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Event Shapes



What are Event Shapes

Most basic final state observable in e+e− colliders.

e+ e−

q̄

q

e+ e−
q

q

g

two-jet event T = 1

three-jet event 2/3 ≤ T ≤ 1
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Event shapes

Thrust

C parameter

Angularity

Jet Mass

Jet boardening
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Definition of event shapes

Thrust [Farhi (1977)]

T = Max
n

∑
i |~pi · ~n|∑

i Ei
,

C-parameter [Parisi (1978)]

C = 3− 3

2

∑
i ,j

(
p(i) · p(j)

)2

(p(i) · q)(p(j) · q)

Angularity [Berger,Sterman (2003)]

τa =
1

Q

∑
i

Ei(sin θi)
a(1− |cos θi |)1−a

e+ e−

p2

pN

p1

p3

Q =
∑

i Ei ,
q = p1 + p2 + p3 + . . . pN
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Power Corrections



Power corrections

A physical quantity has the form

σ = σpert +
∑
n

σn

(
Λ

Q

)n

Calculation of Power corrections from perturbative corrections.

σPert is not well defined: factorial growth.

σn is ambiguous

Ambiguity in σn is compensated by the factorial growth of σPert .
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Borel summation

A physical quantity

R ≈
∞∑
n=0

rn α
n+1

Borel transform

B[R](u) =
∞∑
n=0

rn
un

n!

Borel sum

R̃ =

∫ ∞
0

du e−
u
α B[R](u)

pole for B[R](u) is p/β0, ambiguity δR̃ ∝ ( Λ
Q

)2p

αs ≈ 1
β0log(Q2/Λ2)
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Dressed gluon exponentiation

p1
γ∗

q

q̄

p2

k g

Q
ξ = k2/Q2

Single Dressed gluon [Beneke, Braun (1994))

1

σ

dσ

de
(e,Q2) = − CF

2β0

∫ 1

0

dξ
dF(e, ξ)

dξ
A(ξQ2) ,

F is Characteristic function

Running Coupling

A(ξQ2) =

∫ ∞
0

du(Q2/Λ2)−u
sin πu

πu
e

5
3
uξ−u
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Contd. . .

Interchanging the order of integration

1

σ

dσ

de
(e,Q2) =

CF

2β0

∫ ∞
0

du(Q2/Λ2)−uB(e, u)

Borel function

B(e, u) = −sin πu

πu
e

5
3
u

∫ ∞
0

dξ ξ−u
dF(e, ξ)

dξ

B(e, u) is free from any u = 0 poles.
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Sudakov Logs

Additive property of the event shape variables with respect to
multiple gluon emissions

Exponentiation in Laplace space

1

σ

dσ(e,Q2)

de
=

∫
dν

2πi
eνe exp[S(ν,Q2)]

Sudakov Logs [Gardi (2001)]

S(ν,Q2) =
CF

2β0

∫ ∞
0

du

(
Q2

Λ2

)−u
Be
ν (u)

Borel function is Laplace space

Be
ν (u) =

∫ 1

0

de B(e, u) (e−νe − 1).
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Eikonal dressed gluon
exponentiation



Steps for EDGE

Soft approximated Matrix element.

Factorization of phase space

Soft approximated version of the relevant event shapes

Produces the Leading terms without the painful calculations
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Matrix element

p1
γ∗

q

q̄

p2

k g

Q
ξ = k2/Q2

Energy fractions

x1 =
2p1 · Q
Q2

, x2 =
2p2 · Q
Q2

, x3 =
2k · Q
Q2

.

Soft approximated matrix element

Msoft(x1, x2, ξ) =
2

(1− x1)(1− x2)
.
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Phase Space

O

x3

x1

x2

A

B

C

U

V

I

II

III

1− ξ

1−√
ξ

1− ξ1−√
ξ

1 + ξ

2
√
ξ

1− x2 =
ξ

1−x1

Characteristic function [Webber et.al. (1995)]

F(e, ξ) =

∫
dx1dx2Msoft(x1, x2, ξ) δ (e − ēeik(x1, x2, ξ))
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Eikonal definitions of event shapes

T Max
{
x1, x2,

√
x2

3 − 4ξ
}

ceik(x1, x2) (1−x1)(1−x2)
(1−x1)+(1−x2)

τ eika (x1, x2, ξ) (1− x1)1−a/2(1− x2)a/2
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Borel function under EDGE

B(t, u) 4 sinπu
πu

e
5u
3

1
u

1
t

(
1
t2u − 1

tu

)

B(c , u) 4sinπu
πu

e
5u
3

1
c

[
1

(2c)2u

√
πΓ(u)

Γ(u+ 1
2

)
− 1

ucu

]

B(τa, u) 4 sinπu
πu

e
5
3
u 1

1−a
1
τa

[
1
τ2u
a
− 1

τ
2u

2−a
a

]

[Agarwal, Mukhopadhyay, SP, Tripathi (2021)]

B(e, u) are free from any u = 0 poles.

B(t, u), B(c , u) and B(τa, u) produces the leading order terms
correctly as compared to the full results.
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Event shapes in k⊥ and y

In the soft limit [Salam, Wicke (2001)]

ē(k ,Q) =

√
k2
⊥ + k2

Q2
he(y)

he(y)

1-Thrust (t) e−|y |

c-parameter 1

cosh y

Angularity e−|y |(1−a)

Characteristic function in these co-ordinates

F(e, ξ) =
8

e

∫
ymin

dy
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Borel function using these co-ordinates

ymin for different event shapes

t ln
(

1
t

√
ξ
)

c cosh−1
(√

ξ/(2c).
)

τa
1

1−a ln
(

1
τa

√
ξ
)

Reproduces the same F .

Reproduces the same Borel function B(t, u), B(c , u) and
B(τa, u). compared to energy fractions.
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Borel function in Laplace space

B t,eik
ν (u) = 2 e

5
3
u sinπu

πu
×[

Γ(−2u) (ν2u − 1)
2

u
− Γ(−u) (νu − 1)

2

u

]
[Agarwal, Mukhopadhyay, SP, Tripathi (2021)]

B t
ν(u) = 2e

5
3
u sin πu

πu
×[

Γ(−2u)
(
ν2u − 1

) 2

u
− Γ(−u) (νu − 1)

(
2

u
+

1

1− u
+

1

2− u

)]
[Gardi, Rathsman (2001)]

No extra renormalon singularities as compared to full result.

Bν,eik
t has renormalon poles only at half-integer values of u.
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Expansion

B t,eik
ν (u) =− 2 L2 − 2.31 L

+ (−2 L3 − 6.79 L2 − 15.71 L) u

+ (−1.167 L4 − 6.02 L3 − 19.10 L2 − 44.56 L) u2

+ . . .

[Agarwal, Mukhopadhyay, SP, Tripathi (2021)]

B t
ν (u) = −2 L2 + 0.691 L

+
(
−2 L3 − 5.297 L2 − 6.485 L

)
u

+
(
−1.167 L4 − 5.527 L3 − 14.491 L2 − 31.655 L

)
u2

+ . . . ,

[Gardi, Magnea (2003)]

L = log(ν), the leading log terms are produced correctly.
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Soft and collinear corrections

S(ν,Q2) ≈
∫ ∞

0

du

(
Q2

Λ2

)−u
B t
ν(u)

order soft correction collinear correction

ν1 8 Λ
Q

− 2
π

( Λ
Q

)2

In LEP the ratio of the size of the collinear correction to the soft
correction for ν1 is approximately −0.0017
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Summary and Conclusions

Perturbative series has a factorial growth which makes the series
divergent.

Power corrections can be estimated from the ambiguity in the
perturbative series.

Eikonal approximation of matrix element and event shapes
produces the leading order terms correctly in few simple steps.

EDGE works in both energy fraction and light cone co-ordinates.

This process may be useful for complicated hadron event shapes
in future.
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