani ’99; Becher, Neubert ’13,…]
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A LOOK AT THE RESULTS

Reduction to Master Integrals very non-trivial (10 denominators, rank 6)


- performed with Finred, private implementation by A. von Manteuffel


Helicity amplitudes in “d dimensions” (tHV) expressed in terms of 486 masters integrals


[Henn, Mistlberger, Smirnov, Wasser ’20]

MIs are “simple”, can be computed in terms HPLs with indices {0,1}


- BUT large number, non trivial boundary conditions and canonical basis


Interesting observation: when expanding in d~4, finite remainder expressed in terms of 
weight 6 HPLs —> there are at most 146 such functions

Impressive generalisation of n point -> boxes,triangles,bubbles and tadpoles @ 1 loop!



Ai(x) = A[0]
i (x) +

1
x

B[−1]
i (x) + x B[1]

i (x) + x2 B[2]
i (x) +

1
1 − x

C[−1]
i (x) +

1
(1 − x)2

C[−2]
i (x)

Three-loop corrections helicity amplitudes can be written, schematically, as

𝒜λqλ3λ4
= N2

f CF A1(x) + Nf [CFCAA2(x) + C2
F A3(x)] + Nγγ [CACF A4(x) + C2

F A5(x) + CFNf A6(x) +
dabcdabc

Nc
A7(x)]

+C2
ACF A8(x) + CAC2

F A9(x) + C3
F A10(x)

Where each of the  is has the expansionAi(x)
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The results computed with the procedure discussed so
far contain both ultraviolet and infrared singularities. Up
to three loops, they can be written as follows

F i = �kl(4⇡↵) e
2
q

3X

k=0

⇣↵s,b

2⇡

⌘k
F

(k,b)
i , (14)

where e =
p
4⇡↵ is the electric charge, eq is the charge of

the incoming quark in units of e, ↵s,b is the bare strong
coupling and �kl carries the colour indices of the two in-
coming quarks. We remove ultraviolet singularities by
expressing our result in terms of the MS renormalised
coupling ↵s(µ):

F i = �kl(4⇡↵) e
2
q

3X

k=0

✓
↵s(µ)

2⇡

◆k

F
(k)
i . (15)

The relation between renormalised and bare coupling is
given by

S✏↵s,b = µ2✏↵s(µ)Z[↵s(µ)], (16)

with S✏ = (4⇡)�✏e��E✏ and
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⌘
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�2
0

✏2
�

�1

2✏

◆⇣↵s

2⇡

⌘2
+O(↵3

s) . (17)

The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
(k)
i of Eq. (15) still

contain infrared singularities. Their form is universal and
can be expressed in terms of the lower-order scattering
amplitudes as follows [88, 89]

F
(1)
i = I1F

(0)
i + F

(1,fin)
i ,

F
(2)
i = I2F

(0)
i + I1F

(1)
i + F

(2,fin)
i ,

F
(3)
i = I3F

(0)
i + I2F

(1)
i + I1F

(2)
i + F

(3,fin)
i .

(18)

In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,

I2 ⇠ 1/✏4, I3 ⇠ 1/✏6. The finite remainders F
(k,fin)
i in

Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).

As we have already mentioned, it is straightforward
to obtain the helicity amplitudes from our form factors
by evaluating the tensor structures T i for well-defined
helicity states, see Eq. (8). We stress once more that

for any helicity configuration one has T 5,�q�3�4 = 0. We
write for left-handed spinors ūL(p2) = h2| and uL(p1) =
|1] and for the the photon j of momentum pj

✏µj,�(qj) =
hqj |�µ

|j]
p
2hqjji
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|qj ]
p
2[jqj ]

.
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Note that the remaining amplitudes for right-handed
quarks can be obtained by a charge-conjugation trans-
formation as follows

AR�3�4 = AL�⇤
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⇤
4
(hiji $ [ji]) , (21)

where �⇤
i indicates the opposite helicity of �i. Symmetry

under exchange of the two photons requires

�(x) = �(1�x), �(x) = �↵(x), ↵(1�x) = �↵(x), (22)

and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),

Li3,3(x, 1), Li3,3(1� x, 1), Li3,3(x/(x� 1), 1),

Li4,2(x, 1), Li4,2(1� x, 1), Li2,2,2(x, 1, 1), (23)

which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop

4 Note that PolyLogTools [86] uses a di↵erent convention for in-
dices and arguments compared to the ones we adopt here.

Three-loop corrections helicity amplitudes can be written, schematically, as

𝒜λqλ3λ4
= N2

f CF A1(x) + Nf [CFCAA2(x) + C2
F A3(x)] + Nγγ [CACF A4(x) + C2

F A5(x) + CFNf A6(x) +
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Nc
A7(x)]
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ACF A8(x) + CAC2

F A9(x) + C3
F A10(x)

Where each of the  is has the expansionAi(x)
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Figure 1: The real part of the three-loop finite remainder functions ↵
(3),fin(x) and �

(3),fin(x) which determine the helicity
amplitudes AL�� and AL�+, respectively, for uū ! �� and µ

2 = s.

amplitudes can be evaluated in fractions of a second in
one phase space point. Although the result is relatively
compact, it is too long to be presented here. We attach it
in electronic format to the arXiv submission of this letter
and in the ancillary files of the published paper. In Fig. 1
we show a numerical evaluation of our analytic result
for all independent finite remainder functions through to
three loops. While only the real parts are shown here,
we note that the imaginary parts of the loop corrections
can actually exceed their real parts substantially in the
case of �.

Before concluding, we list some of the checks that we
have performed to verify the correctness of our calcula-
tion. We have performed the tree-level, one- and two-
loop computation from scratch using our setup, and ob-
tained agreement for the finite reminders at O(✏0) with
results in the literature [10]. From Eq. (18) it follows,

that to extract F
(3,fin)
i , one also requires the one and two

loop results expanded up to order ✏4 and ✏2, respectively.
To check their correctness, we have abelianised the result
of [49] and checked against the abelian part of our results
up to weight six. As we have mentioned, Bose symmetry
relates amplitudes of di↵erent helicities. We have verified
that our helicity amplitude coe�cients up to three loops
display the Bose symmetry properties in Eq. (22).

A non-trivial aspect of our calculation is the analytic
continuation of all the required integrals to the physical
region. To check our procedure, we verified that our so-
lutions are consistent with the boundary values for the
master integrals that can be inferred by imposing reg-
ularity conditions on their di↵erential equations. This
allowed us to relate complicated four-point integrals to
simpler two- and three-point ones (see [90] for a com-
pilation), whose analytic continuation is straightforward.
Moreover, we used Reduze 2 to find non-trivial symmetry
relations among the master integrals and their crossings
and verified that they are all satisfied by our analytic
results. In addition, we checked the finite part of the

two-loop integrals against the literature and some of the
simple three-loop integrals against secdec [91] . Finally,
the most powerful check of the correctness of our result is

that the remainders F
(3,fin)
i are in fact finite in the ✏ ! 0

limit. This also tests in a non-trivial way our analytic
continuation procedure, as it links three-loop integrals
with lower loop ones.

In conclusion, in this letter we have reported the first
calculation of a three-loop four-point scattering ampli-
tude in full QCD. We have obtained our results by defin-
ing a minimal set of projectors that allowed us to extract
all the information required to reconstruct the helicity
amplitudes. Our result can be expressed in terms of clas-
sical polylogarithms plus a handful of multiple polyloga-
rithms, and it is very compact for a QCD amplitude of
this type. The methods we employed for this calculation
are generic and can be used to compute the three-loop
helicity amplitudes for 2 ! 2 scattering of massless par-
tons in QCD. We leave this for future investigations.
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discussion of the infrared structure of loop amplitudes. For our case, we define the following operators

I1 =
�0
0

4✏2
+

�0

2✏
,

I2 = �
I
2
1

2
�

�0

2✏

✓
I1 +

�0
0

8✏2

◆
+

�0
1

16✏2
+

�1

4✏
,

I3 = �
I
3
1

3
� I1I2 +

�2
0�

0
0

36✏4
�

�0

3✏

✓
I
2
1 + 2I2 +

�0
1

12✏2

◆
�

�1

3✏

✓
I1 +

�0
0

12✏2

◆
+

�0
2

36✏2
+

�2

6✏
,

(28)

with

�0
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+ (−6s223d+ 24s213 + 2s13s23d
2 − 40s13s23d− 14s213d+ s213d

2 + 8s223 + s223d
2 + 192s13s23)D

†
6

− 2(5s213d
3 + 5s223d

3 + 10s13s23d
3 − 240s13s23d

2 − 100s213d
2 − 56s223d

2 + 580s213d

+1832s13s23d+ 196s223d− 208s223 − 800s213 − 4224s13s23)D
†
4

)
,

P(A3) =
1

48s13s223s
2
12(d− 5)(d − 6)(d − 7)(d − 3)(d− 4)

×

(

− s13(24s
2
13d

2 − 952s13s23d+ 102s13s23d
2 − 1568s223 + 2344s13s23 − 264s223d

2

+21s223d
3 + 256s213 − 176s213d+ 1124s223d)D

†
1

+ 2s13(20s13s23d+ 122s223 + 4s213d− 8s213 + 6s223d
2 − 53s223d− 80s13s23)D

†
3

+ 3(d − 6)(−2s213d
2 − 9s13s23d

2 + 142s13s23d− 448s13s23 + 7s223d
2 + 136s223

−48s213 + 28s213d− 62s223d)D
†
2

− s13s23(s23d− 4s23 + 2s13)D
†
5

+ (−20s223 − 7s13s23d+ 5s223d+ 4s213 − 2s213d+ 44s13s23)D
†
6

− 6(−2s213d
2 − 8s13s23d

2 + 105s13s23d− 298s13s23 + 6s223d
2 + 122s223

– 5 –

Similar approach works for all  massless scattering amplitudes in 3 loop QCD


Particularly interesting , where standard projector/form factor approach becomes very 
cumbersome since d-dimensional -algebra does not close

2 → 2

qq̄ → QQ̄
γ

One of 6 projectors in d dimensions, valid up to 2 loops
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+ (−6s223d+ 24s213 + 2s13s23d
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1.3 qq̄ ! QQ̄ scattering

As the last 2 ! 2 example, we consider the process

q(p1) + q̄(p2) +Q(p3) + Q̄(p4) ! 0 .

This example is particularly interesting because, as it is well known, the algebra of the �-matrices in d-
dimensions is not closed and, if one insisted in working in CDR, the number of independent tensor structures
would be dependent from the number of loops. Indeed, in CDR one finds up to two loops

T1 = ū(p2)�µ1u(p1) ū(p4)�
µ1u(p3) ,

T2 = ū(p2)/p3u(p1) ū(p4)/p1u(p3) ,

T3 = ū(p2)�µ1�µ2�µ3u(p1) ū(p4)�
µ1�µ2�µ3u(p3) ,

T4 = ū(p2)�µ1/p3�µ3u(p1) ū(p4)�
µ1/p1�

µ3u(p3) ,

T5 = ū(p2)�µ1�µ2�µ3�µ4�µ5u(p1) ū(p4)�
µ1�µ2�µ3�µ4�µ5u(p3) ,

T6 = ū(p2)�µ1�µ2/p3�µ4�µ5u(p1) ū(p4)�
µ1�µ2/p1�

µ4�µ5u(p3) ,

................. (19)

where the dots stand for further tensor structures needed at higher number of loops [].
Now here is it very clear that all of these structures cannot be independent in d = 4, where instead the

� algebra closes. Moreover, already the 6 structures presented above are known not to be independent in
d = 4, as they can be all related to the first two tensors T1 and T2 by use of Fiertz identities and similar
d = 4 tricks. Indeed, by defining the matrix

Mij = T †
i Tj

one finds that the matrix is not invertible in d = 4 and, instead, its 2⇥ 2 restriction is the largest invertible
matrix one can find. We define therefore the two independent tensors

T i = Ti , i = 1, 2

and the 2⇥ 2 matrix
M2⇥2

ij = T †
i Tj ,

which now has a smooth inverse in d = 4

�
M2⇥2

��1

ij
=

1

d� 3
Xij , Xij =

 
1

4s2
s+2u

4s2u(s+u)
s+2u

4s2u(s+u)
ds2�2s2+4su+4u2

4s2u2(s+u)2

!
. (20)

We define again the intermediate projectors

P i =
2X

j=1

⇣
M (2⇥2)

ij

⌘�1
T

†
j ,

and with these, the remaining 4 tensors (or more, depending on the number of loops) become

T i = Ti �
2X

j=1

�
P jTi

�
T j , for i = 3, 4, 5, 6, ...

Once more, one can verify that these 4 tensors are all zero in d = 4, for any combination of helicities of the
external particles.

5

Xij =
1

4 s2
12

1
s12 + 2s23

s23(s12 + s23)

s12 + 2s23

s23(s12 + s23)
(d − 2)s2

12 + 4s23(s12 + s23)
s2
23(s12 + s23)2

One of 6 projectors in d dimensions, valid up to 2 loops Only 2 projectors at any order in d=4
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