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= Motivation
a Analytic 3-loop calculation ﬁ%

a A numerical approach £
® Summary
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B — X,/i to N°LO AT

Karlsruhe Institute of Technology

[(B— Xtv) =

Mo [Xo(mc/mb) + X1(mc/mb)% + Xo(mo/mp) (%)2 + Xg(mg/mp) (%)3 + .. ]

a determination of | Vep|

m, 2 m 4 m, m, 6 m, 8
= do=1-8(5) e (5) s () +o (i) ~ (%)

a X3: [Fael,Schonwald,Steinhauser20], talk by Kay Schonwald on Thursday
(partia| reSUItS: [Czakon,Dowling.Czamecki’Z1])

@ important scheme: mg’” and m¢
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Irreducible uncertainty of m?‘ﬂe ﬂ(“

[Beneke,Nason,Marquard,Steinhauser'16] [Hoang,Lepenik,Preisser'16]

Os _  MS n K ~as)
mPS = mS(um) (1 + gcn ag(p) % 2 Nty &
a IR renormalon predicts large-n behaviour: [Beneke, Braun'94; Beneke'94; Beneke'95]
b= p1/(2f)
- F(n+1+0b) ( St S )
(as) _ n
8 = (2 1 + + -
n (250) r(1+b) n+b  (ntb)(n+b—1)

a exact 3- and 4-loop result + Borel summation = N
[Marquard,Smirnov,Smirnov,Steinhauser,Wellmann'16]

w typical loop momentum at O(af): me=("~1) (Ball Beneke Braun9s]

56 mOS = 0.30419912 (N)+0.030 (mp, ;) £ 0.009 (rs)+£0.108 (ambiguity) GeV

m +0.108 GeV = +0.71 GeV (no m;, m, effects)

® £0.030 (mp ) GeV from unknown light-mass effects at 4 loops

Pl
1

~_’
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Il. Analytic 3-loop 2-mass MS-0OS AT

ftute of Technology

Canonical approach:

m IBP reduction; differential equations
a Fuchsian/cononical form frennis e, ..
a BCs

a (analytic) solution

Here:
m alternative approach to obtain solution in terms of iterated integrals
a no Fuchsian/cononical form

@ HarmonicSums (vinger, Sigma [schneider;, 0Te@SYS [Gerhold02]
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Y

a IBP reduction; differential equations
a decouple, factorize DEs

a BCs

a analytic solution

Iterated integrals:

J ({a(T),B(T)} 7X) = /dT1 a(m) J ({5(7)} ,7'1>
Here: 1, {1, L v1=2 172
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(€,x)

l

(e, x) = M(e, x) -

~~

X = mg/m1
f: vector with Mls

M(e, x)

I
o X oo X
X oo X o
XX Xoo
X X Xoo
X © o oo
o oooo
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fi(x)
3(d—2)
i(x) x o) 0 0 i (x)
B0 | - (0'?2)2 5 2(23—5) g B(x)
f3(x) 2(d—3)7 0 = x f3(x)
fi(x) 3(d—2)%  (2—d)? (3—d)(30—8)  1—(2d—5)x? fa(x)
Ted(1—x®)  x(1—x®) T ax(1—x®) x(1—x2)
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Solving differential equations ﬂ(“

First order DE: (2 — p(x)] f(x) = g(x)

Solution: f(x) = fo(x) + cy
_ T _ T 1,00)
= exp <of dyp(y)) fo(x) h(x)ofdyh(y)
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Solving differential equations ﬂ(“

(5 -ps0) - (= i) 10 =

X
is solved by hi(x) = exp <f dypi(Y))
0
[ oma) [ e f (1)
Xq 3( X2 hn(Xn—1
= hi(x dxy -2 /dx / dx,—
i )0/ 1/71(X1) ) 2h2(X2) " 1hnq(an)
fo(x) = f,(x)/dy% W: Wronskian determinant
— ) ¥)

n
The complete solution reads: fx)=16Hx)+> ¢
i=1
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Comments AT

Karlsruhe Institute of Technology

Solve order-by-order in e

decouple DE, factorizes DE

homogenous equation does not depend on € order
BCs: x > 1 (mo > )

Pro: no need of special basis

Con: integration in general harder
Successfully applled in [Ablinger,Behring,Blimlein,De Freitas,von Manteuffel,Schneider’'15;

... + Falcioni,Marquard,Rana’17; Ablinger,Blimlein,Marquard,Rana,Schneider'18]

Example: 1/€ term of f3:

f,,,(,g) _ 2(3— 4X2) /,(—2) 2(5— 9X2) (—2) 33— 26x2 + 2x* 4X2(4 — 3X2)
3

i A = H
x(1—x2) ® x2(1—x2) 3 1—x? 1—x? b(x)
-
9 2(2-x7) 9 2(1-3x%) (=2 _ 3 — 26x2 + 2x* n 4x2(4 — 3x?) Ho(x)
ox  x(1—x?) ox  x(1—x2) )% 1—x2 1—x? 0
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Result: z,, = m;/m®® A {]

Karlsruhe Insttute of Tec

(3),M

Zm

analytic expansions
x—=0

X —1

1/x =0

a x:mg/m1

m analytic result including O(¢)
m weight 5 (¢°); weight 6 (¢')
® x — 0 expansion + numerical evaluation: (sekavac,Grozin Seidel Steinhausero7]

m2 |OOpS: [Gray,Broadhurst,Grafe,Schilcher'90]
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oS .0
277, €

. CR™2*I2R*nm* (((120%x + 20%Pi"2%x - 384*x"3 - 64*Pi"2%x"3 + 408%x"5 +

Karlsruhe Institute of Technology

68+Pi"24x"5 - 144%x"7 - 24*Pi"2#x"7 + 27#Pi“3xSqrt[1 - x]*Sqrt[1 + x] + 18%Pi3+Sqrt[1 - x]*x"4*Sqrt[1 + x])*

GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL]}, x])/(27*Sqrt[1 - x]*Sqrt[1i + x]) -
(4%(6 + Pi"2)*(3 + 2%xx"4)*GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL1}, x]1°2)/9 +
((8 + Pi"2)*(2 + 3%x"4)*GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL}, x]°2)/

6 + (16+Sqrt[1 - x]*(-1 + x)*x*(1 + x)~(3/2)*(-5 + 6*x"2)*

GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL], VarGL"(-1)}, x]1)/9 +
(8%Sqrt[1 - x]*(-1 + x)*xx(1 + x)~(3/2)*(-5 + 6xx"2)*

GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL], (1 - VarGL)"(-1), VarGL~(-1)}, x])/

9 + (16%Sqrt[1 - x]*(-1 + x)*x*x(1 + x)"(3/2)*(-5 + 6%x"2)*

GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL], VarGL"(-1), VarGL"(-1)}, x1)/9 -
(8%Sqre[1 - x]*(-1 + x)*x*(1 + x)7(3/2)*%(-5 + 6xx"2)*

GL[{Sqrt[t - VarGL]*Sqrt[i + VarGL], (1 + VarGL)"(-1), VarGL~(-1)}, x1)/

9 - (32%(3 + 2%x"4)*GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL],
Sqrt[1 - VarGL]*Sqrt[1 + VarGL], VarGL"(-1)}, x1)/3 -
(4xSqrel1 - x]*(-1 + x)*(1 + x)7(3/2)*(5 + 9*x"2)*

GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL, (1 - VarGL)"(-1),

VarGL" (1)}, x1)/9 + (4xSqrt[1 - x]*(-1 + x)*(1 + x)"(3/2)*(5 + 9*x"2)*

GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL, (1 + VarGL)“(-1), VarGL~(-1)}, x1)/9 -
(16%(3 + 2*x"4)*GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL],

Sqrt[1 - VarGL]*Sqrt[1 + VarGL], (1 - VarGL)~(-1), VarGL~(-1)}, x1)/3 -
(32%(3 + 2xx"4)*GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL],
Sqrt[1 - VarGL]#Sqrt[1 + VarGL], VarGL"(-1), VarGL"(-1)}, x1)/3 +
(16%(3 + 2#x"4)*GL[{Sqrt[1 - VarGL]*Sqrt[1 + VarGL],
Sqrt[1 - VarGL]#Sqrt[1 + VarGL], (1 + VarGL)"(-1), VarGL™(-1)}, x1)/3 +
(4%(2 + 3*x"4)*GLI{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL,
(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL, (1 - VarGL)~(-1), VarGL~(-1)},
x])/3 - (4%(2 + 3%x"4)*GL[{(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL,
(Sqrt[1 - VarGL]*Sqrt[1 + VarGL])/VarGL, (1 + VarGL)"(-1), VarGL"(-1)},
x]1)/3 + (5x(1 + x)"2%(1 - x + x"2)*H[-1, x]"2+H[0, x])/72 -
(Bxx~4xH[0, x]1°3)/4 + ((-1 + x)*(1 + x)*(1 + x"2)*H[0, -1, x]"2)/3 -
((-1 + x)"2%(-1303 - 3760%x - 3703%x"2 - 4800%x"3 - 1824%x"4 + 1152%x"5 +
576*x‘6)*H[0 1, x1)/432 + ((-1 + x)x(1 + X)*x(1 + x"2)*H[0, 1, x]"2)/3 +
0, -1, x1*(((1 + x)%(=1303 - 144%Pi"2 + 2457*x + 144*Pi~2%x + 57*x"2 —
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Ill. 4-loop integrals with 2 mass scales AT

O

@ numerical evaluation tedious; can be time consuming

a elliptic sectors
a complicated analytic expression
m iterated integrals of high weight

= Idea: (numerical) expansion around kinematic limits (e.g.: x — 0,1, 00)
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Ill. 4-loop integrals with 2 mass scales AT

Algorithm f@% §§ M;Q%%

1. Reduction to master integrals; establish differential equations (DE).
2. Compute BCs

3. (Power-log) ansatz for Mls; expand DEs for x > 1; use BCs to fix
constants

4. (Power-log) ansatz for Mls; expand DEs for x =~ 1
5. Numerical matching for x = xq
6. Repeat procedure for expansion around x = 0 and x = 1

-

?
|

o | K3 1 H x
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Il. 4-loop integrals with 2 mass scales KIT

O N

1. Reduction to master integrals; establish differential equations (DE).

Kira [Klappert,Lange,Maierhéfer,Usovitsch’20] FlreFly [Klappert,Klein,Lange’20]

2. Compute BCs x = my/my; x > 1

3. (Power-log) ansatz for Mls; expand DEs for x > 1; use BCs to fix
constants only even powers; 50 expansion terms

4. (Power-log) ansatz for Mls; expand DEs for x ~ 1 simple Taylor
expansion

5. Numerical matching for x = x; x; = 3; 50 expansion terms

6. Repeat procedure for expansion around x = 0 and x = 1 matching

for xo = 1/2

4

o A ; \ B
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Other approaches... ﬂ(“

ftute of Technology

...based on expansions, numerical approaches, etc.:
[Laporta’01; ... ; Liu,Ma,Wang’17; Blimlein,Schneider'17]

[Lee,Smirnov,Smirnov'17]. DESS.m
Differences: Our approach ...

a ...does not require special form of differential equation

@ ...provides (numerical) expansion around kinematic limits
> approximation in whole kinematic range

.can reproduce log-divergent behaviour
.is applied to physical quantity
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o 0S [Fael,Lange,Schénwald,Steinhauser]
w My = zm(p)m;
a
Zm = CF Tsnmnfz,f,MLL +CrT® nmn,nhz,';MLH + CrT® nmnf,zZMHH +CrT® n,z,,n,z,';MML
+ CeT3 B nnzMH o CrT3n MMM o 272 nyzEPYE 1 Cr CaT? nopny 2 M
+ 8 further colour structures involving nm
+ 23 further colour structures without ny,
m reduction to Mls: Kira [Klappert,Lange,Maierhéfer,Usovitsch’20] and

> 300 4-loop 2-scale Mls FireF1y iappertKieinLange'20]
analytic results (for all 8 colour structures) = cross check

~ 10 digits for0 < x <

x = 0 = agreement with

[Lee,Marquard,Smirnpv,Smirnov,Steinhauser'13; Marquard,Smirnov,Smirnov,Steinhauser,Wellmann’16]
a x = 1: new analytic results; agreement with numeric results from

[Marquard,Smirnov,Smirnov,Steinhauser,Wellmann'16]
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2 £

Karlsruhe Institute of Technology

0S8 [Fael,Lange,Schénwald,Steinhauser]
o it = Zm(ju)m
a
3 2 _FMLL 3 FMLH 3 2 _FMHH 3 2 _FMML
Zm = CrT°nmnizy,  + CET nmninpzy, + CrT Nmnhzp, + CFT n,nizy,
3 2 FMMH 3 3 _FMMM 22 FFML 2 FAML
+ Cr T npnpzy, + CFrT npzy, + CeT nmmz, 4+ CECaT nmniz

+ 8 further colour structures involving nm

—+ 23 further colour structures without np,

®m reduction to Mls: Kira [Klappert,Lange, Maierhdfer,Usovitsch'20] and

m

2> 300 4_|00p 2.scale Mls FlreFly [Klappert,Klein,Lange’20]

_ m analvtic results (for all 8 colour striictures = crosscheck

log?(2)

- +
248832 3780 18 45

6250177  897®  25l0g*(2 log®(2 5633  49log(2
z;AML(X:1 + (2) ()+7r4 (2)

4777¢(3)  11¢(3)?  61¢(5) , [ 15649 16 53510g(2)  245l0g2(2) log®(2)  log*(2) .
" - " T e T e Y Tt — ——— —2Li,(1/2)
288 16 12 15652 9 54 ” 2 s
47 7 log(2)
H(p )<
_ oo (=1) _
C =% G = 0-915966. ..

100 8
— + + —Lis(1/2) + —Lis(1/2)
25920 1080 12 3 3
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Examples [Fael,Lange,Schonwald,Steinhauser] A“(IT

Karlsruhe Institute of Technology

bare, CECanmny, €°

] —— i
- 3 0 0 n — - ::[r):;:c expansion
] —
] - perfect agreement
4 / with analytic result
~400 ’/,/"
EE -500 — /
S ] /
W
O 1 /
~600
~7007
4w x=0
LRS!
0.0 0.2 0.4 0.6 0.8 1.0
X =my/m

1
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Examples [Fael,Lange,Schonwald,Steinhauser] \“(IT

Karlsruhe Institute of Technol

l,‘\
bare, C2nmn;, €
o —
_500_:/ numeric expansion
] perfect agreement
—1000 ] with analytic result
_ —1500-
IS ]
g ]
f} —2000-E
23007 — 9% og*(x) + ...
—3000 reproduced with > 10 digits
—3500
1mi
-4000+——F+—————————————
0.0 0.2 0.4 0.6 0.8 1.0

X=my/m
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Examples [Fael,Lange,Schonwald,Steinhauser] A“(IT

Karlsruhe Institute of Technology

I,‘\ I/‘\
renormalized, CeCanmn; and C,Z:nmn, fc ) f : )

0

] shown:
—_ 10 - numeric expansion

] perfect agreement
—20- with analytic result

—301

804 W CrCannmy
- 1 CZnmmy
1 T —

00 02 04 06 0.8 1.0

X =my/my
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Summary A“(IT

m Analytic 3-loop 2-scale calculation g%

a Method for computation of multi-loop 2-scale integrals
— (analytic) BCs
— no special demands on differential equations

m MS-OS at 4 loops with m, # 0 fe ; 3 f )

— analytic calculation for 8 colour factors
— =~ 10 digits agreement with numerical approximation

m other applications ...
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LOOPS AND LEGS IN QUANTUM FIELD THEORY

16th Workshop on Elementary Particle Physics,
Ettal, Germany, April 25 - 30, 2022
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