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Strong coupling from t decays
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Outline

¢ Asymptotic series and renormalons
FOPT and CIPT Borel representation do not agree

® Numerical Studies

® Implications for the OPE

® Conclusions
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Renormalon Calculus

O
Perturbative series in QCD are not convergent, but asymptotic. s ﬁ s) N Z ! (aS(vr_S) n
Reminder of renormalon calculus: "t Hooft; David; Mdller; Beneke; ...
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Borel Function Model Studies

®  Apparent convergence of CIPT and FOPT series
¢ Discrepancy larger than suggested by individual series
®  Motivated studies of Borel models for higher orders

A

B[D]model(v) = B®(u) + BYY (u) + B™?(u)
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Types of IR renormalons singularities fixed by OPE.

Coefficients of IR renormalons cannot be fixed from first principles in full QCD — model-dependence
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Exact results possible in ,large-B, approximation®
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CIPT vs. FOPT: Questions

We are not interested in which kinds of Borel models are more realistic!

Let us start from any Borel function model compatible with the OPE!

Questions we want to address:

® How can it happen that CIPT and FOPT “converge” to different values?

Why does FOPT converge to the Borel sum, while CIPT does not for some Borel models.
Is the Borel representation and Borel sum unique?

Can one predict the CIPT-FOPT discrepancy for a given Borel model?

Implications for a, determinations?

Answers [our work]:

1) The CIPT and FOPT Borel representations are in general different.
2) The discrepancy between CIPT and FOPT can be computed for any given model.

3) OPE corrections for CIPT and FOPT do not agree !
4) OPE corrections for CIPT are not standard !
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FOPT vs. CIPT Borel Representation

Renormalon calculus:

o
as( s) A 1 1

= BID = BID](u) ~ +—

7; ; (p—uw)”  (P+u)
~ A 4y
— DBorel(S) = / du B[D]( )6 Boas(—s)
0
FOPT approach (large-B,): (more complicated in full QCD, outcome the same)
_ 4w
e Boas(—zs0)
|
1 o) n—+1 R f — \ A .
5(0) FOPT _ as(so) Z k o i W (z) 1 k_l(—m) B[D](v) e~ uIn(=2) o~ Bras(sg) — B[D](u) e~ Fomet-550)
271 — ‘ ' |
" k= ja=
L )
Coefﬁcient Summed u-Taylor series
== previously known Borel representation = FOPT Borel representation

271 x

e ]. d A _ 4w
Sy ot (s0) = PV / du — ]{  Wi(w) BID)(u) e~ For o
0

|z|=1

RadCor 2021, Florida State U, May 17 - 21, 2021



FOPT vs. CIPT Borel Representation

Renormalon calculus:
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CIPT approach: the expansion parameter
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FOPT vs. CIPT Borel Representation

FOPT Borel representation

Related through change of variables
_ as(—zso) -

* o1 d . _ amu u =
SRR ) =PV [ du o SEWie) BDI(w) e as(s0)
’ 0 m olet x o\ Complex number!
_ ¢ Equivalent in perturbation theory
CIPT Borel representation (u-Taylor series)
® Different in presence of IR
renormalon cuts
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UV renormalon cut IR renormalon cut

IR renormalons: finite difference !

UV renormalons:
FOPT and CIPT Borel representations inequivalent

FOPT and CIPT Borel representations
equivalent because closing up paths 1 and 2 « FOPT: PV prescription needs to be imposed

does not contain cuts « CIPT: automatically well-defined by complex-valued a,

 Difference because closing paths 1a/1b and 2 always contains cuts
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Asymptotic Separation

The difference between the CIPT and FOPT Borel representations can be computed analytically!

Generic IR renormalon contribution: B} (y) = 1 — (Og)
One can do u-integral first

_ <(0),CIPT (0),FOPT
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Cut along the negative real s-axis! Power-suppressed ~ (Q:D>

Remaining contour integration must be deformed (to negative real infinity in the x-plane)
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Asymptotic Separation

The difference between the CIPT and FOPT Borel representations can be computed analytically!

Generic IR renormalon contribution: B} (y) = 1 — (Og)
One can do u-integral first

_ <(0),CIPT (0),FOPT
= AMP750) = {(Cympay,Bore (50) = {(Zaym oy Borel (50)

~<Asymptotic Separation®
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Ca T T

A20n\”
Cut along the negative real s-axis! Power-suppressed ~ (Q:D>

Properties: ¢ Renormalization scheme invariant
® Much larger than canonical FOPT Borel sum ambiguity estimate
if the Borel model has a sizeable gluon condensate cut

¢ Fully analytic results
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Numerical Tests

Wr(z) = (1-2)°(1+x)

Full QCD: Tau decay rate
Y Ity —1—92r 423 —z* * Updated to 5-loop precision

(Beneke/Jamin Borel Model, with gluon cond. cut)
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Numerical Tests

Spectral function moments with small asymptotic separation vanishing asymptotic separation from gluon
(Beneke/Jamin Borel Model) condensate renormalon in large-B,

Wo(z) = (1 —2)*(1 + cx + 2?)
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Numerical Tests

Model with strongly suppressed gluon condesate cut We(z) = (1— 33')3(1 + )
=1—2¢+ 223 — 24
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025} : Z(I)PPTT Asymptotic separation = FOPT Borel sum ambiguity
0.20 /A\\\gﬁ,
\ If the Borel function a suppressed gluon condensate
0.15 1 cut, the CIPT-FOPT discrepancy is an artifact of the
truncation order and may be reconciled by higher

0.10} ] order corrections.
0.05 —
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o [ Beneke, Jamin ‘2012: such models not plausible ]
(b) 5‘(,31 (m?2), Bp s aMS | full S-function

Asymptotic separation only relevant
— phenomenologically if the Borel function of the Adler
function has a sizeable gluon condensate cut.
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Numerical Tests

Single renormalon models (large-b0):
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Excellent description of the
asymptotic behavior of the CIPT
series using the CIPT Borel
representation.

Convergence behavior strongly
depending on the power of the
weight function.

Intriguing observation:

For moments with W (z) = 272
FOPT convergent series!

Gluon cond. corr. vanishes

CIPT series divergent!

(Apparently unnoticed in the literature)

CIPT expansion not compatible
with standard OPE ?
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Implications

What does the asymptotic separation mean?

« FOPT Borel representation: PV prescription needs to be imposed Prescriptions represents different

types of IR regularizations/cutoffs
+ CIPT Borel representation: automatically well-defined by complex-valued a, yp g

—) FOPT and CIPT do not have the same OPE corrections!

Asymptotic separation quantifies the difference of these OPE corrections.

mm) Difference must already exist at the level of the Adler function

FOPT and CIPT expansion of the Adler function

o o
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CIPT: expansion in  as(—s)

FOPT: expansion in  «(]s|)
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FOPT and CIPT for the Adler Function

(Beneke/Jamin Borel Model)

Cut!
—— orel sum
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0.15 R —_— CIPT Borel sum
0.05F
:E e N‘E: 0.001 \
%‘SS ........ CIPT up to 4th order % R CIPT up to 4th order : : . .
g |7/ - CIPT up to 5th order S -~ CIPT up to 5th order | CIPT-FOPT difference eX|_sts
e CIPT up to 6th order -0.05} ----- CIPT up to 6th order already for the Adler function
----- = CIPT up to 7th order ++=--= CIPT up to 7th order
0.00%5 1 2 3 4 5 6 -0.107%5 1 2 3 4 5 6 . .
¢ [rad] ¢ [rad] CIPT: expansion in Oés(—S)
= FOPT: expansion in a,(|s
Im[DFOPT(S)] p 8(‘ |)
0.10
g _ s CIPT expansion agrees with CIPT
€ 2 , Borel sum
5 A X £ 0.00 ;
?g ........ FOPT up to 4th order %C, -------- FOPT up to 4th order : FOPT expansion agrees with
) < S T FOPT up to 5th order | - FOPT up to 5th order :
WG e FOPT up to 6th order St Y p— FOPT up to 6th order FOPT Borel sum
.,."’/ ----- - FOPT up to 7th order \\;"._ ----- - FOPT up to 7th order
7 \':9, Ny
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¢ lrad) ¢ [rad) CIPT Borel sum has cut along the
negative real s-axis for any Borel
model !

mm) CIPT expansion appears not compatible with standard OPE in general !

(Standard OPE corrections cannot correct the unphysical cut)
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Summary

®* The use of FOPT and CIPT for the spectral function moments implies a different
treatment of IR momenta.

®* FOPT and CIPT Borel representations and their Borel sums differ
— “asymptotic separation” computable

® Discrepancy between FOPT and CIPT described well by asymptotic separation if
5-loop series is already asymptotic (~ gluon condensate renormalon large).

® Asymptotic separation can reconcile 5-loop CIPT-FOPT discrepancy if the Alder
function Borel function has a large gluon condensate cut.

® CIPT Borel representation (and thus also CIPT) not compatible with standard
OPE approach: difference to standard OPE = asymptotic separation
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