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1. Introduction

Discovery of Higgs boson(2012,LHC): last
fundamental particle in SM

Experiments at the ATLAS and CMS: agrees
with the result SM predicted

Problems not solved: electroweak
symmetry breaking, Higgs coupling to SM
particles/DM, hierarchy problem... Require
new physics beyond SM

One promising way probing new physics:
precision measurements of the properties
of H

LHC is difficult to reach very high precision
due to complicated background
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1. Introduction

FCC-ee, CEPC, ILC: e+e- collider, large statistics, high
luminosity, clean environment, measure H properties
with very high precision (v/s=240-250GeV)

ILC: O'ZH~1.2%, 250fb-1 (H. Baer et al. [arXiv:1306.6352 [hep-ph]])

FCC-ee: Ozg~ 0.4%, 5ab-1(A.Abada et al[FCC Collaboration])
CEPC: o7y~ 0.5%, 5.6ab-1(arxiv:1811.10545)
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1. Introduction

* lOona(ete™ - ZH):
only consider s channel
t,u channel amplitude is zero due to
small Yukawa coupling

e NLO on O'( €+ e~ > 7 H): TABLE .I. Hard (E,,. > 1 GeV?, Borp, and one-loop cross

. . o . sections in fb and relative corrections 6 in % for the c.m. energy

unpolarized beam: 5-10%; v/$ =250 GeV and various polarization degrees of the initial
(A. Denner et al,Phys. C 56, 261(1992)) particles.

polarized beam: 10-20%;

Pe‘ Pe+ O.hard, b O.Bom, fb O.one-loop, b 5, %
(S.Bondarenko, Phys. Rev. D 100,073002(2019))

0 0 82.0(1)  225.59(1) 206.77(1)  —8.3(1)

1 —08 0 96.7(1)  266.05(1) 223.33(2) -—16.1(1)

o(Pe Por) = D (L+21P) (1 +12P )0y, —0.8 —0.6 46.3(1) 127.42(1) 111.67(2) —12.4(1)
e ~0.8 0.6 147.1(1) 404.69(1) 334.99(1) —17.2(1)
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1. Introduction

« NNLO:(s= 240-250GeV)
EW+QCD:0.4-1.3% (a(0), a(M,), G,)

(Q.F.Sun, Phys.Rev.D 96,051301(2017))
EW+QCD:1.3% (MS, a(M,))
(Q.F.Sun, Phys.Rev.D 96,051301(2017))

Vs [schemes] 1o () | onio () | ownio ()
a(0) |223.14 4+ 0.47(229.78 £+ 0.77|232.21+0-72+0-20

240( a(Mz) [252.03 £0.60( 228.36%457 |231.287079 053
G |239.64+0.06] 23246 557 (283297t
o0} 2231204722920 0.77 | 2816875 F210

250 a(Mz) |252.01 £ 0.60| 227.677052 |230.587 050012
G. [239.62 £ 0.06| 231.82+0.07 |232.65 ¢ 07 007
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1. Introduction

« NNLO:(s= 240-250GeV)
EW+QCD:0.4-1.3% (a(0), a(M,), G,)

(Q.F.Sun, Phys.Rev.D 96,051301(2017))
EW+QCD:1.3% (MS, a(M,))

(Q.F.Sun, Phys.Rev.D 96,051301(2017))

Vs |schemes| ovo (fb) onLo (fb) onxnro (fb)

ol0) | 223144 047]229.78 4 077 |2322175 2P o)
[ 1240] o(Mz) |252.03 £0.60] 228.36T,57 |231.28T079 025 | |
Gy (239644 0.06| 2324671 0¢ (23320 0o 0
o0} 208121 0:47]229.20:1 0.7 280568 ) 2270 o
250] a(Mz) [252.01 £ 0.60] 227.6710:57 [230.587076 055 | |
Gy [239:62-4£0:06| 231.82:£0.07 |232.651 5 0515 o

TABLE II. Total cross sections at various collider energies in
the a(m;) scheme.

Vs (GeV) o010 (fb)  ono (b))  onnio (D) org o (D)

240 252.0 228.6 231.5 231.5
250 252.0 2279 230.8 230.8
300 190.0 170.7 172.9 172.9
350 135.6 122.5 124.2 124.0
500 60.12 54.03 54.42 54.81
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1. Introduction

« EW+QCD:0.4-1.3% (a(0), a(M), G,,) (QFsun, Phys.Rev.D 96,051301(2017))
EW+QCD:1.3% (MS, a(M,)) (Q.F.Sun, Phys.Rev.D 96,051301(2017))
e EW+EW: ~1% (arxiv:1906.05379) (25377 diagrams(arxiv:2102.15213))

challenging type: 2250 diagrams with 7 denominators, 4 independent mass scale, 2
independent energy scale

diagrams with closed fermion loop dominant due to large top-quark Yukawa coupling and
large number of fermions in SM

— planar & Non-planar diagrams with closed top-quark loop (18+9)



1. Introduction
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1. Introduction

* Analytical calculation: can be done for 1-loop, but difficult in 2-loop: require
more knowledge about special functions(harmonic polylogarithmic
functions, iterated elliptic integrals)

* Numerical calculation: use Feynman parametrization. Box diagram is equal
to integration over 6 Feynman parameters. It requires large computing
resources and takes few days because the integrand converges slowly
(F. Yuasa et al; Comput. Phys. Commun. 183, 2136-2144 (2012))

1 1 1 | S 1 1—u3 C " )
P =i / dp / dg / duy / dus / dus / duy — ,()35‘“(1 — &),
! Jo Jo Jo Jo Jo Jo (D = zeC)*‘

* Our method: simplify the integrand with Feynman parametrization and
dispersion relation. The box diagram is reduced to 3-fold integration, which
takes few minutes to calculate.




1. Introduction

* Feynman diagrams — FeynArts (1. Hahn, Comput.
Phys. Commun. 140, 418 (2001). [hep-ph/0012260])

e Square amplitude — FeynCalc (dim =4)

(V. Shtabovenko, R. Mertig and F. Orellana, "FeynCalc 9.3: New
features and improvements", arXiv:2001.04407.)

* (...) = dispersion relation and Feynman
parameterization(Mathematica)

 Numerical calculation — C++, I[oopTooIs,

— Gauss-Kronrod quadrature In Boost
package

(Comput.Phys.Commun.118(1999)153)

(https://www.boost.org/doc/libs/master/libs/math/doc/html/index
.html)
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2. Evaluation Method — planar diagram

According to Feynman rules, the amplitude for planar diagram can be written as L,;4.

Use Feynman parametrization to simplify the denominators only involve g2

l—zx
Feynman parametrlzalton — / dx / T (1 NE
(ax+by+c(l—z—1y
Lian = /dDdD -
: D (gf —mi ) (1 +p1)? —m7) (@1 +p1 +p2)? —mi, ) (@1 — ¢2)?
1
fq% —mi)((q2 + k1)? = mi) (@2 + by + k2)? — mi)
1 dx - dy((q2_+_k/)l2_m/2)3 = ()l dx f(l ‘ dy m/ (q2—+—k,;2—7n,2

- Bo((q1 + k)%, m% ,m'?)
T at 2/ (D
/d / O Z/i Had —mi,) (@ +p1)? — f)((ql+p1+p2)2—m%/2)

Loop momentum q1l appears in BO functions, so cannot integrate over q1.

— use dispersion relation to put g1 outside BO function
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2. Evaluation Method — planar diagram

dispersion relation:

1
Bo(p27 m%? m%) = o

—.de
C

ABy(o,m?,m3)

2 2
BO (07 my,ms

)

o—p?—ie

== / do
(m1+m2)?
do —

_p2 —
1 ImBy(o, m?, m3)

1€

/(m1 +mg)? n

1 l—x o0
Iplan:/ da:/ dy@fn,z/ doABy(s, m’ ,mg,)DO(...,a
0 0 (m/+m,)?

i

l—2x
5 ™)
0
1 l—z
-l—/d:z:/
0 0

& = P

dyO'()D()(..., oo

— 1€

dy/ da@fn,zABO(s,m’2,m3,)(D0(..., o)
m’'+m /)2

)87271,230(0, m'> m

Imo
A
- = - - = Ly
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/
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- A _)x_ = Reo
' gl o e
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2. Evaluation Method — non-planar diagram

Similarly, use Feynman parametrization to simplify the denominators atptpe @tk 7
including g2 and integrating loop momentum g2 gives BO function

Inp = /dﬁdﬁ 2 12 2 p
(g1 — mvl)((Ch +p1)? — mf/)((Ch +p1 +p2)? —my,)
1

(a1 = 42)* = mg) (a1 — g2 + k1)* = mg,) (53 — m§)((g2 + ka2)” — my)
. e = e q1+p1+p2 p g il .

Jo 420,13 rmva 1m)k1)2—m% Jo y0,3 (q2+yk21)2—m'§ PN , /b= okt (=y)ks

1
= / dCE‘/ dy@m?@m,% /chDlBO((ql + (1 — w)kl ~+ yk2)2,m’?,m’§) Q1+p1T lq2+yk2
0 0
]‘ pl/' \k' ] - k1+yk2

(¢ —m{, ) (@1 +p1)? —m%)((q1 +p1 +p2)? —mi,)
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2. Evaluation Method — non-planar diagram

diagram
* For non planar double-box including WW:

mZ =mi —x(1—x)mz <0

Branch cut changes, we use a new dispersion relation

1 B 0m’2,m’2
B (p m/?,mlg) 2 %dO’ 0( 1 2)
T Jo o—p?—ic
1 > By(o, m’%,m’g)
= — do
271 J_ o o — p? — i€

INp—ww = —/ dL/ dy/ d00,y120,r2 Bo (0, m 1,m2)D0(
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2. Evaluation Method

I = /d:c/dy/da Bo(o,m?,m3)orABy(o,m?,m3) x (calo + cgBy + ccCy...)

N

analytical expression is known LoopTools package
Gauss-kronrod quadrature(Boost)

Programming using C++

Running time: few minutes to half an hour(non-planar WW)

Advantages: low requirement of computer,

short running time

Precision: 4-digit, the precision is confined by the Looptools(double-precision)

 Stability: integrand is smooth



3. Result: instability

 Upper and lower bound of the integrand, §~1073, A~108

[0 1) = [ 105, F (@) + 2005f (308) + Af ()

* For non-planar diagram, the Gram determinants(tensor decomposition arxiv:0812.2134[hep-
ph])for some Passarino-Veltman tensor functions vanish when x is equal toy, and
Looptools is not able to give a number.

a) separate the integration region of x: (0,0.5) (0.5,1)
b) separate the integration region of y: (0,x- 8),(x- §,x+8),(x+ §,1) § = 107473~

e For non-planar diagram with W bosons, ¢ — i€, e~10"°|o| or e~107°



3. Result

few minutes

\\V1V2 diagr. class

Parameter Value
M, 91.1876 GeV
Mw 80.379 GeV
MH 125.1 GeV
or 172.76 GeV

Q 1/137
ECM 240 GeV
My 107° GeV
0 /2

RG{MQMS}

Z 7 planar

Z Z non-planar

~1.524(1) x 107
—1.537(1) x 1078
—4.402(4) x 108
1.724(2) x 108
~1.1392(8) x 10~
_5.577(5) x 10~

N

~ 30 minutes

regulate the IR divergence,
no UV divergence

LoopFest2021
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3. Result

= T T T T T T T T T T T T T T T T T = T T T T T T T T T T T T T T T T T ]
6."10'7:— : —_ 5.x10-9 I R RCI : ]
i non-planar - - non-planar 1
4.x107 |- 1 i
i ] 0r
2.x107 | j : |
g’ I | S -sx100f i
3 of 3 : f
% -2.x107 | . . . sum : - % -1.x10-8 |- :
=7 [ il L sum ]
-4.x10 j _—_.______.4_ -1.5x10°8 L .
i i i
_6.x10_7_ —.—_-“—_ I ] i ®
i o N i e s oo
8x10-7:..._--—°“""°'_— ° s ] '2"‘108?,_Bl_ap-a:_.‘-———o———*-—‘*__—'. % j
T L . ) ) | . . ) | ) . , | ) ) ) | ) i | . . . | . A A 1 . : A | ) . : | A
-12 -10 -8 -6 -4 -12 -10 -8 -6 -4
log1o(m?/GeV?) log10(mZ/GeV?)

Dependence of the yy(left) and yZ(right) two-loop boxes on the photon mass m,,
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3. Result

few minutes

\\V1V2 diagr. class

Parameter Value
M, 91.1876 GeV
Mw 80.379 GeV
MH 125.1 GeV
or 172.76 GeV

Q 1/137
ECM 240 GeV
My 107° GeV
0 /2

RG{MQMS}

Z 7 planar

Z Z non-planar

~1.524(1) x 107
—1.537(1) x 1078
—4.402(4) x 108
1.724(2) x 108
~1.1392(8) x 10~
_5.577(5) x 10~

N

~ 30 minutes

regulate the IR divergence,
no UV divergence

LoopFest2021
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3. Summary

* Double-box diagrams can be efficiently evaluated by Feynman
parametrization and dispersion relation (For non-planar diagrams with 2
W bosons, dispersion relation is different from other diagrams)

* Takes few minutes for numerical calculation. For non-planar diagrams
with 2 W bosons, takes half an hour.

* IR divergence is controlled by giving photon a small mass without loss of
numerical precision.

* The evaluation method can also be applied for the calculation of
electroweak corrections to other 2 — 2 process, suchasete™ » WTW ™



Thank youl!
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2. Evaluation Method — planar diagram

According to Feynman rules, the amplitude for planar diagram can be written as I;;4,.
Use Feynman parametrization to simplify the denominators only involve g2

I, /dDdD L
an —
’ U (qf = my,) (@ + p1)? = m7) (@ +p1+p2)* = mi,) (@ — ¢2)* — mg,
1
ng —m?)((g2 + k1)%2 — m3)((g2 + k1 + k2)? — m?)j
—x g —x € 1 1 TP2 2k1 ko /H
Jo = o dy((q2+k’)12—m’2)3 = Jo d= 377 dyo] (Q2+k/;2—m/2 : .- s
1—x

Feynman arametrlzalton — dx /

y = / aa:-l—by-l—c(l—:z:—y))
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2. Evaluation Method — planar diagram

Integrating over loop momentum g2 gets BO function:

1-z
1
lan = | dz / dyd? , / d>dl
p / “S (g = mi) (@ + p1)? = m3) (1 + p1+p2)? —mi,)
1

CI1—CI2) )(2+k) m'?2

l1—z 5 BO((Q1+k/) m "m2)
/dx/ 40 ’2/ (g —mi,) (¢ +p1)? - f)((Q1+P1+P2)2—m%/2)

Loop momentum q1l appears in BO functions, so cannot integrate over q1.
— use dispersion relation to put g1 outside BO function

LoopFest2021 24



2. Evaluation Method — planar diagram

dispersion relation:

1 By (o, m%, m3)
Bo(p*,mi,m3) = Dy f{c do— —p21— Z';

/OO s ABy(o,m?,m3)
(

my+mz)? o —p? —ie
_ /°° dal ImBgy(o,m?, m3)
Grpdmi® W& 0=—pt—ie

LoopFest2021
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2. Evaluation Method — planar diagram

Integrating over gl gets the DO function.
Use Leibiniz’s rule to put the derivative inside the integral: AB is divergent at the lower bound, it can be
fixed by subtracting one term to make the integrand become 0 at the lower bound.

1 1—=x (e’
j / dx/ dy(?fn,Q / do / d(?l A By (s, m’z,mgl)
0 0 (m/+m)?2
|
(g —mi,) (@1 +p1)* —m% ) (@ + p1+p2)® —m3, ) (s — (1 + K)?)

1 l1—-z o0
= _/o d:z:/o 87271,2/( daABg(a,m’2,m3,)D0(p%,p§,k’g,k’f,s,t,m%ﬁ,mi,,m%,a)

m’+mq/)2

Leibiniz’s rule:

PR He) g db(x)
%(/a(x) f(x,t)dt):/a(x) — f(@,t)dt + (@, b(@) T — (@) 5
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2. Evaluation Method — planar diagram

87271/2 / dO’ABo(O' m/ & , M /)(D()( ) — @Do(...,Uo) I @Do(...,(fo))
(m/+mq,)2 g o
= afn,2 / doABy(o,m’ & m )(Do(...,0) — @DO(..., o)) — 0 atthe lower bound, so derivative van be put
(m’+mgs)? g inside the integral
+02,, / do ABy(o,m'” ,m; a kel DO( 09) - integrate over o gives By(0,m'?, m¢,) (dispersion relation)
(m/+m,)?

1 l—-zx 00
2 2,2
Iplan:/ dfl:/ dy@iﬂ/( oy doABy(s,m'”,mZ)Do(p?,p3, k'5, k'1, s, t,mi, ,m$,, mi,, o)

1 11—z
/ dac/ dy/ dod? = 12 ABy(s,m’ a m )(Dof(...,0) — @Do(---,(fo))
0 (m’+m /)2 J

+

1 l1—x
/de/o dyaODO(...,00)872”,230(0,771'2,7713,)
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2. Evaluation Method — planar diagram

If the numerator is not equal to 1, integrating over g2 gets B1,B00,B11 functions. They have
same dispersion relation as BO.
For example, num =p; - q,

num = p; - g2, (p1 - q2)(k1 - g2)... # 1
7

/dDCI2 b = D1 /dDCI2 £
(3 —m2)(@2+aq +K)2—m2 =7 (a5 —m2)(@2+q +K)? —m’

2
= p1,Bu((q1 + k,)Qa m' amg')

: -+ k’
= ]gw(Pl + k,);jBl(((h + k/)Qam'2>m2/) = P1 - (P ) /dUAB1

v o= (@t k)
p1- (p1 + k)
similarly,
D 0595
d = Boo, B11 = [ doAB doAB
/ q2 (q% _ /rn,z’)(q2 + 7 Y k,)2 _ m/2 00s P11 / o 007/ o 11

r_v P

d> 45,45

dD(]Q ; ; = Boo1, B111 = /d0A3001a/d0ABlll
/ (q%—mz,)(q2+q1—|—k)2—m2

LoopFest2021
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2. Evaluation Method — non-planar diagram

Similarly, use Feynman parametrization to simplify the denominators atptpe @tk 7
including g2 and integrating loop momentum g2 gives BO function

Inp = /dﬁdﬁ 2 12 2 p
(g1 — mvl)((Ch +p1)? — mf/)((Ch +p1 +p2)? —my,)
1

(a1 = 42)* = mg) (a1 — g2 + k1)* = mg,) (53 — m§)((g2 + ka2)” — my)
. e = e q1+p1+p2 p g il .

Jo 420,13 rmva 1m)k1)2—m% Jo y0,3 (q2+yk21)2—m'§ PN , /b= okt (=y)ks

1
= / dCE‘/ dy@m?@m,% /chDlBO((ql + (1 — w)kl ~+ yk2)2,m’?,m’§) Q1+p1T lq2+yk2
0 0
]‘ pl/' \k' ] - k1+yk2

(¢ —m{, ) (@1 +p1)? —m%)((q1 +p1 +p2)? —mi,)
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2. Evaluation Method — non-planar diagram

For non-planar double box including yy, vZ, ZZ, use the same dispersion relation. Put the
derivative inside the integral by subtracting%DO and add it back

1 1 o0
’ ’ o
INP(")”'Y,’YZ,ZZ) :L dﬂj\/o dyA /+ ,)2 do-amllgam;QABO(O-,mlz,m22)(D0(...,0) - ;ODO(...,O-O))
Lo el

1 1
—|—/ da:/ dyaODO(...,00)8m/28m/230(0,mf,m2)
0 0 1 2



2. Evaluation Method — non-planar diagram

For non- planar double-box including WW:

miZ =mi —x(1—x)mz <0

Branch cut changes, we use a new dispersion relation.

B 12,12
By (p?, m17m2)_ —?{ do O(U’m217m2)
2™ Jo o —p°—1€
1 [ Bolomim)
o ) o — p? — i€

A
— sl ~
~ &
P X,
74 N
74 X
/6
/ p? + e
[ X
— e e e i e i S e’ i i
(m1+ms)? —1

INp—ww = — d.L/ dy/ do 01202 Bo (0, m’ 1,m Q)DO( , O — 1€)

27rz
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