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I am afraid that my comments might be “within string theory,” but I
would like to mention directions which have not been explored much in
the past conventional research of sting field theory.
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Recent directions

• Homological perturbation theory of homotopy algebras

– Traditionally, homotopy algebras (such as A∞ algebra or
L∞ algebra) were used in construction of string field theory.
arXiv:hep-th/9206084 by Zwiebach

– Recently, homotopy algebras are used in different contexts.

∗ Low-energy effective theory
arXiv:1609.00459 by Sen

∗ Scattering amplitudes
arXiv:math/0306332 by Kajiura

8



The A∞ algebra describes relations among multi-string products
of open string fields.

Consider an action of the form:

S = − 1

2
〈Ψ, QΨ 〉 − g

3
〈Ψ, V2(Ψ,Ψ) 〉 − g2

4
〈Ψ, V3(Ψ,Ψ,Ψ) 〉+O(g3) .
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This action is invariant under the gauge transformation given by

δΛΨ = QΛ+ g (V2(Ψ,Λ)− V2(Λ,Ψ) )

+ g2 (V3(Ψ,Ψ,Λ)− V3(Ψ,Λ,Ψ) + V3(Λ,Ψ,Ψ) ) +O(g3)

if multi-string products satisfy a set of relations called A∞ relations:

Q2A1 = 0 ,

Q (V2(A1, A2))− V2(QA1, A2)− (−1)A1V2(A1, QA2) = 0 ,

Q (V3(A1, A2, A3)) + V3(QA1, A2, A3) + (−1)A1V3(A1, QA2, A3)

+ (−1)A1+A2V3(A1, A2, QA3)− V2(V2(A1, A2), A3) + V2(A1, V2(A2, A3)) = 0 ,
...
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+ −→

A∞ structure in the original theory

↓ Homological perturbation theory

A∞ structure in the low-energy effective theory
or A∞ structure in the scattering amplitude
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A∞ structure in the original theory

↓ Homological perturbation theory

A∞ structure in the low-energy effective theory
or A∞ structure in the scattering amplitudes
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The path integral over massive fields to obtain the effective action for
massless fields generates new multi-string products, but the A∞ structure
is preserved.

+ −→
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Multi-string products satisfying the A∞ relations can be efficiently de-
scribed by linear operators acting on the vector space TH defined by

TH = H⊗0 ⊕H⊕H⊗2 ⊕H⊗3 ⊕ . . . ,

where we denoted the tensor product of n copies of the Hilbert space H
by H⊗n.

The A∞ relations can be compactly expressed in terms of a linear oper-
ator M on TH which squares to zero:

M2 = 0 .
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For the action of open bosonic string field theory, the A∞ structure can
be described in terms of M given by

M = Q+m2 ,

where Q is associated with the BRST operator and m2 is associated with
the two-string product (the star product).

The homological perturbation theory provides M for the A∞ structure
in the effective action for massless fields as

M = PQP+Pm2
1

I+ hm2
P ,

where P is associated with the projection onto the massless sector, h is
associated with the propagator, and I is the identity operator.
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Examples from recent string field theory papers

– Classical algebraic structures in string theory effective actions
arXiv:2006.16270 by Erbin, Maccaferri, Schnabl and Vošmera

– Closed string deformations in open string field theory
arXiv:2103.04919, 2103.04920, 2103.04921
by Maccaferri and Vošmera

– Mapping between Witten and Lightcone String Field Theories
arXiv:2012.09521 by Erler and Matsunaga

– Gauge-invariant operators of open bosonic string field theory in the
low-energy limit
arXiv:2006.16710 by Koyama, Okawa and Suzuki

These papers are based on totally different motivations, but essentially
the same tool from homological perturbation theory is used.
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where . . . stands for terms not contributing to this Feynman diagram. We end up with

eight non-vanishing HPL diagrams:
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where we did not connect lines to clearly indicate the action of the operators ttt and U. All

other HPL diagrams are either of di↵erent topology to (2.30) or vanish, mostly due to an

operator e � p hitting a dotted line.

3. Symmetry factors of Feynman diagrams

3.1. Generating functional

Recall the generating functional for connected n-point correlation functions in real scalar

field theory,

W [J ] := e
i
R
ddwLint[

1
i

�
�J(w) ] e

i
2

R
ddyddzJ(y)G2(y�z)J(z) , (3.1)

from which we extract the correlation functions

h�(x1) . . .�(xn)i =
�

�J(x1)
. . .

�

�J(xn)
W [J ]

����
J=0

(3.2)
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H, the contribution of i~�⇤ is only non-vanishing, if �A is a field and �A is an antifield

in (2.26). For simplicity, we define

U := H0 � (i~�⇤) (2.27)

and in terms of HPL diagrams, we have e.g.

U
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CCA =
id h e � p

�1

+
id id h

�1

+
id id h

�1

=

�1

+

�1

+

�1

(2.28)

Note that the DeWitt index A in (2.26) can be chosen such that it splits into a field/antifield

label and two labels ~pfree and pint, where ~pfree 2 d�1 labels a free on-shell field with

corresponding (d � 1)-momentum while pint 2 1,d�1 labels an interacting field with cor-

responding four-momentum. The presence of the propagator h in U, however, annihilates

the free on-shell fields and therefore the fields produced by U are always in Fint.

The scattering amplitudes are then extracted from formula (2.6), but the higher prod-

ucts µn and mn are now those combining into an operator3 D
� computed by the recursion

D
� = P0 � Dint � E , E = E0� ttt�E� U � E . (2.29)

Each U operator produces a loop, and the number of loops is therefore counted by the

powers of ~.
As a reasonably simple example, let us consider how the HPL produces the two-loop

contribution to the 2-point amplitude. (In the quantum case, the 2-point amplitude en-

coded by m
�
1 only vanishes to zeroth order in ~.) Specifically, let us consider the diagram

�2

�1

(2.30)

The recursion gives us

D
� = P0 � Dint � (ttt � ttt � ttt �U � U + ttt � ttt �U� ttt �U ) + . . . , (2.31)

3The perturbation by the second order di↵erential operator �⇤ implies that D� no longer defines an

ordinary homotopy algebra, but a quantum or loop homotopy algebra. Also, the other maps P and E

appearing in the homological perturbation lemma are no longer ordinary coalgebra morphisms.
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Homotopy algebras can be also useful in ordinary quantum field theory.

– We can handle Feynman diagrams (tree and loop) algebraically.

– We expect fruitful interactions among various research areas.

Figures from arXiv:2009.12616 by Saemann and Sfinarolakis
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While we can construct a homotopy algebra for any decent theory, we
feel (or I feel?) that the “stringy realization” of the homotopy algebra
(based on the decomposition of the moduli space) uniquely determines
the theory up to field redefinition.

Can we characterize the stringy homotopy algebra?

If the low-energy effective theory inherits the stringy homotopy algebra
via homotopy transfer, we may be able to investigate the low-energy
effective theory using the stringy homotopy algebra.

→ homotopy algebraic approach to the Swampland program
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One more slide from Strings 2021



• Proof of the AdS/CFT correspondence!

– The AdS/CFT correspondence is typically realized
in the low-energy limit of the theory on D-branes.

– The theory before taking the low-energy limit is
considered to be open-closed string field theory
(which is difficult to be defined nonperturbatively), but
I claim that open string field theory can do the job.

– Instead of on-shell scattering amplitudes of open
strings we are interested in correlation functions of
gauge-invariant operators in this context.

– The 1/N expansion of such correlation functions
should be a perturbation theory containing gravity.

– Is open superstring field theory a consistent quantum theory?
If yes, use it to prove the AdS/CFT correspondence!

Let’s see what Barton said ten years ago...
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Whether you like my approach or not, gauge invariance of super-
string field theory at the quantum level should be an important
issue for everyone. (To me gauge invariance of open superstring
field theory with source terms for gauge-invariant operators at the
quantum level is most important.)

While Sen and Witten told us what to do if we encounter spurious
singularities in the superconformal ghost sector, it is difficult to tell
when we encounter them (as we discussed many times during the
discussion sessions of this workshop).

It would be difficult to generalize the beautiful proof based on the
minimal-area metric for the bosonic string to the superstring be-
cause we cannot use length or area.

An alternative approach based on the supersymmetric generaliza-
tion of hyperbolic vertices?
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DERIVING AdS/CFT

How exactly do large N QFTs reorganise themselves into theories of strings? [’t Hooft -’74]

D-brane physics indicates open-closed string duality as the underlying reason [Maldacena-’97]. 

Holes close up and backreaction alters 
the background.

But difficult to see this explicitly 
happen at large . 

Therefore, cannot delineate scope of 
gauge-string duality beyond examples.  

gsN = λ

Quantum string theory

Perturbative

QFT

Classical

gravity
Planar limit

1

N
gs

� ⇠ RAdS/ls
� ! 0 RAdS/ls ! 1

Figure 1. The lamp post figure

P
holes

=

Figure 2. Open-closed string duality
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To sum up infinitely many holes, would it be useful to organize
Feynman diagrams using the homotopy algebra?
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