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Soft Anomalous dimension

It encodes the IR singularities of the amplitude

Amplitude factorisation

An ({Pi}, € as(H2)) =Zn ({Pi}, {Ti}.e as(,u%)) Hn ({Pi}, %’ & as(ﬂz))



Soft Anomalous dimension

It encodes the IR singularities of the amplitude

Amplitude factorisation
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Renormalisation group equation
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Regge Limit: 2 — 2 scattering

Massless partons

Regge Limit: s > —t with ofnard s sinulrtes 1 w
in fixed-angle amplitude using factorisation into

u— —s Soft-Collinear-Hard subprocesses
IR

. of the soft

/ \ anomalous dimension

= Soft limit of BFKL

2 3 4

High-Energy limit

Regge limit  BFKL resummation of log(s/t)

S =512 =534 ~ =
U= 513 = 524
t =514 = 53 [Gardi,Caron-Huot,

Reichel,Vernazza, 1912.10883]



Amplitude Properties in the Regge Limit

m Signature: parity under s <> u
m Amplitude can be separated by signature

ME) (s 1) = M(s, t) £ M(—s — t, t).

m Define the signature even log [Caron-Huot, Gardi, Vernazza
1701.05241]

L= H—’I—E jog (210 4 10g (412
=8 T T o8 —t & —t

m Within the amplitude the coefficients of the signature even log
are either even and imaginary or odd and real under s <> u.




Amplitude Properties in the Regge Limit

m Signature: parity under s <> u
m Amplitude can be separated by signature

ME) (s 1) = M(s, t) £ M(—s — t, t).

m Define the signature even log [Caron-Huot, Gardi, Vernazza
1701.05241]
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m Within the amplitude the coefficients of the signature even log
are either even and imaginary or odd and real under s <> u.

m [ multiplies a tree level amplitude which is odd and real
— [ kinematic functions must then either be even and
real or odd and imaginary.



Colour flow notation

1 4
\ Ay’
2 3
T,=T1+T> T, =T1+T4 T,=T1+ T3
2 1 2 2
Ts—u = E (Ts _Tu)

Swapping s <> u is equivalent to swapping 2 <> 3 or 1 <> 4 .

Bose symmetry means that the symmetry properties of the colour
structures are shared by the kinematic functions



Soft Anomalous Dimension

[Becher, Neubert 2009, Gardi, Magnea 2009]
The dipole formula and its corrections given by A,,.

Co({pik ATi} 1y 05)) = TP ({pi} AT}, 1o as) + Ba({Bya}s {Ti}, )

drr;
+ An({lij}7 T? as)

Momentum dependence

i
li; = In —Z
ij 12
Conformal Invariant Cross Ratio
—Sij)\ =Skl
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Quartic Casimir starts appearing at four loops.



Soft Anomalous Dimension at Three loops

Calculated explicitly in [Almelid,Duhr, Gardi 1507.0004]
Bootstrapped in [Almelid, Duhr, Gardi, McLeod, White
1706.10162], talks by R. Schabinger, N. Kidonakis, C. Dlapa
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Even Signature [ in high energy limit

o ﬁg’ n g S G S 20T

ag 4:77&() In = _t i=1 C + Z;‘:I 7/ %A( )T2 0

o 4A(3) In £ N ,y’§3) + A(+:3,0) 1 (3)1-2 0 0

of AG4) 0 | 0

a2 0 0

ab 0
m Table from [Caron-Huot,Gardi,Reichel, Vernazza 1912.10883]

A+39) determined from the soft anomalous dimension at
three loops [Almelid,Duhr, Gardi 1507.00047]

With A(+42) calculated in
[Falcioni,Gardi,Milloy,Vernazza,2012.00613]

Yellow box at O(a?) is where the Casimir scaling is broken
with the quartic Casimir.



Odd Signature g in high energy limit

L L 0 (2B F] D

ol || 33inT2, 0
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m A(30) and A(=31) determined from the Mg beyond-dipole
correction [Almelid, Duhr, Gardi 1507.00047]

m The Fl(\i{) tower starting at four loops is known to all orders
based on [Caron-Huot, Gardi,Reichel Vernazza, 1711.04850].
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Soft Anomalous Dimension at Three loops in the Regge
limit

Red: from the ansatz Blue: information from the Regge limit

3 1 _
rl(\HZILL = 57;(<)T%L - |:T%7 [Tgngfu]]]:( AL

+ 2 |:T§7U7 [T§7U7 T%]] 'F(+73,1)L

o= im0 T, = AT

m Determined in [Caron-Huot, Gardi, Vernazza 1701.05241]
using the exact calcuation at NNLL for the soft anomalous
dimension in [Almelid, Duhr, Gardi 1507.00047].

m NLL and NNLL Regge limit results were crucial in
bootstrapping the soft anomalous dimension at three loops in
[Almelid, Duhr, Gardi, McLeod, White 1706.10162]
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Four loop Regge limit results

At four loops, NLL is at L3 from [Caron-Huot, Gardi, Reichel,
Vernazza 1711.04850]

—4 . G3

Mt = —imsg | TEITE T2 T
+.,4

rl(\ILL) =0

From the odd amplitude at four loops, the NNLL result [Falcioni,
Gardi,Milloy, Vernazza 2012.00613] is

4 daa  Ca 1
(8 = (2 - A+ JTATH (T2,
F T, T )i

= (GCHA) 2
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Four loop n parton ansatz

The soft anomalous dimension at four loops from [Becher, Neubert
1908.11379] contains two new types of colour structures

T, T
r"({ﬁU}7M7aS(M2)) = _Z 2 aS /U +Z ’Yl(as
(i)
+flas) Y PP {T TITS T
(i)
+ ) FPRFPETITITIT F(Bjis Biss vs)
(i?-j7k7l)
+ rn({ﬁij}a 22 as(ﬂz))’Quartic Casimir
+ rn({ﬂlj}a K, as(,u2))’Five generators
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Four loop n parton ansatz: Quartic Casimir

o)) = = 38" (w)| 3 (Pl + 20+ 3 Pl

(i) (i4,k)

+> D DG By Biwgs s)

R (i’.j7k7/)

Completely symmetric colour structure

Djj = ¢ Z Trg <Ta7—a(b) Tolc )Ta(d)) TITETETS

ogES3

drr
[ Quartic Casimir : T = DR,

nn
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Four loop n parton ansatz: Five generators

({ﬂu} My Qs /L Z 771kl/ Hl(/BI_/”OBIkl] as)
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Four loop order NNLL accuracy

rl(\?IZILL({BU} 1) Z fadefbceTaTchTdf (Biji, Biiy)
(1.2,3.4)
+Z Z DUkIgR (Bijikc, Bikij)
R (123.4)
+ Z ﬁk/iH§4)(5ylk75iku)-
(1,2,3,4)

m H; and F are antisymmetric under the swapping of their two
arguments, unlike G which is fully symmetric

m Group even and odd terms under 2 <+ 3 or 1 <> 4 which
makes s <+ u parity manifest.
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Key Steps for comparing [¢ in the Regge limit to the
results

m Analyse the matter content
present in the amplitude to
deduce what representation
would appear at NNLL
accuracy in the soft
anomalous dimension

m In the Regge limit, the kinematic functions have an expansion
in the signature even logarithm for example

Plregge limic = P + PML 4 P2 4 PO L3
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Signature odd I at NLL at four loops

From BFKL resummation in[Caron-Huot, Reichel, Gardi, Vernazza
2017]

—4 G3
rl(\ILL) = —in |:T%7 [T2 T2 u]] T%L?’
Equating to the Regge limit of [Becher, Neubert 2019]
—4 4.3)
rl(\ILL) - ]:( [T%, [T2 T2 u]i| L
b mm )] (AT )

+

N | l—‘OO\

_7473
T2 T2, [T, T 1
USIng T%Mtree == CAMtree
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Constraints for signature odd l'sorx at NLL at four loops

At L3 order,
FY = cAmg—ZB +0(L?) FEY = oL + 0(L?)
1Y =03 + 0(1?) A = 013 + 0o(L?)

m At L? order, the amplitude is currently unknown.

m Consistent with work in [Vladimirov 1707.07606] to have no
H sector (terms with five generators)
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Signature even [sr at NNLL at four loops

From the reggeon ladders in [Falcioni, Gardi, Milloy,Vernazza 2020]

59 |regge Limie = 0L + GCY P12 + O(L)

4)

Expanding the functions in r( NNLL In the signature even log and
equating to

r(+42) — 2C(A+’4’2)Q£\+’4’2)
)

1
—4<3T2 AT2 T+ T2, THTE U,Tﬂ)H&*""z’
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Constraints for signature even [ at NNLL at four loops

At L3 order, all symmetric functions are zero in the Regge limit.

At L2 order
F = C2<3L2+0() FE =012+ o(L)
g4 = C2<3L2+-O() gt — o2 4 o(L)

H?“=08+ou)
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Summary of constraints

Constraints for the kinematic functions in the [gof for 2 — 2
scattering of massless partons at four loop order in the Regge

Limit separated by signature

Signature even

F& =012+ o(L)
G — C2C3 L2 +o(1)

gert) = 0L2 +0(L)
1™ = 012 + o(L)

Signature odd

FE =03+ o(L?)
Fa ¥ = —Gainzy < ;o)
HTY =003 + O(L2)

1% =013 + 0(12)
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Conclusion and outlook

m Expressed the four loop order NNLL terms of the soft
anomalous dimension for massless partons with s <+ u
signature explicit.

m Provided constraints for the kinematic functions at four loops
from the NLL even amplitude and NNLL odd amplitude in the
Regge limit

m The constraints will be used in bootstrapping the soft
anomalous dimension at four loops
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Extra Slides

m Massless partons ansatz n = 4 parton 4 loop order
m F,G and H; terms with more detail



Massless n=4 parton ansatz four loop order

r 73
4 _ T T 4
o= A+ ] L loop
(i) L
+ R ST Tt > T i (Bite ) ] 3 loop
L (i:;k) (id,k,1)
_ Z gR) [Z (DE; + 2D 1; Z Df I,J]
R (i) (i,k)
"‘Z Z D:"fkl GRBijik: Bikiji ts) + Z 77'jk/i7'l§4)(5ij/k,ﬁiky)
LR (ij.k.)) [(NN.9))]
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Quartic Casimir and the cusp anomalous dimension

. R drr.
Msp(as) = Fk(as) G +2) " gR(as)
R

m Multiplies /;; so at four loop order only starts to contribute at
N3LL

m Four loop cusp anomalous dimension was computed
analytically for QCD and N = 4 super Yang-Mills in [Henn,
Korchemsky,Mistlberger 1911.10174,von Manteuffel,
Panzer,Schabinger 2002.04617]

m Governs the renormalisation of null Wilson lines [Korchemsky,
Korchemskaya, 1992]

m IR divergences of scattering amplitudes and form factors
[Sterman 1981; Korchemsky, Radyushkin 1992;
Korchemskaya, Korchemsky, 1996; Dixon, Magnea, Sterman
2008, Becher, Neubert, 2009, .. .]



Ca ({8}, 1, as(p?)) = Z FROe P TITIT LT F (Bij, Biss ),
(i,k,1)

FOEBiY, as) = %(f(ﬁ1324,51423; as) + F(B1234, f1432; 05))
FOUByY, as) = %(}-(&234,51432; as — F(B1324, f1423; as))
+ F(B1243, P1342; axs).



Symmetry under 2 <+ 3 which is s <> u

Far ({55}, ) —STITETSTE | (oo 4 poeepooe) FO((53). )

+ £ P FO (), “5)} '

MR85} ) = —F O[T T3 T2 ]| +2r 9 T2

s—u

T2, 72

()



Fully Symmetric quartic contribution (G term)

Fag({Bi} 1 as(6®) = > Y Dy Gr(Biji, Birgji s),  (3)

R (iJ,k,1)
with
- L (T T @
0'653

The odd amplitude at NNLL only has gluonic contributions so for
the signature even part of the soft anomalous dimension only the
adjoint part is required.

Mo ({85}, 1 0s(4?)) = 24TITETSTY [m(rarbrf 7

LA CA (f-abe dee f-ade f-bce) :| gA({,BU}Oés)

6
(5)



Fully Symmetric quartic contribution (G term)

Commutator identity
fabc-l-c — —i[Ta,Tb]
fabefedeTITITSTY = —if [T}, TS| TETSTY
= _[Tl : T27 f][Tga Tg]Tg
= —[T1- T2, T{|[T3 - T4, T3]
[T T [Ty Ta, Ta - T

1

= 5o (ClThm T 2T mE, T))
Te|F2FPFeFd| TITATSTY = %[[Tf,T}],T?]Tg[[Tg’,Tg],Tg]Tg

+ o T[Th T T T[T (7 T
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Fully Symmetric quartic contribution (G term)

(B (1) = <2 (- G) - Jricrs )2

HUARE LA R LN F
<A
— <2C(+,4,2) C2A[ T[T U’T2]]>

x GA({By}: as)-



Five generators: H1 term for 4 partons

Coa (B as(u®)) = Y if 2 FOPFEM T THTPTLTY
(1,2,3,4)

X H1(Bjjik, Bikj: ats)
C
77jk/i _ fadgbehfeghT?T?TJbTiT;j + TAfadefbceT?le?TiT;j

,Hng)({Bij}a as) = %(Hl(ﬁ13247 B1423; &s) + Hi(B1234, P1aze; Oés))
1

%g_)({ﬁﬁ}a as) = 5("’1(51324,51423: as) — Hi(B1234, P1432; Oés))

7:[57) ({Bij}, as) = Hi(B1243, P13az; as).



Five generators: H1 term for 4 partons

Hsa..
oo (B as(u) — 2o ()0 (aca[T2 072,72
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