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Neutrino-nucleus scattering experiments 

�̅�!
𝜇"

𝑊#

X

Need to know event-by-event the 
• Neutrino energy
• Neutrino-nucleus cross-section 
To resolve the 
• Mass hierarchy between (𝜈!, 𝜈", 𝜈#)
• Mixing angles 𝜃$%, 𝜃%&, 𝜃$&	
• Size of CP violation angle 𝛿'(

• Incoming neutrino energy 
and flux not known 
precisely

• Dynamics of struck Argon 
nucleus is too complex to 
simulate directly and 
connect to final states 
seen in the detectors



Theory ➝ Event Generators

1. Wavefunction of the initial state of the “struck” 
nucleon within the nucleus

2. Axial vector FF of the nucleon. Impulse approx.
3. Intra nucleus evolution of the struck nucleon[s] 

using nuclear many body theory
4. Evolution of final state particles to the detectors

Complete implementation of these within Monte Carlo 
event generators with uncertainty quantification at each 

step needed for determining neutrino oscillation parameters

Factorization of the process
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Interaction with a 
nucleon is given by 
the axial vector 
form factor 𝐺! 𝑄"

𝜈!
𝜇"

𝑊#(𝑄$)

Evolution of struck 
nucleon within the 
nucleus governed by 
the nuclear force

A displaced nucleon 
once outside the 
nucleus produces 
signals that are picked 
up by detectors

time

X

Determine the  
wavefunction 
of a nucleon 
within the 
target nucleus

Nuclear theory Lattice QCD AFDMC Calibration of signal

Event generators provide a statistical 
description of various outcomes 

⊗

Neutrino-nucleus interaction involves convolution of 4 stages assuming factorization

⊗ ⊗



Why simulating 40Ar is challenging
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𝑞$ #(𝑥)

Ar = 18p + 22n
=58u + 62d quarks

1) Number of all possible 
contractions of u and d 
quarks and insertion of 
𝐴"	is still “impossible”
to program and simulate

2) The signal will fall off with a high power of 𝑒# $!#%.'$" ( 

⦿
of a hadron of a hadron 



Lattice QCD Inputs for DUNE
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Ideal: Matrix elements (form factors) for 𝜈 −	*+ 𝐴𝑟 scattering

⟨	𝑋 	𝐴!	(𝑞) 	*+𝐴𝑟⟩

⟨	𝑋 	𝑉!(𝑞) 	*+𝐴𝑟⟩

	𝑝	 𝐽!, 𝑞 	|	𝑛	⟩

	𝑛𝜋	 𝐽!, 𝑞 	𝑛	 , 	Δ 	𝐽!, 𝑞 	|	𝑛	⟩

	X	 𝐽!, 𝑞 	|	𝑛	⟩

Quasi-elastic

Resonant

2-nucleon

DIS

Start with nucleons and different energy regions: factorization

	𝑛	𝑝	 𝐽!," 𝑞 	|	𝑛	𝑛	⟩

Build these into the nuclear many body Hamiltonian



Charged Current Diff. Cross Section

CHAPTER 3. NEUTRINO INTERACTIONS

3.2 Neutrino-Nucleon scattering

3.2.1 Llewellyn-Smith formalism for the neutrino experiments

The scattering processes under consideration in this section are the following 2 reactions

(Fig. 3.2),

⌫l + n! l� + p, (3.17)

⌫̄l + p! l+ + n. (3.18)

In Appendix C.1, we derive the expression for neutrino-nucleon di↵erential cross section

formula (Eq. C.41),

d�

dQ2

0

@ ⌫l + n! l� + p

⌫̄l + p! l+ + n

1

A

=
M2GF

2cos2✓c

8⇡E⌫
2

⇢
A(Q2)±B(Q2)

(s� u)
M2

+ C(Q2)
(s� u)2

M4

�
, (3.19)

with the expressions for A(Q2), B(Q2), and C(Q2) given in Eqs. C.38, C.39, and C.40.

Here, E⌫ is an incident neutrino energy, M is a nucleon mass, and s and u are Mandelstam

variables. Now we transform them to the familiar form [20] used in practice. All the

contributions to the weak nucleon current other than the vector and axial vector form

factors arise from the electromagnetic or strong interaction. However, the electromagnetic

and strong interactions are G-parity conserving processes. So one can reasonably omit

terms involving G-parity violating second-class-current form factors (FV
3 and FA

3), which

should not exist within the standard model (Sec. 3.2.8). And, we assume all form factors

are purely real which mean there is no T-violation in any nucleon weak elastic scattering

experiment (Sec. 3.2.8). Also, the ⇠F2 term may be rewritten as F2 which is more standard

in this (neutrino) community. This also means pF
EM,p

2 ⌘ FEM,p

2 and nFEM,n

2 ⌘ FEM,n

2 .
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CHAPTER 3. NEUTRINO INTERACTIONS

With these procedures, Eqs. C.38, C.39 and C.40 become,

A(Q2) =
(m2 + Q2)

M2

⇥
(1 + ⌧)F 2

A � (1� ⌧)F 2
1 + ⌧(1� ⌧)F 2

2 + 4⌧F1F2

� m2

4M2

⇣
(F1 + F2)2 + (FA + 2FP )2 � 4

⇣
1 + Q

2

4M2

⌘
F 2

P

⌘�
, (3.20)

B(Q2) = Q
2

M2 FA(F1 + F2), (3.21)

C(Q2) =
1
4
(F 2

A + F 2
1 + ⌧F 2

2 ). (3.22)

Here we have used the common abbreviation, ⌧ = Q
2

4M2 . Eqs. 3.20, 3.21, and 3.22, as well

as Eq. 3.19 agree with [20] except for a missing cos2✓c term in [20].

Next, we are able to eliminate the lepton mass term ( m
2

M2 ⌧ 1) for our applications

(electron and muon production). In this case, the contribution from the pseudo-scalar form

factor (FP ) becomes zero, and these equations agree with those of [21, 22].

3.2.2 Is it B or �B?

There exists a sign inconsistency for the B(Q2)-term between many papers (for example [15,

20, 22]). This problem arises from the many possible choices in: (1) the definition of the

sign of gA (Eq. 3.62), (2) the sign in front of gA, (3) the sign in front of FA (axial vector

form factor), and (4) the sign in front of the B(Q2)-term. This problem may be avoided by

remembering that d�

dQ2 (⌫l + n! l� + p) > d�

dQ2 (⌫̄l + p! l+ + n).

3.2.3 Llewellyn-Smith formalism for Neutral Current

We can modify Eqs. 3.20, 3.21 and 3.22 so that Eq. 3.19 is also correct for the neutral current

cross section. Since the neutral weak current is related to the electromagnetic current,

< N |Jµ

Z
|N >=< N |Jµ

3 � 2sin2✓W · Jµ

EM
|N >, (3.23)

where J3 is the third component of the isospin current and JEM is the electromagnetic cur-

rent. Then, the nucleon neutral current form factor can be written completely by including

30

One predicts diff. x-section from lattice QCD 
for a given neutrino beam energy if F1,2 , FACC   

and Fp  known

The ν-n differential cross-section: 

FA = axial form factor
𝐺% = 𝐹& − 𝜏𝐹$ Electric
𝐺' = 𝐹& + 𝐹$  Magnetic
𝜏 = 𝑄$/4𝑀$   
M= Mp = 939 MeV
m=mass of the lepton

𝑁𝐴!𝑁 → linear combination of 𝐹(	, ;𝐹)	

𝑁𝑉!𝑁 	→ 𝐺%	, 𝐺' 



LQCD is QCD discretized on a lattice.
Wick rotation turns a QFT into a stochastic computational problem.  
Simulations of LQCD provide 

• Ensembles of gauge configurations 
− The quantum vacuum of QCD 

• N-point correlation functions Γ*: Constructed by 
tying together quark propagators and gauge links.

• Γ* contain the matrix element of an interaction 
(the probe 𝓞) within the ground state of a hadron 

• Extract this matrix element, 𝑁(𝑝+) 	𝓞 𝑄$ 	 𝑁(𝑝,) , 
using the spectral decomposition of Γ*

!

"



Spectral decomposition of Γ!

Ω ℕ	𝒜!(t)ℕ(0)|Ω⟩

Three-point function for matrix elements of axial current 𝒜"

Ω ℕ 𝜏 ⋯𝑒"-./2
0

𝑛0 𝑛0 𝒜!𝑒"-./2
,

𝑛, 𝑛, ⋯ℕ(0)|Ω⟩

2
,,0

Ω ℕ 𝑛0 	𝑒"2# 3"/ 𝑛0 𝐴! 𝑛, 	𝑒"2$/ 	⟨𝑛,|ℕ|Ω⟩

Insert 𝑇 = 𝑒"4./ ∑, |𝑛,⟩⟨𝑛,| at each Δ𝑡 with 𝑇 𝑛, ≡ 𝑒"4./ 𝑛, = 𝑒"%%./|𝑛,⟩

Matrix Elements𝐴0∗ 𝐴,

𝐸6, 𝐸&, …    energies of the ground & excited states 
A0, A1, …   corresponding amplitudes 



2-point function
!

"

3-point functions

Connected Disconnected

Spectral decomposition of  Γ! and  Γ" 

Γ$7/ 𝜏 = Ω	 =𝑁3
8	 ?𝑁6	|	Ω	⟩	 Γ9

:7/ 𝑡, 𝜏 = Ω	 =𝑁3
8	𝑂 𝑡 	 ?𝑁6	|	Ω	⟩	

Γ$7/ 𝜏 	 = C
,

𝐴, $𝑒"%,3 Γ9
:7/ 𝑡, 𝜏 =C

,,0

𝐴,∗𝐴0 𝑖 𝑂 𝑗 𝑒"%,/"%-(3"/)

+



Extracting Nucleon Charges, FF

+=

+>
= 

n n

𝜏

n n×
𝑂. =	 .𝜓𝛾/𝛾0𝜓

𝝉→J
𝒈𝑨 

!1

!2
= " ℕ	%3ℕ|"⟩

" ℕℕ|"⟩
  → 𝑁(𝑝4) 𝐴+	(𝑄) = 0) 𝑁(𝑝4) → 𝒈𝑨 

 

Γ& =.
',)

𝐴'∗𝐴) 𝑁' 𝑂 𝑁) 𝑒+,!- 𝑒+,"(/+-)	

𝑡

Γ" =.
'

𝐴'∗𝐴' 𝑒+,!/	

In the limit (𝜏 → ∞) only the ground state contributes. Then 

Otherwise, need to fit ΓL. This requires knowing 
the spectrum (energies Ei ) and amplitudes (Ai )

t − τ/2

τ :∞ 19 17 15 13
30

40

50

60

70

80

90

100

110

-10 -5 0 5 10

ΔE1 = 0.20(4), ΔM1 = 0.18(5)
χ2/28 = 1.84, p = 0.00
GP(n

2 = 1) = 66.7(5.1)

071m170

{4,3∗}



What do data look like?

t − τ/2

τ :∞ 19 17 15 13
1.00

1.05

1.10

1.15

1.20

−10 −5 0 5 10

Δ!E1 = 0.11(0), Δ !M1 = 0.19(1)

χ2/126 = 1.47, p = 0.00
GA(n

2 = 4) = 1.068(19)

071m170

{4Nπ,2sim}

t − τ/2

τ :∞ 19 17 15 13
1.00

1.05

1.10

1.15

1.20

−10 −5 0 5 10

ΔE1 = 0.19(4), ΔM1 = 0.18(5)

χ2/28 = 0.80, p = 0.76
GA(n

2 = 4) = 1.050(17)

071m170

{4,3∗}

t − τ/2

τ :∞ 19 17 15 13
0.75

0.80

0.85

0.90

0.95

1.00

1.05

−10 −5 0 5 10

Δ!E1 = 0.13(1), Δ !M1 = 0.28(2)

χ2/158 = 1.97, p = 0.00
GA(n

2 = 10) = 0.803(22)

071m170

{4Nπ,2sim}

t − τ/2

τ :∞ 19 17 15 13
0.70

0.75

0.80

0.85

0.90

0.95

1.00

1.05

−10 −5 0 5 10

ΔE1 = 0.23(4), ΔM1 = 0.18(5)

χ2/28 = 1.27, p = 0.16
GA(n

2 = 10) = 0.765(27)

071m170

{4,3∗}

t − τ/2

τ :∞ 16 14 12 10
1.20

1.25

1.30

1.35

1.40

1.45

-10 -5 0 5 10

ΔE1 = 0.24(3), ΔM1 = 0.24(3)
χ2/19 = 1.39, p = 0.12
GA(n

2 = 1) = 1.336(14)

091m170L

{4,3∗}

t − τ/2

τ :∞ 16 14 12 10
1.20

1.25

1.30

1.35

1.40

1.45

-10 -5 0 5 10

Δ!E1 = 0.12(1), Δ !M1 = 0.13(1)

χ2/90 = 2.00, p = 0.00
GA(n

2 = 1) = 1.412(26)

091m170L

{4Nπ,2sim}



Calculations of nucleon 2,3-point functions using LQCD are mature

𝑢𝛾#𝛾$𝑑All states |𝑖⟩ with 
the same quantum 
numbers as N  
contribute unless 
𝐴4 (or 𝐴6) is zero

ji

t
τ

Spectrum (energies Ei & amplitudes Ai ) and ME are extracted 
from fits to the spectral decomposition of 2- and 3-point functions

Γ%78 𝜏 	 =,
9

𝐴9 %𝑒:;"#

Radial excited States:
      N(1440), N(1710)
Towers of multihadrons states
𝑵 𝒌 𝝅 −𝒌  > 1200 MeV
𝑵 𝟎 𝝅 𝒌 𝝅 −𝒌  > 1200 MeV

removing ESC from multihadron states remains a challenge

Γ&
'() 𝑡, 𝜏 =,

*,,

𝐴*∗𝐴, 𝑖 𝑂 𝑗 𝑒./")./#(1.))

Extract 0 	𝑂|	0	⟩	



𝜒𝑃𝑇: 	𝑁𝜋 state coupling is large in the axial channel

n n×

𝐴!(𝜏)

𝜋

Enhanced coupling to 𝑁𝜋 state: Since the pion is light, 
the vertex     can be anywhere in the lattice 3-volume

n n
𝛕

𝐴!(𝜏)

𝜋

𝐴M∗	 𝑖 𝐴* 𝑗
∼ 𝑉#% ∼ 𝑉

𝛕

𝜒PT: Oliver Bär: Phys. Rev. D 99, 054506 (2019), Phys. Rev. D 100, 054507 (2019)



Main systematics in lattice calculations

• Statistics
– Signal falls as 𝑒. 4$.5.74% 1

• Excited state contributions (ESC)
– Towers of 𝑁𝜋 /𝑁𝜋𝜋 multihadron states starting at ~1200 MeV 
– Which (𝑁𝜋 /𝑁𝜋𝜋, radial, …) states contribute? 
– Fits to the spectral decomposition of Γ8 (truncated at 3 states)

• Chiral-Continuum-Finite-Volume (CCFV) extrapolation
– 𝜎9: a,M9, M9L = 	𝜎9: 0,M9 = 135MeV,∞ +⋯	

t − τ/2

τ :∞ 19 17 15 13
30

40

50

60

70

80

90

100

110

-10 -5 0 5 10

ΔE1 = 0.20(4), ΔM1 = 0.18(5)
χ2/28 = 1.84, p = 0.00
GP(n

2 = 1) = 66.7(5.1)

071m170

{4,3∗}



Signal-to-noise falls as 𝑒. 4$.5.74% 1	in nucleon n-point functions

On the other hand, to resolve a 
small mass gap, (M1 – M0 ), 
requires large 𝜏 

Variance: 𝑒.'/%1

n n

𝜏

n n

𝑛 𝑛

Signal: Γ; = 	𝑒./$1

M
e
ff
(τ
)

τ

A0 = 4.22(15)e− 10
M0 = 0.4153(21)
R1 = 0.622(44)

ΔM1 = 0.241(27)
R2 = 0.694(26)

ΔM2 = 0.510(26)
R3 = 0.522(50)

ΔM3 = 0.210(60)

FR: 2 − 20,
χ2/17 = 0.71, p = 0.80(2)

pr: 0.70(40)
pr: 0.29(5)
pr: 0.70(40)
pr: 0.60(40)
pr: 0.60(50)
pr: 0.30(25)

091m170L

{4}

Meff M0 fit

0.40

0.45

0.50

0.55

0.60

0.65

0 5 10 15 20

𝑀
%&
&
𝜏
=
ln

Γ'
(𝜏
)

Γ'
(𝜏
+
1)

Γ"
1-
𝜏
	
=
@ '

𝐴 '
" 𝑒

+
, !
/

S2N: 𝑒5 6257.963 : = 𝑒5;.<:|45
Signal has decayed to 2% by 1fm

Parisi (1983), Lepage (1987)



𝚪𝒏 → 𝑴𝑬 → Axial-vector Form Factors, 𝑮𝑨, /𝑮𝑷, 𝑮𝑷  
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Aµ

γµγ5
gA

Aµ

γµγ5
GA(Q2)

N(pf ) A
µ (q) N(pi ) = u(pf ) γ

µGA (q
2 )+ qµ

!GP (q
2 )

2M
⎡

⎣
⎢

⎤

⎦
⎥γ5u(pi )

On each [iso-symmetric] ensemble characterized by {𝑎,𝑀!, 𝑀!𝐿}

𝑁(𝑝O) 𝑃(𝑞) 𝑁(𝑝M)  = @𝑢 𝑝O 𝐺P 𝑞Q 𝛾'	𝑢(𝑝M)

PCAC [ 𝜕!𝐴! = 2𝑚𝑃 ] relates 𝐺R, H𝐺P , 𝐺P

∝ 1/𝑄*

Aµ

√
2 gπNN γ

5

√

2 qµFπ

∼
1

Q2+M2
π



1) PCAC (𝜕$𝐴$ = 2 3𝑚P) requires

𝜕*𝐴* = 𝐸S −𝑀+ 𝐴*

3) 𝐺R, H𝐺P  extracted from     𝑁(𝑝=) 𝐴>(𝑞) 𝑁(𝑝>)  
                     must be consistent with  𝑁(𝑝=) 𝐴?(𝑞) 𝑁(𝑝>)

2) In any [nucleon] ground state 

Constraints once FF are extracted from 
ground state matrix elements 



Satisfying PCAC relation

0.6

0.7

0.8

0.9

1.0

1.1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

R
1

+
R

2

Q2 [GeV2]

a15m310
a12m310

a12m220L
a12m220

a12m220S

a09m310
a09m220

a09m130W
a06m220
a06m135

0.6

0.7

0.8

0.9

1.0

1.1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

R
1

+
R

2

Q2 [GeV2]

Standard Analysis
Pre 2019

With 𝑁𝜋 
Post 2019

Data Driven Method: Y-C Jang et al, (PNDME)  PRL 124, 072002 (2020)



How large is the “𝑁𝜋”	effect?
Output of a simultaneous fit to 
𝐴" , 𝐴# , 𝑃  (called {4@A, 2B>C} fit) 

increases the form factors by:

𝐺$ ∼ 5 %
J𝐺% ∼ 45 %
𝐺% ∼ 45 %

t − τ/2

τ :∞ 19 17 15 13
30

40

50

60

70

80

90

100

110

-10 -5 0 5 10

ΔE1 = 0.20(4), ΔM1 = 0.18(5)
χ2/28 = 1.84, p = 0.00
GP(n

2 = 1) = 66.7(5.1)

071m170

{4,3∗}

t − τ/2

τ :∞ 19 17 15 13
30

40

50

60

70

80

90

100

110

-10 -5 0 5 10

Δ!E1 = 0.09(1), Δ !M1 = 0.10(1)

χ2/126 = 1.48, p = 0.00
GP(n

2 = 1) = 94.2(3.4)

071m170

{4Nπ,2sim}

Standard 3-state fit to 𝑃  Simultaneous 2-state fit to 
𝐴" , 𝐴# , 𝑃 	correlators

Y-C Jang, et al, (PNDME) PRD 109, 014503 (2024)



Comparing axial form factor from LQCD

A consensus is emerging

𝑔D = 1.281 53
𝑟DE = 0.498(56)fm2



Axial vector form factor

deuterium fit
hydrogen fit
PNDME

G
A

 (Q
2 )

0

0.5

1.0

Q2 [GeV2]
0 0.5 1.0 1.5 2.0



Comparing prediction of x-section using AFF 
from 𝜈 − 𝐷 and PNDME with MINERvA data

Oleksandr Tomalak, Rajan Gupta, Tanmoy Bhattacharya, PRD 108 (2023) 074514 

𝑄" < 0.2 GeV2  0.2 < 𝑄" < 1 𝑄" > 1 GeV2
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Mapping the AFF
• 0 < 𝑄Q < 0.2 GeV2  

– This region will get populated by simulations with 
𝑀! ≈ 135  MeV , a → 0, 𝑀!𝐿 > 4

– MINER𝜈A data has large errors
– Characterized by g$ and 𝑟$-

– G. Q-  parameterized by a z-expansion with a few terms 

• 0.2 < 𝑄Q < 1 GeV2

– Lattice data mostly from 𝑀! > 200  MeV simulations
– Competitive with MINER𝜈A data. Cross check of each other

• 𝑄Q > 1 GeV2

– Lattice needs new ideas
– MINER𝜈A and future experiments



Electric & Magnetic FF

• The extraction of electric and magnetic form factors is insensitive to the 
details of the excited states

• Vector meson dominance ➝ 𝑁𝜋𝜋 state should contribute (some evidence)
• The form factors do not show significant dependence on the lattice spacing 

or the quark mass 
• Good agreement with the Kelly curve. Validates the lattice methodology
• Improve precision and get data over larger range of parameter values
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Summary
• Challenges in lattice calculations of nucleon matrix elements:

– Signal to noise degrades as 𝑒+ 6(+7.96) - 

– removing multi-hadron excited states to get ground state ME 

– including multi-hadron in initial and/or final state for transition ME 

• Continue to develop a robust analysis strategy for identifying and 
removing dominant excited states in various nucleon matrix elements 

• Improve chiral and continuum extrapolation. Simulate at more {𝑎,𝑀A} 

• Current 0.04 < 	𝑄E < 1 GeV2.   Extend to larger Q2 for DUNE  

• Transition matrix elements

• Goal: Perform a comprehensive analysis of scattering data with input 
of lattice results for 𝑔D, 𝐺F 𝑄E , 𝐺6 𝑄E , 𝐺D 𝑄E , ;𝐺G 𝑄E

Improvements in algorithms and computing power
are needed to reach few percent precision


