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B → Xc`ν̄ to N3LO

Γ(B → Xc`ν̄) =

Γ0

[
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determination of |Vcb|
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X3: [Fael,Schönwald,Steinhauser’20], talk by Kay Schönwald on Thursday

(partial results: [Czakon,Dowling,Czarnecki’21])

important scheme: mkin
b and mc
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Irreducible uncertainty of mpole
t

[Beneke,Nason,Marquard,Steinhauser’16] [Hoang,Lepenik,Preisser’16]

mOS
t = mMS

t (µm)

1 +
∑
n≥1

cn α
n
s (µ)

 cn −→
n→∞

N
µ

m(µm)
c̃(as)

n

IR renormalon predicts large-n behaviour: [Beneke,Braun’94; Beneke’94; Beneke’95]
b = β1/(2β0)

c̃(as)
n = (2β0)n Γ(n + 1 + b)

Γ(1 + b)

(
1 +

s1

n + b
+

s2

(n + b)(n + b − 1)
+ · · ·

)
.

exact 3- and 4-loop result + Borel summation ê N
[Marquard,Smirnov,Smirnov,Steinhauser,Wellmann’16]

typical loop momentum at O(αn
s): mte−(n−1)

[Ball,Beneke,Braun’95]

δ(5+)mOS = 0.304+0.012
−0.063 (N)±0.030 (mb,c)± 0.009 (αs)±0.108 (ambiguity) GeV

±0.108 GeV ê ±0.71 GeV (no mc , mb effects)
±0.030 (mb,c) GeV from unknown light-mass effects at 4 loops
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II. Analytic 3-loop 2-mass MS-OS

Canonical approach:

IBP reduction; differential equations

Fuchsian/cononical form [Henn’13,Lee’14,. . . ]

BCs

(analytic) solution

Here:

alternative approach to obtain solution in terms of iterated integrals

no Fuchsian/cononical form

HarmonicSums [Ablinger], Sigma [Schneider], OreSys [Gerhold’02]
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MIs

IBP reduction; differential equations

decouple, factorize DEs

BCs

analytic solution

Iterated integrals:

J
({

a(τ),~b(τ)
}
, x
)

=

x∫
0

dτ1 a(τ1) J
({
~b(τ)

}
, τ1

)

Here: 1
τ , 1

1−τ , 1
1+τ ,

√
1−τ 2

τ ,
√

1− τ 2
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DEs

~f ′(ε, x) =M(ε, x) ·~f (ε, x)

x = m2/m1
~f : vector with MIs

M(ε, x) =



5 0 0 0 0 0 . . .
0 5 0 0 0 0 . . .
0 0 5 5 0 0 . . .
5 0 5 5 0 0 . . .
0 5 5 5 5 0 . . .
...

...
...

...
...

...
. . .


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DEs

f1(x) f2(x) f3(x) f4(x)


f ′1(x)
f ′2(x)
f ′3(x)
f ′4(x)

 =


3(d−2)

x 0 0 0
0 2(d−2)

x 0 0
(d−2)2

2(d−3)x3 0 2(2d−5)
x

4
x

− 3(d−2)2

8x3(1−x2)
(2−d)2

4x(1−x2)
− (3−d)(3d−8)

4x(1−x2)
1−(2d−5)x2

x(1−x2)

 ·


f1(x)
f2(x)
f3(x)
f4(x)


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Solving differential equations

First order DE:
[
∂
∂x − p(x)

]
f (x) = g(x)

Solution: f (x) = fp(x) + c1h(x)

h(x) = exp

( x∫
0
dyp(y)

)
fp(x) = h(x)

x∫
0
dy g(y)

h(y)
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Solving differential equations

(
∂

∂x
− pn(x)

)
. . .

(
∂

∂x
− p1(x)

)
f (x) = 0

is solved by hi(x) = exp

( x∫
0
dypi(y)

)

fn(x) = h1(x)

x∫
0

dx1
h2(x1)

h1(x1)

x1∫
0

dx2
h3(x2)

h2(x2)
. . .

xn−2∫
0

dxn−1
hn(xn−1)

hn−1(xn−1)

fp(x) =
n∑

i=1

fi (x)

x∫
0

dy
g(y)Wi (y)

W (y)
W : Wronskian determinant

The complete solution reads: f (x) = fp(x) +
n∑

i=1
ci fi(x)
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Comments
Solve order-by-order in ε
decouple DE, factorizes DE
homogenous equation does not depend on ε order
BCs: x � 1 (m2 � m1)
Pro: no need of special basis
Con: integration in general harder
Successfully applied in [Ablinger,Behring,Blümlein,De Freitas,von Manteuffel,Schneider’15;

... + Falcioni,Marquard,Rana’17; Ablinger,Blümlein,Marquard,Rana,Schneider’18]

Example: 1/ε2 term of f3:

f ′′,(−2)
3 −

2(3− 4x2)

x(1− x2)
f ′,(−2)
3 +

2(5− 9x2)

x2(1− x2)
f (−2)
3 =

3− 26x2 + 2x4

1− x2
+

4x2(4− 3x2)

1− x2
H0(x)

⇔(
∂

∂x
−

2(2− x2)

x(1− x2)

)(
∂

∂x
−

2(1− 3x2)

x(1− x2)

)
f (−2)
3 =

3− 26x2 + 2x4

1− x2
+

4x2(4− 3x2)

1− x2
H0(x)
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Result: zm = m1/mOS
1

0.0 0.5 1.0 1.5 2.0 2.5 3.0
x
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z(3
),
M

m

analytic expansions
x → 0
x → 1

1/x → 0

x = m2/m1

analytic result including O(ε)

weight 5 (ε0); weight 6 (ε1)

x → 0 expansion + numerical evaluation: [Bekavac,Grozin,Seidel,Steinhauser’07]

2 loops: [Gray,Broadhurst,Grafe,Schilcher’90]
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Z OS
m , ε0

... cR^2*I2R*nm*(((120*x + 20*Pi^2*x - 384*x^3 - 64*Pi^2*x^3 + 408*x^5 +

68*Pi^2*x^5 - 144*x^7 - 24*Pi^2*x^7 + 27*Pi^3*Sqrt[1 - x]*Sqrt[1 + x] + 18*Pi^3*Sqrt[1 - x]*x^4*Sqrt[1 + x])*

GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL]}, x])/(27*Sqrt[1 - x]*Sqrt[1 + x]) -

(4*(6 + Pi^2)*(3 + 2*x^4)*GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL]}, x]^2)/9 +

((8 + Pi^2)*(2 + 3*x^4)*GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL}, x]^2)/

6 + (16*Sqrt[1 - x]*(-1 + x)*x*(1 + x)^(3/2)*(-5 + 6*x^2)*

GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL], VarGL^(-1)}, x])/9 +

(8*Sqrt[1 - x]*(-1 + x)*x*(1 + x)^(3/2)*(-5 + 6*x^2)*

GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL], (1 - VarGL)^(-1), VarGL^(-1)}, x])/

9 + (16*Sqrt[1 - x]*(-1 + x)*x*(1 + x)^(3/2)*(-5 + 6*x^2)*

GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL], VarGL^(-1), VarGL^(-1)}, x])/9 -

(8*Sqrt[1 - x]*(-1 + x)*x*(1 + x)^(3/2)*(-5 + 6*x^2)*

GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL], (1 + VarGL)^(-1), VarGL^(-1)}, x])/

9 - (32*(3 + 2*x^4)*GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL],

Sqrt[1 - VarGL]*Sqrt[1 + VarGL], VarGL^(-1)}, x])/3 -

(4*Sqrt[1 - x]*(-1 + x)*(1 + x)^(3/2)*(5 + 9*x^2)*

GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL, (1 - VarGL)^(-1),

VarGL^(-1)}, x])/9 + (4*Sqrt[1 - x]*(-1 + x)*(1 + x)^(3/2)*(5 + 9*x^2)*

GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL, (1 + VarGL)^(-1), VarGL^(-1)}, x])/9 -

(16*(3 + 2*x^4)*GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL],

Sqrt[1 - VarGL]*Sqrt[1 + VarGL], (1 - VarGL)^(-1), VarGL^(-1)}, x])/3 -

(32*(3 + 2*x^4)*GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL],

Sqrt[1 - VarGL]*Sqrt[1 + VarGL], VarGL^(-1), VarGL^(-1)}, x])/3 +

(16*(3 + 2*x^4)*GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL],

Sqrt[1 - VarGL]*Sqrt[1 + VarGL], (1 + VarGL)^(-1), VarGL^(-1)}, x])/3 +

(4*(2 + 3*x^4)*GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL,

(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL, (1 - VarGL)^(-1), VarGL^(-1)},

x])/3 - (4*(2 + 3*x^4)*GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL,

(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL, (1 + VarGL)^(-1), VarGL^(-1)},

x])/3 + (5*(1 + x)^2*(1 - x + x^2)*H[-1, x]^2*H[0, x])/72 -

(5*x^4*H[0, x]^3)/4 + ((-1 + x)*(1 + x)*(1 + x^2)*H[0, -1, x]^2)/3 -

((-1 + x)^2*(-1303 - 3760*x - 3703*x^2 - 4800*x^3 - 1824*x^4 + 1152*x^5 +

576*x^6)*H[0, 1, x])/432 + ((-1 + x)*(1 + x)*(1 + x^2)*H[0, 1, x]^2)/3 +

H[0, -1, x]*(((1 + x)*(-1303 - 144*Pi^2 + 2457*x + 144*Pi^2*x + 57*x^2 -

144*Pi^2*x^2 + 1097*x^3 + 144*Pi^2*x^3 + 2976*x^4 - 2976*x^5 -

576*x^6 + 576*x^7))/432 - (4*(-1 + x)*(1 + x)*(1 + x^2)*H[0, 1, x])/

3) + H[-1, x]*((-5*Pi^2*(1 + x)^2*(1 - x + x^2))/72 +

((1 + x)*(-90 + 49*x - 49*x^2 + 94*x^3)*H[0, x]^2)/24 +

H[0, x]*(-((1 + x)^2*(-1303 + 3760*x - 3703*x^2 + 4800*x^3 - 1824*x^4 -

1152*x^5 + 576*x^6))/432 - (5*(-1 + x)^2*(1 + x + x^2)*H[1, x])/

18) - (5*(1 + x)^2*(1 - x + x^2)*H[0, -1, x])/36 + (5*(1 + x)^2*(1 - x + x^2)*H[0, 1, x])/18) +

H[1, x]*((5*(-1 + x)^2*(1 + x + x^2)*H[0, -1, x])/18 - (5*(-1 + x)^2*(1 + x + x^2)*H[0, 1, x])/36) +

H[0, x]^2*((-1152 - 144*Pi^2 + 744*x^2 + 713*x^4 - 216*Pi^2*x^4 -

2688*x^6 + 576*x^8)/432 - ((-1 + x)*(90 + 49*x + 49*x^2 + 94*x^3)*

H[1, x])/24 + (-3 - 2*x^4)*H[0, -1, x] + (3 + 2*x^4)*H[0, 1, x]) +

(5*(1 + x)^2*(1 - x + x^2)*H[0, -1, -1, x])/36 -

(5*(-1 + x)^2*(1 + x + x^2)*H[0, -1, 1, x])/18 +

((-618 - 69*x + 17*x^3 + 606*x^4)*H[0, 0, -1, x])/36 +

((618 - 69*x + 17*x^3 - 606*x^4)*H[0, 0, 1, x])/36 -

(5*(1 + x)^2*(1 - x + x^2)*H[0, 1, -1, x])/18 +

(5*(-1 + x)^2*(1 + x + x^2)*H[0, 1, 1, x])/36 -

30*(1 + x^4)*H[0, 0, 0, -1, x] + 30*(1 + x^4)*H[0, 0, 0, 1, x] +

(-(Pi^2*(10 - 2*x^2 - 26*x^4 + 18*x^6 + 12*Sqrt[1 - x]*Sqrt[1 + x] -

5*Sqrt[1 - x]*x*Sqrt[1 + x] - 5*Sqrt[1 - x]*x^3*Sqrt[1 + x] +

18*Sqrt[1 - x]*x^4*Sqrt[1 + x]))/(18*Sqrt[1 - x]*Sqrt[1 + x]) -

(Pi^2*(2 + 3*x^4)*GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL}, x])/3 +

(2*Pi^2*H[0, x])/3)*Log[2] + (2*Pi^2*(1 + x^4)*Log[2]^2)/9 +

((2 + 5*x^4)*Log[2]^4)/18 +

((x*(-3*Pi^2 + 24*x - 9*Pi^2*x^2 + 4*Pi^2*x^3))/8 -

(3*x*(1 + x)*(1 - x + 4*x^2)*H[-1, x]*H[0, x])/4 + 3*x^4*H[0, x]^2 +

H[0, x]*((3*x^2)/2 + (3*(-1 + x)*x*(1 + x + 4*x^2)*H[1, x])/4) +

(3*x*(1 + x)*(1 - x + 4*x^2)*H[0, -1, x])/4 -

(3*(-1 + x)*x*(1 + x + 4*x^2)*H[0, 1, x])/4)*Log[x] -

(-57600*Pi^2 + 28800*Pi^3*x + 11520*Pi^2*x^2 - 92160*Pi^3*x^3 +

149760*Pi^2*x^4 + 97920*Pi^3*x^5 - 103680*Pi^2*x^6 - 34560*Pi^3*x^7 -

25875*Sqrt[1 - x]*Sqrt[1 + x] + 8505*Pi^2*Sqrt[1 - x]*Sqrt[1 + x] +

5712*Pi^4*Sqrt[1 - x]*Sqrt[1 + x] + 138480*Pi^2*Sqrt[1 - x]*x*

Sqrt[1 + x] + 780840*Sqrt[1 - x]*x^2*Sqrt[1 + x] -

148560*Pi^2*Sqrt[1 - x]*x^2*Sqrt[1 + x] + 138480*Pi^2*Sqrt[1 - x]*x^3*

Sqrt[1 + x] - 103680*Sqrt[1 - x]*x^4*Sqrt[1 + x] -

247400*Pi^2*Sqrt[1 - x]*x^4*Sqrt[1 + x] + 10320*Pi^4*Sqrt[1 - x]*x^4*

Sqrt[1 + x] + 518400*Sqrt[1 - x]*x^6*Sqrt[1 + x] +

159360*Pi^2*Sqrt[1 - x]*x^6*Sqrt[1 + x] - 69120*Sqrt[1 - x]*x^8*

Sqrt[1 + x] - 23040*Pi^2*Sqrt[1 - x]*x^8*Sqrt[1 + x] -

276480*Sqrt[1 - x]*Sqrt[1 + x]*PolyLog[4, 1/2] -

691200*Sqrt[1 - x]*x^4*Sqrt[1 + x]*PolyLog[4, 1/2] - 201600*Zeta[3] +

40320*x^2*Zeta[3] + 524160*x^4*Zeta[3] - 362880*x^6*Zeta[3] +

45000*Sqrt[1 - x]*Sqrt[1 + x]*Zeta[3] - 820800*Sqrt[1 - x]*x^4*

Sqrt[1 + x]*Zeta[3])/(103680*Sqrt[1 - x]*Sqrt[1 + x]) +

(GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL}, x]*

(80 + 10*Pi^2 - 16*x^2 - 2*Pi^2*x^2 - 208*x^4 - 26*Pi^2*x^4 + 144*x^6 +

18*Pi^2*x^6 + 12*Pi^2*Sqrt[1 - x]*Sqrt[1 + x] +

18*Pi^2*Sqrt[1 - x]*x^4*Sqrt[1 + x] + 42*Sqrt[1 - x]*Sqrt[1 + x]*

Zeta[3] + 63*Sqrt[1 - x]*x^4*Sqrt[1 + x]*Zeta[3]))/

(18*Sqrt[1 - x]*Sqrt[1 + x]) +

H[0, x]*(((-1 + x)^2*(-1303 - 3760*x - 3703*x^2 - 4800*x^3 - 1824*x^4 +

1152*x^5 + 576*x^6)*H[1, x])/432 +

(5*(-1 + x)^2*(1 + x + x^2)*H[1, x]^2)/72 - (5*x*(1 + x^2)*H[-1, 1, x])/

9 + ((111 + 24*x - 19*x^3 - 111*x^4)*H[0, -1, x])/9 +

((-111 + 24*x - 19*x^3 + 111*x^4)*H[0, 1, x])/9 -

(2*(-1 + x)*(1 + x)*(1 + x^2)*H[0, -1, -1, x])/3 +

(4*(-1 + x)*(1 + x)*(1 + x^2)*H[0, -1, 1, x])/3 +

2*(8 + 7*x^4)*H[0, 0, -1, x] - 2*(8 + 7*x^4)*H[0, 0, 1, x] +

(4*(-1 + x)*(1 + x)*(1 + x^2)*H[0, 1, -1, x])/3 -

(2*(-1 + x)*(1 + x)*(1 + x^2)*H[0, 1, 1, x])/3 +

(-1920 - 528*Pi^2 - 162*Pi^2*x + 1679*x^2 + 354*Pi^2*x^3 + 9408*x^4 +

324*Pi^2*x^4 - 5664*x^6 + 1152*x^8 - 1008*Zeta[3] - 1296*x^4*Zeta[3])/

432)) ...
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III. 4-loop integrals with 2 mass scales

elliptic sectors

complicated analytic expression

iterated integrals of high weight

numerical evaluation tedious; can be time consuming

ê Idea: (numerical) expansion around kinematic limits (e.g.: x → 0, 1,∞)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
x

−20

−15

−10

−5

0

5

10

15

20

z(3
),
M

m
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III. 4-loop integrals with 2 mass scales

Algorithm

1. Reduction to master integrals; establish differential equations (DE).

2. Compute BCs

3. (Power-log) ansatz for MIs; expand DEs for x � 1; use BCs to fix
constants

4. (Power-log) ansatz for MIs; expand DEs for x ≈ 1

5. Numerical matching for x = x1

6. Repeat procedure for expansion around x = 0 and x = 1
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III. 4-loop integrals with 2 mass scales

Algorithm

1. Reduction to master integrals; establish differential equations (DE).
Kira [Klappert,Lange,Maierhöfer,Usovitsch’20], FireFly [Klappert,Klein,Lange’20]

2. Compute BCs x = m2/m1; x � 1

3. (Power-log) ansatz for MIs; expand DEs for x � 1; use BCs to fix
constants only even powers; 50 expansion terms

4. (Power-log) ansatz for MIs; expand DEs for x ≈ 1 simple Taylor
expansion

5. Numerical matching for x = x1 x1 = 3; 50 expansion terms

6. Repeat procedure for expansion around x = 0 and x = 1 matching
for x0 = 1/2
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Other approaches . . .

. . . based on expansions, numerical approaches, etc.:
[Laporta’01; . . . ; Liu,Ma,Wang’17; Blümlein,Schneider’17]

[Lee,Smirnov,Smirnov’17]: DESS.m
Differences: Our approach . . .

. . . does not require special form of differential equation

. . . provides (numerical) expansion around kinematic limits
ê approximation in whole kinematic range

. . . can reproduce log-divergent behaviour

. . . is applied to physical quantity
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zm

[Fael,Lange,Schönwald,Steinhauser]
m1 = zm(µ)mOS

1

zm = CF T 3nmn2
l zFMLL

m + CF T 3nmnl nhzFMLH
m + CF T 3nmn2

hzFMHH
m + CF T 3n2

mnl z
FMML
m

+ CF T 3n2
mnhzFMMH

m + CF T 3n3
mzFMMM

m + C2
F T 2nmnl z

FFML
m + CF CAT 2nmnl z

FAML
m

+ 8 further colour structures involving nm

+ 23 further colour structures without nm

reduction to MIs: Kira [Klappert,Lange,Maierhöfer,Usovitsch’20] and
FireFly [Klappert,Klein,Lange’20]> 300 4-loop 2-scale MIs

analytic results (for all 8 colour structures) ê cross check
≈ 10 digits for 0 ≤ x <∞
x = 0 ê agreement with

[Lee,Marquard,Smirnpv,Smirnov,Steinhauser’13; Marquard,Smirnov,Smirnov,Steinhauser,Wellmann’16]

x = 1: new analytic results; agreement with numeric results from
[Marquard,Smirnov,Smirnov,Steinhauser,Wellmann’16]
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zm

[Fael,Lange,Schönwald,Steinhauser]
m1 = zm(µ)mOS

1

zm = CF T 3nmn2
l zFMLL

m + CF T 3nmnl nhzFMLH
m + CF T 3nmn2

hzFMHH
m + CF T 3n2

mnl z
FMML
m

+ CF T 3n2
mnhzFMMH

m + CF T 3n3
mzFMMM

m + C2
F T 2nmnl z

FFML
m + CF CAT 2nmnl z

FAML
m

+ 8 further colour structures involving nm

+ 23 further colour structures without nm

reduction to MIs: Kira [Klappert,Lange,Maierhöfer,Usovitsch’20] and
FireFly [Klappert,Klein,Lange’20]> 300 4-loop 2-scale MIs

analytic results (for all 8 colour structures) ê cross check
≈ 10 digits for 0 ≤ x <∞
x = 0 ê agreement with

[Lee,Marquard,Smirnpv,Smirnov,Steinhauser’13; Marquard,Smirnov,Smirnov,Steinhauser,Wellmann’16]

x = 1: new analytic results; agreement with numeric results from
[Marquard,Smirnov,Smirnov,Steinhauser,Wellmann’16]

zFAML
m (x = 1) = −

6250177

248832
+

89π6

3780
+

25 log4(2)

18
−

log5(2)

45
+ π4

(
5633

25920
+

49 log(2)

1080
+

log2(2)

12

)
+

100

3
Li4(1/2) +

8

3
Li5(1/2)

+
4777ζ(3)

288
−

11ζ(3)2

16
+

61ζ(5)

12
+ π2

[
15649

15552
+

16

9
C −

535 log(2)

54
+

245 log2(2)

54
+

log3(2)

27
−

log4(2)

12
− 2Li4(1/2)

+

(
−

47

24
−

7 log(2)

4

)
ζ(3)

]
C =

∑∞
i=1

(−1)i

(2i+1)2 = 0.915966 . . .
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Examples [Fael,Lange,Schönwald,Steinhauser]

bare, CF CAnmnl , ε0

shown:
numeric expansion

perfect agreement
with analytic result

0.0 0.2 0.4 0.6 0.8 1.0
x = m2/m1

700

600

500

400

300

C F
C A

n m
n l

x 0
x 1
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Examples [Fael,Lange,Schönwald,Steinhauser]

bare, C2
F nmnl , ε0

shown:
numeric expansion

perfect agreement
with analytic result

0.0 0.2 0.4 0.6 0.8 1.0
x = m2/m1

4000

3500

3000

2500

2000

1500

1000

500

0

C
2 F
n m

n l

x 0
x 1

−992
3 log4(x) + . . .

reproduced with > 10 digits
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Examples [Fael,Lange,Schönwald,Steinhauser]

renormalized, CF CAnmnl and C2
F nmnl

shown:
numeric expansion

perfect agreement
with analytic result

0.0 0.2 0.4 0.6 0.8 1.0
x = m2/m1

80

70

60

50

40

30

20

10

0

n m
n l

CFCAnmnl

C2
F nmnl
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Summary

Analytic 3-loop 2-scale calculation

Method for computation of multi-loop 2-scale integrals
– (analytic) BCs
– no special demands on differential equations

MS-OS at 4 loops with m2 6= 0
– analytic calculation for 8 colour factors
– ≈ 10 digits agreement with numerical approximation

other applications . . .
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