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Introduction

e There are mainly three complementary approaches of superstring field theory.
e We have succeeded in completing (at least classically) superstring field theories
for all the three approaches except for the WZW-like type |l theory.

type | (open) | heterotic (closed) | type Il (closed)
WZW-like X
Ao/ Loo-based AN
Sen
In this talk,

e We first revisit the L,.-algebra-based type Il superstring field theory and
propose a new construction method, which is an extension of the symmetric

construction given by Erler-Konopka-Sachs for NS-NS sector.

e Then, we construct the WZW-like action through the map defined using
the gauge product of the new (symmetric) construction.



Type |l superstring field theory with cyclic L., structure

[Kunitomo-Sugimoto]
String Field : ® = ®ns.ys + Prons + Pns-r + Pr-R € Hres C Homaul

ghost number = 2
picture numbers = (—1,—1) +(—1/2,—-1) + (—1,—-1/2) 4+ (—1/2,—-1/2)

Constraints: (1) by ® =L, P =0, (closed string)

(2) GG7'® = &, (extra),
where

G =00 4 700x 4 7 ODX 4 7ODXX,
g—l — 7-‘-(0:0) + 7T(1’O)Y + W(O’l))_/ + W(l’l)YYa

with projctor onto each component:

709% = dygns, 0% = dp v,

7T(O’1)(I) = (I)NS-Ra 7T(1’1)(I) = (I)R_R.



and

, G
X = —3(B0)Go+ 6 (Bo)bo , Y = _2F5('70)7
X = —38(Bo)Go+ 6 (Bo)bo , Y = _2ﬁ5(%)'

If we expand each component of & € H,.. in the ghost zero-modes, it has the
form

PNs.NS = ONS-NS — CQUNS-NS ;

PrNs = QRNS — %(’Yo + 2cg Q) Yr-Ns
PNs-rR = ONS-R— %(% +2¢5 G) YN

Prr = ORR— %(%G — 750G + 2¢§ GG)Yp-Rr,

¢s and s correspond to the field and anti-field of the BV formulation in the
gauge-fixed bases, respectively.



Symplectic forms:

In Hsmalr ws(P1, Pa) = (P1]cy |D2),
In Hyes Q(®y, Py) = ws(P1,G ' Dy)
= ws(P1ns-nNs, Pans-ns) + ws(Pir-Ns, Y Por-Ns)
+ ws(Pingr, Y Pons-r) + ws(Pir-r, YY Pop-R)

— N ((dils) + (Wil2)).

1

A symplectic form w; in H;grge is similarly defined to wg, and we have

wi(P1, P2) = ws(E0éoP1, Do) for ®1, Py € Hyes.



(n + 1)-string interaction is reprsented by
multi-linear map: Ly i (Hpes)™ — Hyes, (n>2)

where (H,.s)"" is the space of the symmetrized tensor product:

(Hres)/\n SPOIN- NP, = Z(_l)e(a)q)a(l) - (I)a(n) )

(o)

and we identify L1® = Q.
If {L,} satisfy

e(a)

Z Z ml n_ n m+1(Lm((I)U(1)7'” 7(I)U(m))7q)a(m—|—1)a"' 7(1)0(77,)) — 07
c m=1
Q(q)l 7Ln<q)2 g " 7(I)n—|—1)) — _(_1)‘®1|Q(Ln(®l y - 7(I)n) ’ (I)n—l—l) ’

it is called a cyclic L., algebra, (H,es, 2, {L,}).



If we have (H"**, Q, {L,}) (with appropriate ghost and picture numbers),
the action is given by

1
I =S Q@ Ly (D, D)),
Z(n+2)| ( ’ -|—1(\ o /))
n—+1

n=0

which is invariant under the gauge transformation

J
'
n

=1
od = E ELTH-l(fI)a 7(1)7A>
n=0

e {L,} with appropriate ghost numbers, but no picture number, can be
constructed similarly to the bosonic closed string field theory.

e We must find how to construct {L,,} with appropriate picture numbers
from those without picture numbers, (bosonic {L,}).



How to construct (H,es, 2, {L,})

Coalgebra representation:

Symmetrized tensor algebra:  SH,es = (Hies) ' ® (Hies) " & (Hpes) 2D - - -

Coderivation: L, : SHyres — SHyes

defined by
L, ®1N---ND,, =0, form < n,
an)l/\"'/\q)m :Ln(q)l/\"'/\q)m), form:n,

L,®1N---ND,, :(Ln/\]lm—n)q)l/\"‘/\q)ma form <n.

The Lo algebra is represented by a (degree odd) coderivation L = > >7 L, 41
satisfying

| L,L] = 0. ([, -]:graded commutator )



How to construct L:

L with appropriate picture numbers:

oo o0
_ (p,p)
L = Z Z Lp+r+1,p+f+1 ‘(27",277)7
p,r=0 p,7r=0

(p,P) _ (p,P)
(p, p) : picture numbers

(27, 27) : Ramond numbers = # of Ramond inputs — # of Ramond outputs

However, it is not easy to construct cyclic L directly because the Ramond
number is not invariant under the cyclic permutation.



So, instead, we consider degree odd coderivation

_ S S (p,P) 21,27
B = > > B |®,

p,r=0 p,r=0
(p,D) (2r,27) _ (p,p)  |(27,27) _

(2r, 27) (superscript):
cyclic Ramond numbers = # of Ramond inputs + # of Ramond output,

which is invariant unber cyclic permutation.



And suppose that (H;, D) with

1
mD = m(@Q-—n—)+(m " +m" +m")B + J(X +X)

is an L. algebra: [D, D] = 0.

Or equivalently (H;, D), (H;,C), and (H;, C) with

mD = mQ+ "B,

W%l’l)B,

1 - 1 _
mC = 7T117—|—7r§1’0)B — iXﬂgl’l)B, T C = 7T17_’]—|-7T§O’1)B — §X7r§1’1)B

are three (mutually commutative) L., algebras:

[D,D] = [C,C] = [C,C] = [D,C] = [D,C] = [C,C]



If we have (H;, D), (H;,C), and (H;, C), then cohomomorphism
( Loo-morphism)

. _ 1 _ _
S0 AN (EHLO) —|—E7r(0’1)+§(EX —I—XE)?T(l’l)) mB (1)

maps them as

nF DF =1,Q+GmBF = mL, (2a)
N — N U TN
bk CF =mmn, mF CF = ma, (2b)

satisfying |[L, L] = [n, L] = [, L] = 0 and
Q((I)la Ln<(1)27 o 7(I)n+1)> — ws<q)17 bn(q)Qv Co 7(I)n—|—2>)7 (b — BF)

We can show that if B is cyclic wrt w;, then b is cyclic wrt wg, and thus, L is
cyclic wrt Q. (Hyes, 2, L) is the desired cyclic L, algebra.



Explicit construction of (H;, D)

D, D] = 0 is equivalent to

where

A, B]" = (An (7r§O’O>B A ]In_l) —(-1)*"B, (W§070>A A ]In_l)) ,
A, B = (An (ﬂm)B A ]In_1> _(-1)*"B, (ﬂl’O)A A ]In_l)) ,
A, B%Z =3 (An (Xwgl’”B A ]In_l) —(-1)*"B, (wa’“A A Hn—l)) ,

and so on.

1, B]

7, B]

O — DN —

Q. B] +

B.B

B, B|

21

—
\}

= s = DN =

[B,B]ll

(3)



We define generating functions by

oo
B(s,st) = Z Z tp+p5m3mBz(£ﬁ)z+r+1,ﬁ+m+f+1‘(2T’27:)> (4a)
p,m,r=0p,m,r
—~m +1,p r,27
A(s,5 Z Z AL i AP L N 1)
p,Mm,r=
5\ tp—l—p —mA(p ,p+1) (27r,27) 4
(s,8 Z Z S p-l-m-l—?“-l-l,ﬁ-l-m—l-f-l-Q‘ : (4c)

p,m,r=0pm,r=

For later use, we denote the gauge products restricted on NS-NS sector as

oo o0
NS-NS - _ p+p gm gm (p+1,p)
A (s,5,t) = E t >‘p+m+2,p+m+1|
p,m=0 p,m=0

<NS-NS _ +p (p,p+1) (0,0
A (8787t) — Z Z tp p " mAp+m—|—1,p—|—m—|—2| )

p,m0 p



If generating functions (4) satisfy the differential equations
8:B(s,5,t) =[Q, A+ X)(s,58)] + [B(s,5,t), (A + X)(s,5,1)]"
4 3([3(3, 5,t), (A +X)(s,5,1)]° +t[B(s,5,t), (A + X)(s, 5, t)]?—?)
+5([B(s,5, 1), A+ X)(s,5, 0] + t[{B(s,5,8) , (A + X) (5,5, 1))
+ s5[B(s,5,t), (A + X)(s, 5, )]
+2[B(s,5,0), B(s, 5, 0)Z + 2 [B(s,5,0), B(s,5, 012, (52)
0.B(s,5,1) = [n,A(5,5 1)) —t([B(s,5,1), (A +A)(s,5)]"
+21B(s,5,1), A+ A) (5,5, 0)%) , (5b)
9:B(s,5,1) = 1, A(s,5,)] = t([B(s,5,1), (A + X)(s,5,1)]"

+[B(s,5,8), A+ X)(s,501F),  (5)

N | o+



the relations
Q. B(s,5,0)] + ,[B(s, 5, ), B(s,5,1)]"

[B(s,5,t), B(s,5,0)]" + t[B(s,5,t) , B(s, 5,1)]% )

+§(
+ - ([B(s.5,1), B(s,5,0]" + 1[B(s,5,1), B(s, 5, 1))
“1‘8_28[ (Sagat)aB(SVg’t)]QQ - O’ (6a)

[m, B(s,5,1)]

t _ _ 21 1 _ _ 22\ __
—§<[B(s,s,t),B(s,s,t)] —|—§[B(s,s,t),B(s,s,t)]X) = 0, (6b)

7, B(s,5,1)]

t _ _ 12, ¢t _ - 22\ _
~ 3 ([B(s,s,t) ,B(s,5,t)] "+ E[B(s,s,t),B(S,S,t)]X> =0 (6¢)

hold, which reduce to relations (3) at (s, 35,t) = (0,0, 1).

Note: In NS-NS sector, the differntial equations (5) and the relations (6)
reduce to those of symmetric construction given by EKS.



The differntial equations (5) can recursively be solved under intial condition

_ L m-m71 B 27,27
B(S,S,O) - Z S8 Lm—i—’r—l—l,m—i—f—I—l‘( )7

m,m,r,"
by inserting &y, Xg etc. into bosonic product Lfﬂ so as to respect cyclicity.

Using B = B(0,0,1), we obtain (#;,D), and then, (1" Q, L) by
cohomomorphism (1) as

mL = 7T1Q—|—g7T1BF,

A _ 1 _ A
mF =ml+ (Ew(l’o) + 2700 4 SEX + XE)H“)) m BF.



Map to WZW-like action

L triplet characterize the type Il superstring field theory (Erler)(Matsunaga)

Basic triplet (17, 1; L):

S
KA
I

uO

S|
KA
I

0, (constraints), (7a)
L") = 0, (eom). (7b)

Constraints (7a) imply ® € Hgpmau-

Cohomomorphism (L, morphism)

1
g = Pexp (/ dt (A+A)NS'NS(07o,t),)
0

maps (1,7; L) to dual triplet (L", L"; L):

~
A /\—1

L" = gng~', L" =gng', L = gLg

3



Note that since g is non-trivial only in NS-NS sector, it maps ¢ as
g(
For dual triplet (L", L": L),

L”(eAG) +nPr.Ns +NPns.r +1Pr.r = 0, (constraints),
Lﬁ(e/\G) +171Pr.Ns + 1PNs.r + 1PRRE = 0, (constraints),

L(eMNGHPrNs+ENs-RTPRR)) = (eom).

Constriants (8a) and (8b) can be solved by setting

G=Gp:(V), ®Prns =V, ®ysp =V, Pppr = %,

AP NGH+P OFNES OF ~r ANDPara.
e"?) =e (G+Pr.Nst+PNS-RT RR)7 G = mg(e\TNSNS),

where (V, ¥, ¥, Y) = V are the string fields in WZW-like fomulation, and

G,5(V) is the (dual) pure-gauge field (Matsunaga)

_ 1 o =
Gpp(V) = nnV+§(L3(m7V, V) +nL(naV,V)) +--- .



The WZW-like action is given by

Iwozw = /01 dt wy (Bt(V(t)),g—lmi(eAG(V(ﬂ))) , (9)

where

The action (9) is invariant under the gauge transformation

Bs(V) = w§0’0>i( AW A A) i O)L”( NV A Q)+ m VL") A Q)

AN

where A = A + &6\ + X + p).



Summary and Outlook
Summary:

o We revisited type Il superstring field theory and propose a new construction
method extending the symmetric construction for NS-NS sector.

¢ Using gauge product of new construction, we give a map between string
fields of L.,-based and WZW-like formulations and construct WZW-like action.

¢ We filled a gap and completed the table of three complementary
formulations for the superstring field theory.

Outlook:

& Concrete analysis using superstring field theory
non-perturbative: classical solutions, dualities, AdS/CFT, D-instanton, - - -
perturbative: off-shell amplitudes, infrared divergence, - - -

& Quantization
guage fixing, loop homotopy algebra, quantum BV master action, - - -

We have still many remaining issues to study!



