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Motivation
[ ]

Motivation

e Within the last decade, determinations of both the proton and deuteron charge
radii exhibited significant discrepancies.

e Similarly, tensions arose over the electromagnetic contribution to the
proton-neutron mass difference, with earlier calculations suggesting
mqep = 0.76(30) MeV but more recent evaluations proposing larger values.
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Forward Compton Amplitude

® We define the forward VVCS amplitude as
T =i [ 2 €9 (T (20O} p)
where j,, denote an electromagnetic current.

e Amplitude describes process of photon-proton
scattering v*(q)p(p) — v*(q)p(p)-
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Amplitude Decomposition

® T, can be decomposed into two structure functions, Ty and To:

Guqy P q p-q \ Tao(w, @
T;w = <_gm/ + %) Tl(w7 Q2) + <pu - ?qu) (pz/ - q2 qu) ( )7

2
mp

where Q%> = —g? and w = 2p - q/ Q2.
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Subtraction Function

® |n turn, T1 and T, satisfy the dispersion relations:

ImT1(w', Q)
( 2 _ 52 ,6)

Q2 2w / do ,Ing Q2)

W2 —w? e

2 oo
Ti(w, @) = T1(0, @) + 22 / de
1 w
e T1(0, Q?) is called the subtraction function: 51(Q2).
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Relevance of S$;(Q?)

® T, is an input for both the uH Lamb shift calculation of the proton radius, and
for the calculation of the proton-neutron mass difference.

® Unlike ImTy(w, @%) and Im T(w, @?), S1(Q?) cannot be accessed from inclusive
processes.

* 51(Q@?) thus contributes significant theoretical uncertainty.
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Models of S;(Q?)

* For Q% << m?%, S1(Q?) can be
calculated in a variety of formalisms
but these calculations have sizable
errors and are not always consistent.

* For Q%2 >> /\éCD, 51(@?) can be
evaluated model-independently using
the Operator Product Expansion
(OPE).
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Figure 1: Hill & Paz, 2017
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Lattice Determination

® This uncertainty motivated a first-principles determination of S;(Q?) using lattice
QCD and the Feynman-Hellmann method.

® Employed simplest kinematics to extract $;(Q?): 4 =v =3 and p3 = g3 = 0.
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Prior 5;(Q?) Result

—== continuum OPE (Hill & Paz)
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Figure 2: Hannaford-Gunn, et al. (preliminary)
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Cause of Discrepancy

¢ Result suffers from either discretisation artifacts or finite volume effects (ASy).

® EFT calculation has shown T,,, varies minimally with volume!.
® Naturally turn to lattice artifacts as the cause of the discrepancy.

Slphy(Q2) — Sllatt(Q2) — AS;.

* This motivates a Lattice Operator Product Expansion of the Compton amplitude?.

YLozano, Agadjanov, Gegelia, et al., 2021

2Extending work done by QCDSF collaboration - see Gdckeler, Horsley, Perlt, et al., 2006
10/ 20



Background
00000000e

Operator Product Expansion

¢ An OPE expresses two operators O1(x)01(0), in the limit x — 0, as a linear
combination of local operators:

lim /d4xe’qx(91 )O2(0 ZC )O,(0)

q—00

e All g-dependence is isolated in the ‘Wilson coefficients’, Cp(q).

11 /20



Method

® By Wick-rotating and discretising, we convert T, — T,fy- At tree level, we need
only consider two contributions:

7L, = 6(p)vuSw(p + @) u(p) + T(p)ywSw(p — q)vuu(p),

where Sy is the Wilson fermion propagator

M(k, mo) — i3, vusin(aky)
M(k, mg)? + Zu sinz(aku)

Sw(k)=a

with M(k, mo) = mo+ 33, [1— cos(ak,)].
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Method

® Since sin(ap,) < sin(aq,), Taylor expand in sin(ap,).
e Simplify Dirac gamma matrices using Euclidean relations.

d
* Associate sin(ap,) <> —iaD,, .

13 /20



Results
9000000

OPE Result

24 : ' . .
The = gy | 1409 70) = o I5018) — £ 5 e sin0) pl31541p
2 _ o S _ o
~ Gt |35, ol B ) + 0320, pl7.D,1p) + cosla, ) o1, B, 1)

25, 3 s (ag./2){pld7: D v1p |

43* 1. - o
e gy M08 m0) 2 s cs(age) + Mg, m)] el -1

45* 1 1 - o

+ m [; 3 sin(aqa)g sin(ag.) [cos(aqT) + raM(q, mo)] [6Ma(p|¢'yl,DTz/)|p>
I g I 2

Gy (pl 7 D lp) —5W<p|w7a07wp>}} Lo3)).

14 / 20



Results
0@00000

OPE Result

® Taking u =v =3 abd g3 = p3 =0:

TLO) _ 2ary_, [cos(ag,) — 1]
B3, sin?(aqp) + a2M?(q, mo)

(pl¥e|p)

* Inlimit a— 0, TH® — 0.
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Structureless Free Fermion Correction

® The correction for a free fermion is given by:

ry., [cos(ag) — 1]

AS; =
X, sin?(aq,) + 22 M2(q, mo)

® For a structureless fermion, thy(Qz) =0, thus

SPH(Q%) = ASy.
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Structureless Free Fermion Result
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Structureless Free Fermion Result
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Proton Correction

® The correction for the proton is given by:
ry, [ cos(ag,) — 1]
>, sin*(aqp) + a2M?(g, mo)
3

where the bare scalar charge is determined from Feynman-Hellmann?.

AS] = 4ampZ\2/gEare,

3Rose, Batelaan, Horsley, et al., 2023
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Final Proton Result
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Additional Details
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Lattice Specifications

Ne LB3xT B K a[fm] m;[MeV] Zy
2+1 323x64 550 0.120900 0.074 470 0.86
2+1 483x96 5.65 0.122005 0.068 410 0.87
2+1 483x96 5.80 0.122810 0.058 430 0.88
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Lattice Specifications

x = 0.120900 Kk = 0.122005 k= 0.122810
B = 5.50 B =5.65 B =5.80

q Q? q Q? q Q?
[2r/L]  [GeV?] [27/L] [GeV?] [27/L] [GeV?]
(1,1,0) 055 (3,1,0) 1.43 (4,3,0) 481
(2,0,0)  1.10 (3,2,0) 1.86 (5,3,0)  6.54
(2,1,0)  1.37 (4,2,0) 2.86 (7,1,0)  9.62
(3,1,0) 2.74 (4,3,0) 4.86
(3,2,0) 3.57 (7,1,0) 7.14
(4,0,0)  4.39 (7,4,0)  9.29
(4,1,0) 4.66
(4,2,0) 5.48
(4,3,0) 6.86
(5,1,0) 7.13
(6,3,0) 123
(7,3,0) 159
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Feynman-Hellmann Specifications

® |n the Feynman-Hellmann method, we perturb the action S by an operator O with
some unphysical coupling A: S — S + AO. In our context:

S\ =S+ )\/d3z (€97 + e7197) j,(2),

where j, is the local Minkowski vector current: j, = ZV@nyMzb.

® The FH theorem gives the following relationship:

0%E)
ON?

A=0 EN(P

__Ts3(p,a)
)
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Covariant Derivative & sin(ap,,)

® The continuum Euclidean Dirac equation is given by (@ + m)y = 0.

e Taking positive plane-wave solution ¥ = u(p)e’PZ, this becomes
(ip+ m)u(p) = 0.

® Thus associate p, <+ —i0,.
e Adjusting for lattice and gauge fields, we have:

1 o
—sin(ap,) <> —iD,,
a
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Forward Compton Amplitude of Structureless Fermion

® From standard QED, the VVCS amplitude of a structureless fermion is given by

2w? Puqv + Pvqu Q2 2w i
T = =2 b g + (797 PubPy — 8uv| + mmfuwaqua-
e Takingu=v=3, p3=¢g3=0and w=0:
5 5 2w?
51(Q)=T1(0,Q)=T33=1 5 =0
— W =0
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