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Overview

• Heavy Quark Systems: 

• cc, bb, bc, ccc, ccb, cbb and bbb. Very narrow states (no Zweig allowed strong 
decays) below threshold.  Above threshold resonances and exotic states. 

• Heavy quarks (c or b) plus light degrees of freedom: 

•  Heavy-light mesons (cq, bq) q = u,d,s.  Generally strong decays above 
ground states.  

• Tetraquark systems - some ground states are actually stable. 

• Doubly heavy baryons : ccq, bbq,{bc}q and [bc]q.  Can any excited states 
be narrow?

— — —

— —

Notation :       j = total angular momentum of the light system      =  l + s

                                    Jh = total angular momentum of the heavy quark system 


J = j + Jh    

                          Jh = sQ   (static quark)      Jh = Lh +Sh (for a multi heavy quark system)


What  heavy quark states with very narrow widths remain to be observed ?
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Heavy-Light Mesons

• D and B:  

• The excited 1P states have strong decays by pion transitions to the 1S states. 

•  Decay widths depend on phase space and partial wave. D*0, D1, D1, D*2: 229, 314, 31, 47 
MeV:  and B*0, B1, B1, B*2+ : wide, wide, 31, 24 MeV 

• Ds  and  Bs :  

• The  Ds  jP = 1/2+   P states are very narrow. 

• No allowed strong decays. 

• Independent of their composition. 

• Strong decays [D(*) + K] for the states jP =3/2+  (Ds1 and Ds2). 

• For the Ds P-states all are observed and decays measured

For the P states :      jP            JP 

                                                 2+    
                    3/2+                                                  1+ 

                                                  1+                    1/2+ 

                                                  0+

3/23



Citation: R.L. Workman et al. (Particle Data Group), Prog.Theor.Exp.Phys. 2022, 083C01 (2022)

• • • We do not use the following data for averages, fits, limits, etc. • • •

349.6±0.4±3.0 1267 8,9 AUBERT 03G BABR 10.6 e+ e−

350.2±1.3 273 10,11 AUBERT 03G BABR 10.6 e+ e−

7Recalculated by us using m
D

+
s

= 1968.5 ± 0.6 MeV.

8 From D
+
s

→ K+K−π+ decay.
9Recalculated by us using m

D
+
s

= 1967.20 ± 0.03 MeV.

10 From D
+
s

→ K+K−π+π0 decay.
11Recalculated by us using m

D
+
s

= 1967.4 ± 0.2 MeV. Systematic errors not estimated.

D∗
s0(2317)

± WIDTHD∗
s0(2317)

± WIDTHD∗
s0(2317)

± WIDTHD∗
s0(2317)

± WIDTH

VALUE (MeV) CL% EVTS DOCUMENT ID TECN COMMENT

< 3.8< 3.8< 3.8< 3.8 95 3180 AUBERT 06P BABR 10.6 e+ e− → D
+
s

π0X

• • • We do not use the following data for averages, fits, limits, etc. • • •

< 4.6 90 761 MIKAMI 04 BELL 10.6 e+ e−

<10 AUBERT 03G BABR 10.6 e+ e−

< 7 90 135 BESSON 03 CLE2 10.6 e+ e−

D∗
s0(2317)

± DECAY MODESD∗
s0(2317)

± DECAY MODESD∗
s0(2317)

± DECAY MODESD∗
s0(2317)

± DECAY MODES

D∗
s0(2317)

− modes are charge conjugates of modes below.

Mode Fraction (Γi /Γ) Confidence level

Γ1 D+
s
π
0 (100+ 0

−20) %

Γ2 D+
s
γ < 5 % 90%

Γ3 D∗
s
(2112)+γ < 6 % 90%

Γ4 D+
s
γ γ < 18 % 95%

Γ5 D∗
s
(2112)+π

0
< 11 % 90%

Γ6 D+
s
π
+
π
−

< 4 × 10−3 90%

Γ7 D+
s
π
0
π
0 not seen

D∗
s0(2317)

± BRANCHING RATIOSD∗
s0(2317)

± BRANCHING RATIOSD∗
s0(2317)

± BRANCHING RATIOSD∗
s0(2317)

± BRANCHING RATIOS

Γ
(

D+
s
π
0
)

/Γtotal Γ1/ΓΓ
(

D+
s
π
0
)

/Γtotal Γ1/ΓΓ
(

D+
s
π
0
)

/Γtotal Γ1/ΓΓ
(

D+
s
π
0
)

/Γtotal Γ1/Γ
VALUE EVTS DOCUMENT ID TECN COMMENT

1.00+0.00
−0.14

+0.00
−0.14

1.00+0.00
−0.14

+0.00
−0.141.00+0.00

−0.14
+0.00
−0.14

1.00+0.00
−0.14

+0.00
−0.14 47 ABLIKIM 18J BES3 4.6 e+ e− →

D
∗±
s

D∗
s0(2317)

∓

• • • We do not use the following data for averages, fits, limits, etc. • • •

seen 1.5k AUBERT 03G BABR 10.6 e+ e−
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Ds1(2460)
+ DECAY MODESDs1(2460)
+ DECAY MODESDs1(2460)
+ DECAY MODESDs1(2460)
+ DECAY MODES

Ds1(2460)
− modes are charge conjugates of the modes below.

Scale factor/
Mode Fraction (Γi /Γ) Confidence level

Γ1 D∗+
s

π
0 (48 ±11 ) %

Γ2 D+
s
γ (18 ± 4 ) %

Γ3 D+
s
π
+
π
− ( 4.3± 1.3) % S=1.1

Γ4 D∗+
s

γ < 8 % CL=90%

Γ5 D∗
s0(2317)

+
γ ( 3.7+ 5.0

− 2.4) %

Γ6 D+
s
π
0

Γ7 D+
s
π
0
π
0

Γ8 D+
s
γ γ

CONSTRAINED FIT INFORMATIONCONSTRAINED FIT INFORMATIONCONSTRAINED FIT INFORMATIONCONSTRAINED FIT INFORMATION

An overall fit to 7 branching ratios uses 8 measurements and one

constraint to determine 5 parameters. The overall fit has a χ2 =
3.4 for 4 degrees of freedom.

The following off-diagonal array elements are the correlation coefficients
〈

δxiδxj

〉

/(δxi·δxj), in percent, from the fit to the branching fractions, xi ≡

Γi/Γtotal. The fit constrains the xi whose labels appear in this array to sum to
one.

x2 80

x3 68 62

x5 −3 25 26

x1 x2 x3

Ds1(2460)
± BRANCHING RATIOSDs1(2460)
± BRANCHING RATIOSDs1(2460)
± BRANCHING RATIOSDs1(2460)
± BRANCHING RATIOS

Γ
(

D∗+
s

π
0
)

/Γtotal Γ1/ΓΓ
(

D∗+
s

π
0
)

/Γtotal Γ1/ΓΓ
(

D∗+
s

π
0
)

/Γtotal Γ1/ΓΓ
(

D∗+
s

π
0
)

/Γtotal Γ1/Γ
VALUE EVTS DOCUMENT ID TECN COMMENT

0.48±0.11 OUR FIT0.48±0.11 OUR FIT0.48±0.11 OUR FIT0.48±0.11 OUR FIT

0.56±0.13±0.090.56±0.13±0.090.56±0.13±0.090.56±0.13±0.09 11 AUBERT 06N BABR B → Ds1(2460)
−D(∗)

• • • We do not use the following data for averages, fits, limits, etc. • • •

seen 41 BESSON 03 CLE2 10.6 e+ e−

11Evaluated in AUBERT 06N including measurements from AUBERT,B 04S.

Γ
(

D+
s
γ
)

/Γtotal Γ2/ΓΓ
(

D+
s
γ
)

/Γtotal Γ2/ΓΓ
(

D+
s
γ
)

/Γtotal Γ2/ΓΓ
(

D+
s
γ
)

/Γtotal Γ2/Γ
VALUE DOCUMENT ID TECN COMMENT

0.18±0.04 OUR FIT0.18±0.04 OUR FIT0.18±0.04 OUR FIT0.18±0.04 OUR FIT

0.16±0.04±0.030.16±0.04±0.030.16±0.04±0.030.16±0.04±0.03 12 AUBERT 06N BABR B → Ds1(2460)
−D(∗)

12 Evaluated in AUBERT 06N including measurements from AUBERT,B 04S.
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TABLE I: The heavy-light spectrum compared to experiment. We report the difference between the excited state masses and
the ground state (D or B) in each case. We have assumed that ∆M(mc) = ∆M(mb) = ∆M(∞) = 349 MeV.

charmed meson masses [MeV] bottom meson masses [MeV]
model experiment model experiment

D∗0
−D0 142 [a] 142.12 ± 0.07 B∗0

−B0 46 [a] 45.78 ± 0.35
D∗+

−D+ 141 [a] 140.64 ± 0.10 B∗+
−B+ 46 [a] 45.78 ± 0.35

D∗+
s −D+

s 144 [a] 143.8 ± 0.41 B∗+
s −B+

s 47 [a] 47.0± 2.6
D0(0+)−D0 349 B0(0+)−B0 349
D+(0+)−D+ 349 B+(0+)−B+ 349
D+

s (0+)−D+
s 349 [a] 349± 1.3 [b] B+

s (0+)−B+
s 349

D0(1+)−D0(0+) 142 B0(1+)−B0(0+) 46
D+(1+)−D+(0+) 141 B+(1+)−B+(0+) 46
D+

s (1+)−D+
s (0+) 144 B+

s (1+)−B+
s (0+) 47

[a] Experimental input to model parameters fit. [b] BaBar result [1].

TABLE II: The predicted hadronic and electromagnetic transistion rates for narrow jPl = 1/2−(1S) and jPl = 1/2+(1P ) heavy-
light states. “Overlap” is the reduced matrix element overlap integral; “dependence” refers to the sensitive model parameters, as
defined in the text. We take GA = 1 and extract gA from a fit to the D+∗ total width. Note that the cs transitions are sensitive
to rcs; if we implement the observed ratio of branching fractions (Ds(1−) → Ds(0−)π0)/Γ(Ds(1−) → Ds(0−)γ) = 0.062±0.026
then the E1 radiative transitions for the cs system should be reduced by a factor of ∼ 3

system transition Q(keV) overlap dependence Γ (keV) exptl BR

(cu) 1− → 0− + γ 137 0.991 rcu 33.5 (38.1 ± 2.9)%
1− → 0− + π0 137 gA 43.6 (61.9 ± 2.9)%

total 77.1
(cd) 1− → 0− + γ 136 0.991 rcd 1.63 (1.6± 0.4)%

1− → 0− + π0 38 gA 30.1 (30.7 ± 0.5)%
1− → 0− + π+ 39 gA 65.1 (67.7 ± 0.5)%

total 96.8 96± 22
(cs) 1− → 0− + γ 138 0.992 rcs 0.43 (94.2 ± 2.5)%

1− → 0− + π0 48 gAδηπ0 0.0079 (5.8± 2.5)%
total 0.44

(cs) 0+ → 1− + γ 212 2.794 rcs 1.74
0+ → 0− + π0 297 GAδηπ0 21.5

total 23.2
(cs) 1+ → 0+ + γ 138 0.992 r′cs 2.74

1+ → 0+ + π0 48 gAδηπ0 0.0079
1+ → 1− + γ 323 2.638 rcs 4.66
1+ → 0− + γ 442 2.437 rcs 5.08
1+ → 1− + π0 298 GAδηπ0 21.5
1+ → 0− + 2π 221 gAδσ1σ3

4.2
total 38.2

(bu) 1− → 0− + γ 46 0.998 rbu 0.78
total 0.78

(bd) 1− → 0− + γ 46 0.998 rbd 0.24
total 0.24

(bs) 1− → 0− + γ 47 0.998 rbs 0.15
total 0.15

(bs) 0+ → 1− + γ 293 2.536 rbs 58.3
0+ → 0− + π0 297 GAδηπ0 21.5

total 79.8
(bs) 1+ → 0+ + γ 47 0.998 r′

bs
0.061

1+ → 1− + γ 335 2.483 rbs 56.9
1+ → 0− + γ 381 2.423 rbs 39.1
1+ → 1− + π0 298 GAδηπ0 21.5
1+ → 0− + 2π 125 gAδσ1σ3

0.12
total 117.7
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PDG 2024

E. E. and W. Bardeen 

PR D68 054024 2003

Detailed measurements of the branching ratios can distinguish models.  Molecular (D K)  or  (cs) P state? 

Note the ratio of 

(D1->D* + ɣ)/(D1->D + ɣ).

Heavy-Light Decays
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Citation: R.L. Workman et al. (Particle Data Group), Prog.Theor.Exp.Phys. 2022, 083C01 (2022)

• • • We do not use the following data for averages, fits, limits, etc. • • •

349.6±0.4±3.0 1267 8,9 AUBERT 03G BABR 10.6 e+ e−
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D

+
s
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+
s
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9Recalculated by us using m

D
+
s
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10 From D
+
s
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D
+
s

= 1967.4 ± 0.2 MeV. Systematic errors not estimated.

D∗
s0(2317)

± WIDTHD∗
s0(2317)

± WIDTHD∗
s0(2317)

± WIDTHD∗
s0(2317)

± WIDTH

VALUE (MeV) CL% EVTS DOCUMENT ID TECN COMMENT

< 3.8< 3.8< 3.8< 3.8 95 3180 AUBERT 06P BABR 10.6 e+ e− → D
+
s

π0X

• • • We do not use the following data for averages, fits, limits, etc. • • •

< 4.6 90 761 MIKAMI 04 BELL 10.6 e+ e−

<10 AUBERT 03G BABR 10.6 e+ e−

< 7 90 135 BESSON 03 CLE2 10.6 e+ e−

D∗
s0(2317)

± DECAY MODESD∗
s0(2317)

± DECAY MODESD∗
s0(2317)

± DECAY MODESD∗
s0(2317)

± DECAY MODES

D∗
s0(2317)

− modes are charge conjugates of modes below.

Mode Fraction (Γi /Γ) Confidence level

Γ1 D+
s
π
0 (100+ 0

−20) %

Γ2 D+
s
γ < 5 % 90%

Γ3 D∗
s
(2112)+γ < 6 % 90%

Γ4 D+
s
γ γ < 18 % 95%

Γ5 D∗
s
(2112)+π

0
< 11 % 90%

Γ6 D+
s
π
+
π
−

< 4 × 10−3 90%

Γ7 D+
s
π
0
π
0 not seen

D∗
s0(2317)

± BRANCHING RATIOSD∗
s0(2317)

± BRANCHING RATIOSD∗
s0(2317)

± BRANCHING RATIOSD∗
s0(2317)

± BRANCHING RATIOS

Γ
(

D+
s
π
0
)

/Γtotal Γ1/ΓΓ
(

D+
s
π
0
)

/Γtotal Γ1/ΓΓ
(

D+
s
π
0
)

/Γtotal Γ1/ΓΓ
(

D+
s
π
0
)

/Γtotal Γ1/Γ
VALUE EVTS DOCUMENT ID TECN COMMENT

1.00+0.00
−0.14

+0.00
−0.14

1.00+0.00
−0.14

+0.00
−0.141.00+0.00

−0.14
+0.00
−0.14

1.00+0.00
−0.14

+0.00
−0.14 47 ABLIKIM 18J BES3 4.6 e+ e− →

D
∗±
s

D∗
s0(2317)

∓

• • • We do not use the following data for averages, fits, limits, etc. • • •

seen 1.5k AUBERT 03G BABR 10.6 e+ e−
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Ds1(2460)
+ DECAY MODESDs1(2460)
+ DECAY MODESDs1(2460)
+ DECAY MODESDs1(2460)
+ DECAY MODES

Ds1(2460)
− modes are charge conjugates of the modes below.

Scale factor/
Mode Fraction (Γi /Γ) Confidence level

Γ1 D∗+
s

π
0 (48 ±11 ) %

Γ2 D+
s
γ (18 ± 4 ) %

Γ3 D+
s
π
+
π
− ( 4.3± 1.3) % S=1.1

Γ4 D∗+
s

γ < 8 % CL=90%

Γ5 D∗
s0(2317)

+
γ ( 3.7+ 5.0

− 2.4) %

Γ6 D+
s
π
0

Γ7 D+
s
π
0
π
0

Γ8 D+
s
γ γ

CONSTRAINED FIT INFORMATIONCONSTRAINED FIT INFORMATIONCONSTRAINED FIT INFORMATIONCONSTRAINED FIT INFORMATION

An overall fit to 7 branching ratios uses 8 measurements and one

constraint to determine 5 parameters. The overall fit has a χ2 =
3.4 for 4 degrees of freedom.

The following off-diagonal array elements are the correlation coefficients
〈

δxiδxj

〉

/(δxi·δxj), in percent, from the fit to the branching fractions, xi ≡

Γi/Γtotal. The fit constrains the xi whose labels appear in this array to sum to
one.

x2 80

x3 68 62

x5 −3 25 26

x1 x2 x3

Ds1(2460)
± BRANCHING RATIOSDs1(2460)
± BRANCHING RATIOSDs1(2460)
± BRANCHING RATIOSDs1(2460)
± BRANCHING RATIOS

Γ
(

D∗+
s

π
0
)

/Γtotal Γ1/ΓΓ
(

D∗+
s

π
0
)

/Γtotal Γ1/ΓΓ
(

D∗+
s

π
0
)

/Γtotal Γ1/ΓΓ
(

D∗+
s

π
0
)

/Γtotal Γ1/Γ
VALUE EVTS DOCUMENT ID TECN COMMENT

0.48±0.11 OUR FIT0.48±0.11 OUR FIT0.48±0.11 OUR FIT0.48±0.11 OUR FIT

0.56±0.13±0.090.56±0.13±0.090.56±0.13±0.090.56±0.13±0.09 11 AUBERT 06N BABR B → Ds1(2460)
−D(∗)

• • • We do not use the following data for averages, fits, limits, etc. • • •

seen 41 BESSON 03 CLE2 10.6 e+ e−

11Evaluated in AUBERT 06N including measurements from AUBERT,B 04S.

Γ
(

D+
s
γ
)

/Γtotal Γ2/ΓΓ
(

D+
s
γ
)

/Γtotal Γ2/ΓΓ
(

D+
s
γ
)

/Γtotal Γ2/ΓΓ
(

D+
s
γ
)

/Γtotal Γ2/Γ
VALUE DOCUMENT ID TECN COMMENT

0.18±0.04 OUR FIT0.18±0.04 OUR FIT0.18±0.04 OUR FIT0.18±0.04 OUR FIT

0.16±0.04±0.030.16±0.04±0.030.16±0.04±0.030.16±0.04±0.03 12 AUBERT 06N BABR B → Ds1(2460)
−D(∗)

12 Evaluated in AUBERT 06N including measurements from AUBERT,B 04S.
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TABLE I: The heavy-light spectrum compared to experiment. We report the difference between the excited state masses and
the ground state (D or B) in each case. We have assumed that ∆M(mc) = ∆M(mb) = ∆M(∞) = 349 MeV.

charmed meson masses [MeV] bottom meson masses [MeV]
model experiment model experiment

D∗0
−D0 142 [a] 142.12 ± 0.07 B∗0

−B0 46 [a] 45.78 ± 0.35
D∗+

−D+ 141 [a] 140.64 ± 0.10 B∗+
−B+ 46 [a] 45.78 ± 0.35

D∗+
s −D+

s 144 [a] 143.8 ± 0.41 B∗+
s −B+

s 47 [a] 47.0± 2.6
D0(0+)−D0 349 B0(0+)−B0 349
D+(0+)−D+ 349 B+(0+)−B+ 349
D+

s (0+)−D+
s 349 [a] 349± 1.3 [b] B+

s (0+)−B+
s 349

D0(1+)−D0(0+) 142 B0(1+)−B0(0+) 46
D+(1+)−D+(0+) 141 B+(1+)−B+(0+) 46
D+

s (1+)−D+
s (0+) 144 B+

s (1+)−B+
s (0+) 47

[a] Experimental input to model parameters fit. [b] BaBar result [1].

TABLE II: The predicted hadronic and electromagnetic transistion rates for narrow jPl = 1/2−(1S) and jPl = 1/2+(1P ) heavy-
light states. “Overlap” is the reduced matrix element overlap integral; “dependence” refers to the sensitive model parameters, as
defined in the text. We take GA = 1 and extract gA from a fit to the D+∗ total width. Note that the cs transitions are sensitive
to rcs; if we implement the observed ratio of branching fractions (Ds(1−) → Ds(0−)π0)/Γ(Ds(1−) → Ds(0−)γ) = 0.062±0.026
then the E1 radiative transitions for the cs system should be reduced by a factor of ∼ 3

system transition Q(keV) overlap dependence Γ (keV) exptl BR

(cu) 1− → 0− + γ 137 0.991 rcu 33.5 (38.1 ± 2.9)%
1− → 0− + π0 137 gA 43.6 (61.9 ± 2.9)%

total 77.1
(cd) 1− → 0− + γ 136 0.991 rcd 1.63 (1.6± 0.4)%

1− → 0− + π0 38 gA 30.1 (30.7 ± 0.5)%
1− → 0− + π+ 39 gA 65.1 (67.7 ± 0.5)%

total 96.8 96± 22
(cs) 1− → 0− + γ 138 0.992 rcs 0.43 (94.2 ± 2.5)%

1− → 0− + π0 48 gAδηπ0 0.0079 (5.8± 2.5)%
total 0.44

(cs) 0+ → 1− + γ 212 2.794 rcs 1.74
0+ → 0− + π0 297 GAδηπ0 21.5

total 23.2
(cs) 1+ → 0+ + γ 138 0.992 r′cs 2.74

1+ → 0+ + π0 48 gAδηπ0 0.0079
1+ → 1− + γ 323 2.638 rcs 4.66
1+ → 0− + γ 442 2.437 rcs 5.08
1+ → 1− + π0 298 GAδηπ0 21.5
1+ → 0− + 2π 221 gAδσ1σ3

4.2
total 38.2

(bu) 1− → 0− + γ 46 0.998 rbu 0.78
total 0.78

(bd) 1− → 0− + γ 46 0.998 rbd 0.24
total 0.24

(bs) 1− → 0− + γ 47 0.998 rbs 0.15
total 0.15

(bs) 0+ → 1− + γ 293 2.536 rbs 58.3
0+ → 0− + π0 297 GAδηπ0 21.5

total 79.8
(bs) 1+ → 0+ + γ 47 0.998 r′

bs
0.061

1+ → 1− + γ 335 2.483 rbs 56.9
1+ → 0− + γ 381 2.423 rbs 39.1
1+ → 1− + π0 298 GAδηπ0 21.5
1+ → 0− + 2π 125 gAδσ1σ3

0.12
total 117.7
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Detailed measurements of the branching ratios can distinguish models.  Molecular (D K)  or  (cs) P state? 

Note the ratio of 

(D1->D* + ɣ)/(D1->D + ɣ).
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TABLE XII. Methods of distinguishing different interpretations of 4.16-GeV structure. The
definition of BD is given by Eq. (5.21) in the text.

Observables 2D state

Possible interpretation of 4.16-GeV structure
Threshold

4$ state structure

Behavior of BD in the
4.1 to 4.2 GeV region

Increases
sharply by
factor -3-4

Slowly
varying

Slowly
varying

Minimum in R between
4.03 and 4.16 GeV

Cannot
vanish

May
vanish

May
vanish

Opening of a new
threshold

Not
necessary

Not
necessary

Must be a major
fraction of charmed
states at 4.16 GeV

This test is complicated by the difference in D
and D* masses which leads to different momenta
for the two decays at the same total energy. The
4.028 state however fits well as the 3S state when
the momentum difference is taken into account.
Then the expected value is BD g—' for an S state10
and B~ -—, for a D state, while the measured
ratio' ' ' at 4.028 GeV is BD ~ —'.10
As explained previously, beyond -4. 3 GeV our

model calculation breaks down. The small struc-
ture in our computed R at 4. 16 GeV is due to the
2'D, charmonium level, mixed with 3'S,. The po-
tential model discussed in Sec. II also places the
2D at 4. 19 GeV. Therefore, we interpret the ap-
parent resonance seen in Fig. 15 near 4. 16 GeV
as the 2D state. In the coup1, ed-channel calcula-
tion, we find very little mixing with the 3S state
because there are no important nearby thresholds;
in particular, F production is only about 1/~ of D
production in this region.
There are two other possible interpretations of

the 4. 16-GeV structure: (i) as the 4S state favored
by the logarithmic potent-ial model; (ii) as a
threshold structure similar to that at 3.95 GeV.
When better data become available, these can be
distinguished by the considerations given in Table
XII.
Finally, we briefly consider the structure ob-

served in the 4.4-GeV region. The dip at 4.28
GeV seen in Fig. 15 suggests that the 4.4-GeV
object is a new S-state resonance that is not
strongly coupled to the resonances in the 3.9—4. 2
GeV region. We also emphasize that many new
thresholds open in this region, in particular those
for P-wave charmed mesons. For the latter we
use the notation D(Pz ~), where j is the total angu-
lar momentum of the light quark. Thus D*D(P)
+D*D(P) and D(P)D+D(P)D are expected to be
important. Of these D(P», ~)D+D(P~~2, )D might

TABLE XIII. New open channels in e+e annihilation in
the 4.2 to 4.5 GeV region. The notation D(P, z) denotes a
P-state charmed meson of spin J, and j is the total
angular momentum of the light quark. These masses are
for the neutral mesons.

Channel
ThreshoM Statistical

Mass (GeV) behavior factor

DD(Pt/2, o)

DD(Pg)2 1)

D +D(P)y2, p)

D*D(Pg(2 1)

DD(P3y2 2)

DD(P3)P ))

D +D(P3)2,)
D*D(P3(2 2)

4.22
4.23
4.36
4.37
4.37
4.36
4.51
4.52

Forbidden

8 wave

S wave

$ wave
D wave

D wave

D wave

D wave

3

2

3

3

2
3

3

3

be especially prominent because of its large statis-
tical weight and available phase space. D(P,&»)
decays strongly into D*m, and is therefore expected
to have a normal hadronic width. At 8'=4.415
GeV there is such an enhancement observed' in the
recoil spectrum of D0 at a mass of 2.45 GeV
[roughly the expected mass of the D(P,&») state
shown in Fig. 18].
In the Appendix we have estimated the masses

of the excited charmed mesons. The results are
shown in Figs. 17 an/ 18. We find that the first
charmed & states are approximately 250 MeV be-
low the first radial excitations of the S-wave
charmed mesons. Thus, DD(P) and D*D(P) are
the new low-lying thresholds that occur in the
4.2-4. 5 GeV region. Properties of these new
channels are listed in Table XIII.

Threshold

4295

4307

4437

4326

4287

4429

4466

 BESIII

Study the DP + D(*) states in e+e- [Y(4260) structure].   Some have S wave thresholds but are very wide (227, 314 MeV). 

The states produced in D wave are narrow Γ~ 31,47 MeV.  All will be seen in D(*) + D(*) + π final states

 

 BELLE 2

B(*) + BP(3/2+):   11,005; 11,016; 11,051; 11,062

 D  DP*0

D  DP1


 D* DP*0

D* DP1

 D  DP*2

D  DP1

D* DP1 


 D* DP*2


Search for BP(jl=1/2) states recoiling against a  
 reconstructed B or B* at the 
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• The (1P) Bs  system is not complete experimentally.


• Many approaches RQM, ChPT, Lattice, Coupled channels,…


• HQET in lattice QCD is an interesting approach.


• Green et. al. concluded that both B*s(0+)and Bs(1+) are below threshold 
for strong decays

J
P 0+ 1+

mass [MeV]

rel. quark model [65] 5804 5842

rel. quark model [66] 5833 5865

rel. quark model [67] 5830 5858

nonrel. quark model [68] 5788 5810

quark model (KKMT) [94] 5719 5765

LO �� SU(3) [19] 5643 5690

Bardeen, Eichten, Hill [95] 5718± 35 5765± 35

LO UChPT [25, 26] 5725± 39 5778± 7

NLO UHMChPT [31] 5696± 20± 30 5742± 20± 30

NLO UHMChPT [96] 5720+16
�23 5772+15

�21

HQET + ChPT [69] 5706.6± 1.2 5765.6± 1.2

Covariant ChPT [70] 5726± 28 5778± 26

local hidden gauge [71] 5475.4 ⇠ 5457.5 5671.2 ⇠ 5663.6

heavy meson chiral unitary [72] 5709± 8 5755± 8

lattice QCD [97] 5752± 16± 5± 25 5806± 15± 5± 25

lattice QCD [93] 5713± 11± 19 5750± 17± 19

this work 5730.2+2.4
�1.5 5769.6+2.4

�1.6

P (b̄s)[%] heavy meson chiral unitary [72] 48.2± 1.5/54.2± 1.1 50.3± 1.4/51.7± 1.3

this work 54.7+5.2
�4.1 56.7+4.6

�3.7

Table 3. The comparison of the Bs pole masses (MeV) and the contents of bare cores extracted
in this work with those from other theoretical works and lattice QCD. In this work, the content of
the bare b̄s cores in the Bs states, denoted as P (b̄s), is extracted at L = 5 fm. The errors on our
masses and probabilities are obtained from the errors of the parameters in Eq.(3.1).

– 11 –

Zhi Yang et.al ,  arXiv: 2207.07320

A. Lattice spectrum

We average the values discussed above of the various
excitation energies, weighting relatively more small lattice
spacing, large volume and quark masses close to strange.
Thus we obtain r0!E of 1.07"7# for P! ; 1.33"13# for P" .
The next excited level is the 2S which is at 1.25(!13,
"50); this is an average based on the larger volume studies
but with the error reflecting our results at finer lattice spac-
ing. For the D waves there is also a large spread so we quote
a range: for D! from 2.2 to 3.1, while for D" from 2.2 to
3.5. For the F wave, we only have an operator which excites
both F" and F! so that our result is for an average of these
two states, with an excitation energy around 3.4 to 4.4.
We need a value of the scale r0 appropriate to light quark

spectroscopy, since the dynamics of the light quark is the
main aspect of heavy-light mesons. Thus we do not use val-
ues of r0 from heavy-heavy studies "which tend to give
somewhat smaller values of r0 and hence larger energy gaps
in GeV# but an average of those from light-light mesons
which span the range from 0.5 to 0.55 fm, namely 0.525
#0.025; for a discussion see Ref. $18%. This value of r0 ,
combined with the estimate of the mass of the pseudoscalar
meson made from strange quarks $19% of 687 to 695 MeV
yields r0m&'1.84 which sets the scale for the strange quark.
In our application to the heavy-light mesons with Nf$2

flavors of sea quark, we have used valence quarks identical
to the sea quarks, which is the case where the theory is fully
unitary. This can be interpreted in two ways—first as apply-
ing to the spectrum of excited bn̄ states "where n is u or d)
with quark masses heavier than the physical values. Indeed
in the tables we give the pseudoscalar meson mass obtained
by combining these light quarks. On the other hand, for our
application to the bs̄ system, we have also used valence
quark masses identical to the sea-quark mass. In the real
world, however, there is only one flavor of strange quark, so
we can interpret our results as from one flavor of strange
valence quark propagating in a sea with two flavors of light
quarks whose mass happens to correspond to the valence
quark mass. This is effectively treating the strange quark as
partially quenched and further studies would be needed to
treat fully all three flavors of light quark in the sea.
In principle one can calculate corrections to the heavy

quark limit from the lattice, as discussed later. Here, how-
ever, we adopt a more modest strategy and make partial use
of experimental data. Thus to interpolate to b quarks we
combine our results in the static limit with experimental data
$8,17% for the cs̄ system as shown in Fig. 4. See Table III for
a summary. For the P! state the experimental excitation en-
ergy for charm quarks is 349 MeV while we obtain for static
quarks 404"31# MeV. Thus the interpolation to b quarks in-
volves only small shifts—leading to 386"31# MeV. This is
close to the threshold for decay emitting a kaon "a mass gap
of 404 MeV# and probably below it. So we do expect this bs̄
scalar meson to be very narrow, as was found for the cs̄
counterpart $8%. The associated axial meson at 434"31# MeV
above the Bs will be close to the B*K threshold "at 450
MeV# and should also be very narrow. The P" states lie

above the BK threshold but since these states decay in a D
wave, the centrifugal barrier effects will cause them to have
narrow widths.
For the 2S , D, F states, we do not have any cs̄ counter-

part available from experiment to allow this interpolation.
Assuming, however, that the slopes versus mc /mQ are simi-
lar to those for the P-wave case, then the static energy values
will be a good approximation to those for b quarks. Our
central mass estimates "see Table III# for the 2S pseudoscalar
"and vector# states are that they will be sufficiently light that
they lie close to the B*K "BK for vector# threshold at 450
MeV "404 MeV# and so are very narrow.
The only experimental observation $17% of an excited Bs

state is the Bs(5850) which lies 483 MeV heavier than the Bs
and has a width of 47"22# MeV. This mass value is indeed in
the region where we predict a rich spectrum of excited bs̄
states.
As we see no sign of a significant light quark mass de-

pendence in our excitation energies, we can use our results to

FIG. 4. The energies in MeV of P-wave excited states relative to
the ground state (JP$0!) heavy-light meson with a heavy quark
mass mQ and a light quark which is strange. Data from experiment
are plotted for charm and for b quarks while our lattice results are
shown for static quarks. The 2S excitation "from our larger volume
results# is also shown. The dotted vertical line gives the interpolated
value appropriate for b quarks. The BK and B*K thresholds are also
shown. These are the lightest isospin-conserving decay modes al-
lowed by strong interactions.

TABLE III. Lattice results for the energies of bs̄ orbital (L
$1) and radial (2S) excited states.

JP M (Bs*)!M (Bs) MeV

0" 386#31
1" 434#31
1" 522#52
2" 534#52
0! 470"188!52
1! 470"188!52

GREEN et al. PHYSICAL REVIEW D 69, 094505 "2004#

094505-4

UKQCD Collaboration, 

A. M. Green et. al. PRD 69, 094505 (2004)

B+K, B*+K (thresholds)  =  5777, 5793  

Are the jl =1/2  1P(jl=1/2)(bs) states wide or very narrow ?
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• Theoretical question: What is mass difference between the 1P (jP = 3/2+) and 
(jP =1/2+) meson states in QCD? (+,0,or -)?    

• For a light quark moving in a static source in a funnel potential:  A s·L                              
(A>0  SE   A<0 DE)    

• HQET on the lattice can resolve this but still results not yet accurate enough. 

• Using the form M(jP) = M0 + M1/mQ : We use the known jP =3/2+ states 
masses,          to find as 1/mQ -> 0   M(3/2+) - M(1/2-) = 423 MeV.  (Below 
threshold for strong decay.) 

• Hence for potential models, knowing  M(1/2+) - M(1/2-) for 1/mQ -> 0 can 
predict the value M(B1) and M(B*0)  

• However, including the effects of coupling to the strong decay channels or in 
molecular model the distance of the state from the two body strong decay 
threshold  is critical.   So would not expect this simple behavior. 
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Mode Fraction (Γi /Γ)

Γ1 B+K− DEFINED AS 1DEFINED AS 1DEFINED AS 1DEFINED AS 1

Γ2 B∗+K− 0.093±0.018

Γ3 B0K0
S 0.43 ±0.11

Γ4 B∗0K0
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Γ
(

B+K−
)

/Γtotal Γ1/ΓΓ
(

B+K−
)

/Γtotal Γ1/ΓΓ
(

B+K−
)

/Γtotal Γ1/ΓΓ
(

B+K−
)

/Γtotal Γ1/Γ
VALUE DOCUMENT ID TECN COMMENT

seenseenseenseen AALTONEN 08K CDF pp at 1.96 TeV
seenseenseenseen 1 ABAZOV 08E D0 pp at 1.96 TeV

1Measured production rate of B∗0
s2 relative to B+ to be (1.15 ± 0.23 ± 0.13)%.

Γ
(

B∗+K−
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/Γ
(
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B∗+K−
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/Γ
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B+K−
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B+K−
)

Γ2/Γ1Γ
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B∗+K−
)

/Γ
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B+K−
)

Γ2/Γ1
VALUE DOCUMENT ID TECN COMMENT

0.093±0.013±0.0120.093±0.013±0.0120.093±0.013±0.0120.093±0.013±0.012 AAIJ 13O LHCB pp at 7 TeV

Γ
(

B∗0K0
S

)

/Γ
(

B0K0
S

)

Γ4/Γ3Γ
(

B∗0K0
S

)

/Γ
(

B0K0
S

)

Γ4/Γ3Γ
(

B∗0K0
S

)

/Γ
(

B0K0
S

)

Γ4/Γ3Γ
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/Γ
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VALUE DOCUMENT ID TECN COMMENT

0.093±0.086±0.0140.093±0.086±0.0140.093±0.086±0.0140.093±0.086±0.014 1 SIRUNYAN 18DF CMS pp at 8 TeV

1With the branching fraction B(B0 → J/ψK∗0) = (1.28 ± 0.05)× 10−3.
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VALUE DOCUMENT ID TECN COMMENT

0.432±0.077±0.0780.432±0.077±0.0780.432±0.077±0.0780.432±0.077±0.078 1 SIRUNYAN 18DF CMS pp at 8 TeV

1With the branching fractions B(B+ → J/ψK+) = (1.026±0.031)×10−3 and B(B0 →

J/ψK∗0) = (1.28 ± 0.05)× 10−3.

Γ
(

B∗+K−
)

/Γ
(

B+K−
)

Γ2/Γ1Γ
(

B∗+K−
)

/Γ
(

B+K−
)

Γ2/Γ1Γ
(

B∗+K−
)

/Γ
(

B+K−
)

Γ2/Γ1Γ
(

B∗+K−
)

/Γ
(

B+K−
)

Γ2/Γ1
VALUE DOCUMENT ID TECN COMMENT

0.081±0.021±0.0150.081±0.021±0.0150.081±0.021±0.0150.081±0.021±0.015 1 SIRUNYAN 18DF CMS pp at 8 TeV

1With the branching fraction B(B+ → J/ψK+) = (1.026 ± 0.031)× 10−3.

B∗
s2(5840)

0 REFERENCESB∗
s2(5840)

0 REFERENCESB∗
s2(5840)

0 REFERENCESB∗
s2(5840)

0 REFERENCES

SIRUNYAN 18DF EPJ C78 939 A.M. Sirunyan et al. (CMS Collab.)
AALTONEN 14I PR D90 012013 T. Aaltonen et al. (CDF Collab.)
AAIJ 13O PRL 110 151803 R. Aaij et al. (LHCb Collab.)
AALTONEN 08K PRL 100 082001 T. Aaltonen et al. (CDF Collab.)
ABAZOV 08E PRL 100 082002 V.M. Abazov et al. (D0 Collab.)
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Γ= 1.49± 0.27 MeV

Citation: R.L. Workman et al. (Particle Data Group), Prog.Theor.Exp.Phys. 2022, 083C01 (2022)

Bs1(5830)0 I (JP ) = 0(1+)
I, J, P need confirmation.

Quantum numbers shown are quark-model predictions.

Bs1(5830)
0 MASSBs1(5830)
0 MASSBs1(5830)
0 MASSBs1(5830)
0 MASS

VALUE (MeV) DOCUMENT ID TECN COMMENT

5828.70±0.20 OUR FIT5828.70±0.20 OUR FIT5828.70±0.20 OUR FIT5828.70±0.20 OUR FIT

5828.65±0.24 OUR AVERAGE5828.65±0.24 OUR AVERAGE5828.65±0.24 OUR AVERAGE5828.65±0.24 OUR AVERAGE

5828.78±0.09±0.29 SIRUNYAN 18DF CMS pp at 8 TeV
5828.40±0.04±0.41 1 AAIJ 13O LHCB pp at 7 TeV
• • • We do not use the following data for averages, fits, limits, etc. • • •

5829.4 ±0.7 2 AALTONEN 08K CDF Repl. by AALTONEN 14I

1Uses Bs1(5830)
0 → B∗+K− decay.

2Uses two-body decays into K− and B+ mesons reconstructed as B+ → J/ψK+,

J/ψ → µ+µ− or B+ → D0π+, D0 → K+π−.

m
B0
s1

− mB∗+m
B0
s1

− mB∗+m
B0
s1

− mB∗+m
B0
s1

− mB∗+

VALUE (MeV) DOCUMENT ID TECN COMMENT

503.99±0.17 OUR FIT503.99±0.17 OUR FIT503.99±0.17 OUR FIT503.99±0.17 OUR FIT

504.03±0.12±0.15504.03±0.12±0.15504.03±0.12±0.15504.03±0.12±0.15 1 AALTONEN 14I CDF pp at 1.96 TeV
• • • We do not use the following data for averages, fits, limits, etc. • • •

504.41±0.21±0.14 2 AALTONEN 08K CDF Repl. by AALTONEN 14I

1AALTONEN 14I reports m
Bs1(5830)

0 − m
B∗+ − m

K−
= 10.35 ± 0.12 ± 0.15 MeV

which we adjusted by the K− mass.
2Uses two-body decays into K− and B+ mesons reconstructed as B+ → J/ψK+,

J/ψ → µ+µ− or B+ → D0π+, D0 → K+π−.

Bs1(5830)
0 WIDTHBs1(5830)
0 WIDTHBs1(5830)
0 WIDTHBs1(5830)
0 WIDTH

VALUE (MeV) DOCUMENT ID TECN COMMENT

0.5±0.3±0.30.5±0.3±0.30.5±0.3±0.30.5±0.3±0.3 AALTONEN 14I CDF pp at 1.96 TeV

Bs1(5830)
0 DECAY MODESBs1(5830)
0 DECAY MODESBs1(5830)
0 DECAY MODESBs1(5830)
0 DECAY MODES

Mode Fraction (Γi /Γ)

Γ1 B∗+K− seen

Γ2 B∗0K0
S

Bs1(5830)
0 BRANCHING RATIOSBs1(5830)
0 BRANCHING RATIOSBs1(5830)
0 BRANCHING RATIOSBs1(5830)
0 BRANCHING RATIOS

Γ
(

B∗+K−
)

/Γtotal Γ1/ΓΓ
(

B∗+K−
)

/Γtotal Γ1/ΓΓ
(

B∗+K−
)

/Γtotal Γ1/ΓΓ
(

B∗+K−
)

/Γtotal Γ1/Γ
VALUE DOCUMENT ID TECN COMMENT

seenseenseenseen AALTONEN 08K CDF pp at 1.96 TeV
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Γ= 0.5 ± 0.4 MeV

Small widths:  D-wave amplitudes and closeness to B(*)+K threshold
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Heavy Baryons
• Baryons with one heavy quark.  Only Ωc and Ωb  lowest P states might be 

stable against strong decays. Because, if isospin conserving pion transitions 
to the ground state can occur, there are strong decays.   But the decays            
Ωc (excited) -> Ξc + K  has been observed.


• K- + Ξc+ decays are observed.  Narrow states generally interpreted as the 
Ωc(1P) states. The JP for these states not yet determined.
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Figure 1: Invariant-mass distribution of the ⌦c(X)
0
candidates in (a) data set 1 and (b) data

set 2, with the fit results overlaid. A bin width of 5MeV is used for plotting. The previously

observed excited ⌦0
c states are shown in blue dashed lines. The ⌦c(3185)

0
state is shown in the

brown area, and the ⌦c(3327)
0
state is shown in the red area. Three feed-down components are

shown as the yellow areas, while the green long-dashed line corresponds to the combinatorial

background.

The enhancement around the ⌅+
c K

� mass threshold is described by the partially
reconstructed decays of ⌦c(X)0 ! ⌅ 0+

c (! ⌅+
c �)K

�, as was done in the previous analy-
sis [2]. In the exclusive analysis using the ⌦�

b ! ⌦c(X)0(! ⌅+
c K

�)⇡� decay [4], these
feed-down components are excluded by requiring an appropriate signal mass window of
the ⌦�

b baryon, while the threshold enhancement is still present. In the ⌦�
b analysis

this structure was modeled as an S-wave Breit–Wigner distribution, but the available
data in Ref. [4] are not su�cient to determine this structure. To check if this structure

Table 1: Fit results of the mass, width, and yield for each state, and for each data set.

Uncertainties are statistical only.

Resonance m (MeV) � (MeV) Yield (data set 1) Yield (data set 2)
⌦c(3000)0 3000.44± 0.07 3.83± 0.23 1225± 83 7533± 263
⌦c(3050)0 3050.18± 0.04 0.67± 0.17 1139± 65 7379± 215
⌦c(3065)0 3065.63± 0.06 3.79± 0.20 2180± 99 13046± 316
⌦c(3090)0 3090.16± 0.11 8.48± 0.44 2234± 136 14434± 486
⌦c(3119)0 3118.98± 0.12 0.60± 0.63 470± 66 3279± 234
⌦c(3185)0 3185.1± 1.7 50± 7 1642± 367 10278± 1565
⌦c(3327)0 3327.1± 1.2 20± 5 489± 173 3649± 723

3
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Figure 1: Invariant-mass distribution of the ⌦c(X)
0
candidates in (a) data set 1 and (b) data

set 2, with the fit results overlaid. A bin width of 5MeV is used for plotting. The previously

observed excited ⌦0
c states are shown in blue dashed lines. The ⌦c(3185)

0
state is shown in the

brown area, and the ⌦c(3327)
0
state is shown in the red area. Three feed-down components are

shown as the yellow areas, while the green long-dashed line corresponds to the combinatorial

background.

The enhancement around the ⌅+
c K

� mass threshold is described by the partially
reconstructed decays of ⌦c(X)0 ! ⌅ 0+

c (! ⌅+
c �)K

�, as was done in the previous analy-
sis [2]. In the exclusive analysis using the ⌦�

b ! ⌦c(X)0(! ⌅+
c K

�)⇡� decay [4], these
feed-down components are excluded by requiring an appropriate signal mass window of
the ⌦�

b baryon, while the threshold enhancement is still present. In the ⌦�
b analysis

this structure was modeled as an S-wave Breit–Wigner distribution, but the available
data in Ref. [4] are not su�cient to determine this structure. To check if this structure

Table 1: Fit results of the mass, width, and yield for each state, and for each data set.

Uncertainties are statistical only.

Resonance m (MeV) � (MeV) Yield (data set 1) Yield (data set 2)
⌦c(3000)0 3000.44± 0.07 3.83± 0.23 1225± 83 7533± 263
⌦c(3050)0 3050.18± 0.04 0.67± 0.17 1139± 65 7379± 215
⌦c(3065)0 3065.63± 0.06 3.79± 0.20 2180± 99 13046± 316
⌦c(3090)0 3090.16± 0.11 8.48± 0.44 2234± 136 14434± 486
⌦c(3119)0 3118.98± 0.12 0.60± 0.63 470± 66 3279± 234
⌦c(3185)0 3185.1± 1.7 50± 7 1642± 367 10278± 1565
⌦c(3327)0 3327.1± 1.2 20± 5 489± 173 3649± 723

3

• The situation for Ωb  lowest P states should be similar.

LHCb   arXiv:2302.04733
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• Doubly Heavy Baryons.   with Chris Quigg


• Ground states. Only one state Ξ(cc)+ (3621) has been observed to date. Can use 
lattice calculations to determine the Ωcc states. 

• Will use Ωcc (jP =1/2+ ) = 3712,    Ωcc*(jP =3/2+) = 3788),                                                 
Ξc(jP =1/2+)=3627,    Ξc*(jP = 3/2+)=3690

•

[Eq. (2)] of these baryons from the 1S spin-average mass.
Using Eq. (3) we then obtain masses of these baryons
as 4071(25)(18) and 4112(26)(20) for Ωccð1=2−Þ and
Ωccð3=2−Þ, respectively, which are consistent with our
previous calculation [12] as well as results from the RQCD
Collaboration [11] but smaller than those of Ref. [13]. The
relevant strong decay scattering channels that can influence
the 1=2− and 3=2− masses are ΞccK and Ξ#

ccK respectively.
However, any quantitative comments on such hadronic
interactions are beyond the scope of this work.
In Table I, we summarize our results, and in Fig. 6 we

show these results (red circles) for all the low-lying doubly
charmed baryons along with other lattice results [3–15] and
a recent quark model calculation [17]. We would like to
comment that our results are obtained after controlled
continuum extrapolation of the results from three lattice
spacings. Among the other lattice results only Ref. [6]
utilized three lattice spacings but its errors are too big for
any precise predictions. The lattice bare charm quark
masses (mca) of Ref. [6] are also much larger compared

to those of this calculation, particularly at coarse lattice, and
so could well be affected by discretization errors. Results of
Ref. [10] are obtained from two lattice spacings and all
other results are obtained from only one lattice spacing.
Below we give error budget for Ωccð1=2þÞ.

A. Statistical

The use of wall sources helps to obtain long and stable
fit ranges in the correlation functions, as demonstrated
in Fig. 1. We find a statistical uncertainty of 10 MeV for
Ωccð1=2þÞ.

B. Fitting window error

With long and stable plateau we find uncertainty due to
different fitting windows for the Ωccð1=2þÞ baryon to be
about 1 MeV. The largest (4 MeV) fitting window error is
found to be for Ωccð3=2−Þ baryon.

C. Discretization

The use of overlap action ensures no OðmaÞ and
OðmaÞ3 errors. The tuned bare charm quark masses are
found to be small (am ≪ 1), which assure higher order
errors are smaller, particularly at the finest lattice. In
addition to that, the mass splittings, as well as dimension-
less ratios for continuum extrapolations, ensure reduced
discretization errors beyond OðmaÞ. Furthermore, within
the acceptable χ2=dof, the extrapolations are performed

FIG. 4. Comparison of hyperfine splitting between the ground
states of 3=2þ and 1=2þ baryons obtained from various theo-
retical calculations. Continuum extrapolated results are shown by
symbols with red color while symbols with all other colors are
obtained only at one lattice spacing.

FIG. 5. Ground state mass of (top) Ωccð1=2−Þ and (bottom)
Ωccð3=2−Þ at three lattice spacings are plotted in terms of the
energy splittings from the spin-average mass [Eq. (2)].

FIG. 6. Energy spectra of the low-lying ΩccðccsÞ baryons
obtained from different lattice calculations and a recent quark
model calculation. Our results are represented as ILGTI (this
calculation) and HSC (previous calculation). Continuum extrapo-
lated results are shown by symbols with red color while symbols
with all other colors are obtained only at one lattice spacing.

TABLE I. Low-lying Ωcc baryons as predicted in this work.

Ωcc Lattice prediction (MeV)

1=2þ 3712(11)(12)
3=2þ 3788(13)(12)
1=2− 4071(25)(18)
3=2− 4112(26)(20)

NILMANI MATHUR and M. PADMANATH PHYS. REV. D 99, 031501 (2019)

031501-4

[Eq. (2)] of these baryons from the 1S spin-average mass.
Using Eq. (3) we then obtain masses of these baryons
as 4071(25)(18) and 4112(26)(20) for Ωccð1=2−Þ and
Ωccð3=2−Þ, respectively, which are consistent with our
previous calculation [12] as well as results from the RQCD
Collaboration [11] but smaller than those of Ref. [13]. The
relevant strong decay scattering channels that can influence
the 1=2− and 3=2− masses are ΞccK and Ξ#

ccK respectively.
However, any quantitative comments on such hadronic
interactions are beyond the scope of this work.
In Table I, we summarize our results, and in Fig. 6 we

show these results (red circles) for all the low-lying doubly
charmed baryons along with other lattice results [3–15] and
a recent quark model calculation [17]. We would like to
comment that our results are obtained after controlled
continuum extrapolation of the results from three lattice
spacings. Among the other lattice results only Ref. [6]
utilized three lattice spacings but its errors are too big for
any precise predictions. The lattice bare charm quark
masses (mca) of Ref. [6] are also much larger compared

to those of this calculation, particularly at coarse lattice, and
so could well be affected by discretization errors. Results of
Ref. [10] are obtained from two lattice spacings and all
other results are obtained from only one lattice spacing.
Below we give error budget for Ωccð1=2þÞ.

A. Statistical

The use of wall sources helps to obtain long and stable
fit ranges in the correlation functions, as demonstrated
in Fig. 1. We find a statistical uncertainty of 10 MeV for
Ωccð1=2þÞ.

B. Fitting window error

With long and stable plateau we find uncertainty due to
different fitting windows for the Ωccð1=2þÞ baryon to be
about 1 MeV. The largest (4 MeV) fitting window error is
found to be for Ωccð3=2−Þ baryon.

C. Discretization

The use of overlap action ensures no OðmaÞ and
OðmaÞ3 errors. The tuned bare charm quark masses are
found to be small (am ≪ 1), which assure higher order
errors are smaller, particularly at the finest lattice. In
addition to that, the mass splittings, as well as dimension-
less ratios for continuum extrapolations, ensure reduced
discretization errors beyond OðmaÞ. Furthermore, within
the acceptable χ2=dof, the extrapolations are performed

FIG. 4. Comparison of hyperfine splitting between the ground
states of 3=2þ and 1=2þ baryons obtained from various theo-
retical calculations. Continuum extrapolated results are shown by
symbols with red color while symbols with all other colors are
obtained only at one lattice spacing.

FIG. 5. Ground state mass of (top) Ωccð1=2−Þ and (bottom)
Ωccð3=2−Þ at three lattice spacings are plotted in terms of the
energy splittings from the spin-average mass [Eq. (2)].

FIG. 6. Energy spectra of the low-lying ΩccðccsÞ baryons
obtained from different lattice calculations and a recent quark
model calculation. Our results are represented as ILGTI (this
calculation) and HSC (previous calculation). Continuum extrapo-
lated results are shown by symbols with red color while symbols
with all other colors are obtained only at one lattice spacing.

TABLE I. Low-lying Ωcc baryons as predicted in this work.

Ωcc Lattice prediction (MeV)

1=2þ 3712(11)(12)
3=2þ 3788(13)(12)
1=2− 4071(25)(18)
3=2− 4112(26)(20)

NILMANI MATHUR and M. PADMANATH PHYS. REV. D 99, 031501 (2019)

031501-4

N. Mather  and M. Padmanath, PRD 99, 031501 (2019),  
Rosner and Karliner PRD 90 094007(2014)
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A Simple Model

• Two scale model 


• [(Q(r/2)Q(-r/2)]3bar :  NRQCD with V(r) = - (2/3) α/r + 1/2 r/a2                            

= 1/2 V(r)(Cornell) 

• [QQ]3bar (0) s(R) :  Dirac equation for light quark motion around a 
static diquark.  Use a Cornell potential.

E.E. and Chris Quigg (in progress) 
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TABLE I. The excitation energies (in MeV) of the low-lying
excited states in the QQ systems compared with the QQ̄ sys-
tems. Only states in a limited excitation energy range (below
600MeV for the bb system) are shown.

state cc bc bb c̄c b̄c b̄b

1P 226 217 208 428 436 467

2S 337 311 278 591 570 563

1D 393 369 340 713 702 710

2P 499 470 409 871 838 815

1F 537 498 448 951 919 898

3S 598 545 472 1015 957 902

2D 635 585 514 1098 1046 980

1G 666 615 544 1164 1110 1077

3P 732 669 577 1242 1170 1095

TABLE II. The RMS separation of the low-lying states in the
QQ systems compared with the QQ̄ systems. Only QQ states
with RMS < 1 fm are shown.

state cc bc bb c̄c b̄c b̄b

1S 0.52 0.44 0.32 0.38 0.30 0.21

1P 0.78 0.67 0.53 0.60 0.51 0.39

2S 0.97 0.84 0.66 0.76 0.64 0.48

1D 1.00 1.01 0.83 0.78 0.68 0.52

2P 1.17 1.133 0.93 0.94 0.81 0.63

1F 0.92 0.71

3S 0.95 0.75

2D 0.91

form of these wavefunctions is given by:

 n,l,j,J,M =
X
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where CJ,M
j,m; 12 ,S

are the usual Clebsch-Gordan coe�cients

and S is the total spin of the heavy quark QQ core. and
 encodes the dynamics of the heavy light system. Ex-
plicitly  is a four compoment spinor given by:
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These systems are very close to the observed
Du, Dd, Ds, Bu, Bd, Bs. as the excitation
spectra become independent as core mass goes to in-

finity. To obtain these wavefunctions we use the Dirac
equation with the Cornell potential with full strength
[17]. The wavefunctions for the lowest four states (1S,
1P 1/2, 1P 3/2 and 2S) are shown to Figures 2, 3, 4, 5.

FIG. 2. The 1S state radial wavefunctions.

FIG. 3. The 1P1/2 state radial wavefunctions.

FIG. 4. The 1P3/2 state radial wavefunctions.

The excitation energies and RMS size of the low-lying
Q̄q spectrum is given in Table III The comparison of
the RMS distances for the bb subsystem and the Hbu

subsystem are shown in Figure 6.

For the (Q(r/2) Q(-r/2))3bar  system
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Excitation Spectra   Q Q

Lowest order
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• The heavy-light system assumed governed by the Dirac 
Hamiltonian.


• Simply four coupled differential equations, describing  
a wavefunction ψ with four components. Upper two 
components (u) and lower two components (v).  


• Neither the orbital angular momentum nor the light 
quark spin is conserved. But there is a conserved 
quantity  ϰ, a eigenvalue of the wave function

<latexit sha1_base64="jkhSCnbl2HL04fqGedj47MwpuYA="></latexit>
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FIG. 1. The excitation spectra for the heavy cc, bc and bb

diquarks cores. These results are for the Cornell potential
with heavy quark masses are mc = 1.84,mb = 5.18, a =
3.31 (GeV) and  = 2/3↵ where ↵ = 0.39, 0.39, 0.365 for the
cc, bc, bb systems respectatively.

TABLE I. The excitation energies (in MeV) of the low-lying
excited states in the QQ systems compared with the QQ̄ sys-
tems. Only states in a limited excitation energy range (below
600MeV for the bb system) are shown.

state cc bc bb c̄c b̄c b̄b

1P 226 217 208 428 436 467

2S 337 311 278 591 570 563

1D 393 369 340 713 702 710

2P 499 470 409 871 838 815

1F 537 498 448 951 919 898

3S 598 545 472 1015 957 902

2D 635 585 514 1098 1046 980

1G 666 615 544 1164 1110 1077

3P 732 669 577 1242 1170 1095

TABLE II. The RMS separation of the low-lying states in the
QQ systems compared with the QQ̄ systems. Only QQ states
with RMS < 1 fm are shown.

state cc bc bb c̄c b̄c b̄b

1S 0.52 0.44 0.32 0.38 0.30 0.21

1P 0.78 0.67 0.53 0.60 0.51 0.39

2S 0.97 0.84 0.66 0.76 0.64 0.48

1D 1.00 1.01 0.83 0.78 0.68 0.52

2P 1.17 1.133 0.93 0.94 0.81 0.63

1F 0.92 0.71

3S 0.95 0.75

2D 0.91
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These systems are very close to the observed
Du, Dd, Ds, Bu, Bd, Bs. as the excitation
spectra become independent as core mass goes to in-

finity. To obtain these wavefunctions we use the Dirac
equation with the Cornell potential with full strength
[20]. The wavefunctions for the lowest four states (1S,
1P 1/2, 1P 3/2 and 2S) are shown to Figures 2, 3, 4, 5.

FIG. 2. The 1S state radial wavefunctions.

FIG. 3. The 1P1/2 state radial wavefunctions.

The excitation energies and RMS size of the low-lying
Q̄q spectrum is given in Table III The comparison of
the RMS distances for the bb subsystem and the Hbu

subsystem are shown in Figure 6.
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I. DOUBLE HEAVY BARYONS

Doubly heavy baryon systems have been studied for
decades theoretically, in anticipation of experimental dis-
covery [1]. Numerous phenomenological model calcula-
tions of the doubly heavy baryon ground states and ex-
citations have relied on potential models with or with-
out relativistic e↵ects [2]. Others have used the Bethe–
Salpeter framework [3, 4] or QCD sum rules [5], or ex-
ploited chiral symmetry [6, 7] or hadronic supersymme-
try [8]. For the most part, lattice gauge QCD investiga-
tions have been confined to the ground states [9, 10],
although recent studies also address low-lying excited
states [11]. An early sighting of ⌅+

cc(3519) by the SE-
LEX Collaboration [12], which has not been confirmed
in any other experiment, lies 100 MeV in mass below
most predictions [13].

One theoretically attractive picture of doubly heavy
baryons is to consider the two heavy quarks form a sub-
system similar to the NRQCD system that exists for QQ̄

quarkonium systems.
Heavy quarks (QiQj) bound in a color 3̄ by an ef-

fective potential of the “Cornell” Coulomb+ linear form
at half strength for both components. The strength of
the Coulomb contribution is fixed by the color Casimir.
Lattice studies indicate that the e↵ective string tension
for the color 3̄ is half that for the singlet configuration
[14]. Other lattices studies of the three body potential
reach the same conclusion. For example, for baryons fit-
ted with the � string configuration the string tension is
�QiQjQk ⇡ 0.53 �QiQ̄i

[15]. For su�ciently heavy Qi, Qj ,
it makes sense to regard the doubly heavy diquark and
the nucleus of a diquark–light-quark atom, small in ex-
tent relative to overall size of the “atom” determined by
the motion of the light (strange) quark. This system
closely resembles a heavy–light meson with the same light
degrees of freedom for the quantum states of the light
quark [16], with the important added element that the
core can be excited.1For applications involving b and c

heavy quarks, we will have to check that the planetary
light quark orbiting a tiny diquark is a plausible approx-
imation.

a eichten@fnal.gov; ORCID: 0000-0003-0532-2300
b quigg@fnal.gov; ORCID: 0000-0002-2728-2445
1 To the extent that a heavy–light meson is analogous to a hydro-
gen atom, we may choose to regard a doubly heavy baryon as
the analogue of a deuterium atom.

II. LAGRANGIAN FOR TWO HEAVY QUARKS
PLUS LIGHT DEGREES OF FREEDOM

The form of the QCD Lagrangian with two very heavy
quarks has been explored using the pNRQCD [17, 18]
and the vNRQCD [19]approaches. We will be interested
in both the ground states and the excited P-states, so
we need to keep terms to order ( 1

mc
) or ( 1

mb
), because we

will need the include the spin-splittings of the ground and
excited states and the transitions between lowest excited
states and ground states.

III. MASSES AND WAVEFUNCTIONS

In the heavy quark limit the average separation be-
tween the two heavy quarks (denoted r) is much smaller
than the separation between the center of mass to the
two heavy quark system and the light quark (denoted R)
here. In this limit the wavefunction for the baryon sys-
tem the ground state can be factorized into the product
of wavefunctions

�(r,R) = �(r) (R) (1)

where �(r) is a solution of the NR Schroedinger Equa-
tion for two color 3 quarks combined into a total color
3̄ . The solution of the system has excitation energies
to is approximate to one half the excitation energy of
the corresonding state in QQ̄ as the solutions are not
very dependent of mQ in charmonium to bottomonium
region. Explicitly the excitation spectrum for L < 4 for
cc, bc and bb systems is shown in Figure 1. The low-lying
excitation spectrum is given in Table I.
The RMS size of the low-lying spectrum is given in

Table II.
We now turn to the  (R) wavefunction for the distance

between the heavy core and the light quark. The general
form of these wavefunctions is given by:

 n,l,j,J,M =
X

S=(� 1
2 ,+

1
2 )

C
J,M
j,m; 12 ,S

 n,l,j,m(r, ✓,�)⌦ ⇠S

where CJ,M
j,m; 12 ,S

are the usual Clebsch-Gordan coe�cients

and S is the total spin of the heavy quark QQ core. and
 encodes the dynamics of the heavy light system. Ex-Spin of heavy quarkLight quark wavefunction

2 Hamiltonian for Cornell Potential

Within our basic framework, H(0) is given by the relativistic Dirac Hamiltonian

H
(0) = �0(�i/@ +mq) + V (r) (5)

and the rotational-invariant potential is the sum of a constant factor (Mh), a scalar part
(Vs) and (the zeroth component of) a vector part (Vv)

V (r) = Mh + �0Vs(r) + Vv(r) (6)

We chose to regulate the vector potential by assuming a Gaussian shape for the wave
function of the heavy quark, �(x) = exp(�x2�2/2), and with this choice

Vv(r) = �
4

3

Z
|�(x)|2

↵s

|r� x|
d3x = �

4

3

↵s

r
erf(�r) (7)

For the scalar potential we assume a simple linear form

Vs(r) = br + c (8)

Now the radial equations for f (0) = rF (0) and f (1) = rF (1) are:

df (0)

dr
+



r
f (0) = (E � Vv + Vs +mq)f

(1) (9)

df (1)

dr
�



r
f (1) = (�E + Vv + Vs +mq)f

(0)

where
 = 1 + � · L

2
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f (1) = v

17/23

There are significant 1/mQ corrections in this approach 
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FIG. 1. The excitation spectra for the heavy cc, bc and bb

diquarks cores. These results are for the Cornell potential
with heavy quark masses are mc = 1.84,mb = 5.18, a =
3.31 (GeV) and  = 2/3↵ where ↵ = 0.39, 0.39, 0.365 for the
cc, bc, bb systems respectatively.

TABLE I. The excitation energies (in MeV) of the low-lying
excited states in the QQ systems compared with the QQ̄ sys-
tems. Only states in a limited excitation energy range (below
600MeV for the bb system) are shown.

state cc bc bb c̄c b̄c b̄b

1P 226 217 208 428 436 467

2S 337 311 278 591 570 563

1D 393 369 340 713 702 710

2P 499 470 409 871 838 815

1F 537 498 448 951 919 898

3S 598 545 472 1015 957 902

2D 635 585 514 1098 1046 980

1G 666 615 544 1164 1110 1077

3P 732 669 577 1242 1170 1095

TABLE II. The RMS separation of the low-lying states in the
QQ systems compared with the QQ̄ systems. Only QQ states
with RMS < 1 fm are shown.

state cc bc bb c̄c b̄c b̄b

1S 0.52 0.44 0.32 0.38 0.30 0.21

1P 0.78 0.67 0.53 0.60 0.51 0.39

2S 0.97 0.84 0.66 0.76 0.64 0.48

1D 1.00 1.01 0.83 0.78 0.68 0.52

2P 1.17 1.133 0.93 0.94 0.81 0.63

1F 0.92 0.71

3S 0.95 0.75

2D 0.91

plicitly  is a four compoment spinor given by:
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These systems are very close to the observed
Du, Dd, Ds, Bu, Bd, Bs. as the excitation
spectra become independent as core mass goes to in-

finity. To obtain these wavefunctions we use the Dirac
equation with the Cornell potential with full strength
[20]. The wavefunctions for the lowest four states (1S,
1P 1/2, 1P 3/2 and 2S) are shown to Figures 2, 3, 4, 5.
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FIG. 2. The 1S state radial wavefunctions.

FIG. 3. The 1P1/2 state radial wavefunctions.

The excitation energies and RMS size of the low-lying
Q̄q spectrum is given in Table III The comparison of
the RMS distances for the bb subsystem and the Hbu

subsystem are shown in Figure 6.
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3.31 (GeV) and  = 2/3↵ where ↵ = 0.39, 0.39, 0.365 for the
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TABLE I. The excitation energies (in MeV) of the low-lying
excited states in the QQ systems compared with the QQ̄ sys-
tems. Only states in a limited excitation energy range (below
600MeV for the bb system) are shown.

state cc bc bb c̄c b̄c b̄b
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TABLE II. The RMS separation of the low-lying states in the
QQ systems compared with the QQ̄ systems. Only QQ states
with RMS < 1 fm are shown.

state cc bc bb c̄c b̄c b̄b

1S 0.52 0.44 0.32 0.38 0.30 0.21

1P 0.78 0.67 0.53 0.60 0.51 0.39

2S 0.97 0.84 0.66 0.76 0.64 0.48
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These systems are very close to the observed
Du, Dd, Ds, Bu, Bd, Bs. as the excitation
spectra become independent as core mass goes to in-

finity. To obtain these wavefunctions we use the Dirac
equation with the Cornell potential with full strength
[20]. The wavefunctions for the lowest four states (1S,
1P 1/2, 1P 3/2 and 2S) are shown to Figures 2, 3, 4, 5.

FIG. 2. The 1S state radial wavefunctions.
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FIG. 3. The 1P1/2 state radial wavefunctions.

The excitation energies and RMS size of the low-lying
Q̄q spectrum is given in Table III The comparison of
the RMS distances for the bb subsystem and the Hbu

subsystem are shown in Figure 6.

3

0.5 1.0 1.5 2.0

-0.2

0.2

0.4

0.6

FIG. 4. The 1P3/2 state radial wavefunctions.

0.5 1.0 1.5 2.0

-0.4

-0.2

0.2

0.4

FIG. 5. The 2S state radial wavefunctions

IV. CORRECTIONS

Even for the bbq system the ideal limit where r << R

is not yet attained. Therefore we need the corrections
for the energies of these states. One clear source of these
corrections to first order is to take account of the dif-
ference between the true three body potential and the
factorized form we use in the limit. That di↵erence is
given by the di↵erence between the � string configura-
tion and the form |R|+ |r| we have used in the separation

TABLE III. The excitation energies and RMS distance of the
light quark q = u, d, s and heavy quark center (QQ)3̄ = H of
the low-lying systems.

state Energy (MeV) RMS (fm)

H̄u / H̄d H̄s H̄u / H̄d H̄s

1S
1
2 0.0 0.0 0.49 0.46

1P
1
2 332 319 0.61 0.56

1P
3
2 316 313 0.68 0.64

2S
1
2 461 465 0.75 0.73

1D
3
2 568 560 0.77 0.74

1D
5
2 527 526 0.82 0.78

2P
1
2 664 655 0.85 0.82

2P
3
2 674 667 0.91 0.87

FIG. 6. Comparison of RMS sizes of the QQ and Hq system
for the heavy quark b and light quark u.

limit. The di↵erence is given by:

�(r,R, ✓) =
1

2a2
[
p

r2/4 +R2 + rR cos ✓ (3)

+
p

r2/4 +R2 � rR cos ✓]

�1/a2
(

R, (r/2 < R)

r/2�R, (r/2 > R)

)

where ✓ is the angle between ~R and ~r
2 . This interaction

FIG. 7. Dependence of angular distribution of first order cor-
rection of string tension for 0 < ✓ < ⇡/2 for various ratios of
r/2R.

shifts masses and couples the (Q�Q) q excitations and
the (QQ)�q terms. This gives a correction to the poten-
tial that depends on cos (✓). The fractional correction is
shown in Figure 7.

Upper component

Eichten+Quigg

Lower component

Heavy-Light Wavefunctions
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What we learn from this simple model

• The excitation energies of the QQ core and excitations of the 
light degrees of freedom are comparable. Hence the 
expected analogy between (QQ)3q and Qq systems is not 
realized.


• The <R2>1/2 distance between the Q and Q in the core 
compared to the <R2>1/2  distance between the center of 
mass of the  QQ state (H) and the light quark is shown below.


• We see the separation of scales between the two subsystems 
is not overly large.
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Born-Oppenheimer Effective Theory

21/23

•One can compute the lowest (1/2,3/2,3/2,5/2)     P wave states directly in 
LQCD. 

•Alternatively: 

• One can compute in Lattice QCD ground state energies E(R) for a 
system with one dynamic light quark in the static potential of two heavy 
static quarks separated by a distance R. 

•The potentials associated with O(1/MQ) corrections can also be 
calculated in this way. 

•Then the total energy and wavefuction for the heavy quark ground 
system can be obtained by solving the SE for each distinct set of 
quantum numbers.  

•This allows the complete solution for the lowest doubly heavy  S and P 
states.  

— 
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Figure 4. Spectrum of double charm baryons in terms of j⌘P states. Each line represents a state. The spectrum corresponds
to the results of Tables VIII and X for states associated to the (1/2)g and (1/2)0u static energies and the results for Ref. [7] for
the mixed (3/2)u\(1/2)u static energies, which do not include hyperfine contributions. The color indicates the static energies
that generate each state.

V. COMPARISON WITH MODELS

There is a substantial amount of literature regarding doubly heavy baryons in di↵erent approaches; various quark
models [54–67], Bethe-Salpeter equations [68–70], Born-Oppenheimer approximation with model potential [71, 72],
semiempirical mass formulas [73–75], QCD sum rules [76, 77], Faddeev equations [78], and bag models [79]. In this
section we compare our results with a selected set of model computations and other approaches (see [65, 80, 81] for
further comparisons). In Table XIII we have collected the masses of the ground state doublet in the double charm
baryon sector from di↵erent approaches. The values of the ⌅cc mass are in good agreement for about 3/4 of the
references, including our own value. Considering the uncertainties only a few works show very significant di↵erences.
The values for ⌅⇤

cc show more dispersion with only half of the references being compatible with our own value. On
the other hand, the splitting between the two masses is compatible with our value for only 1/4 of the references. This
is in contrast with lattice QCD calculations, which are compatible with our current result for the hyperfine splitting
(76) (see Table VI of ref. [7]).

The masses of the ground state doublet in the double bottom baryon sector are shown in Table XIV. In this case
the di↵erences are a lot more significant. For both the ⌅bb and ⌅⇤

bb only Refs. [58, 62, 74, 79] are compatible with
our results and in general there is more dispersion among the values of the di↵erent model approaches. Although
the values of the hyperfine splittings present less variation in absolute values, in relative terms the variation is also
larger than in the double charm baryon sector. Moreover, very few values are compatible with ours. This is due to
our small uncertainty for the splitting produced by the cancellation of uncertainties associated to various parameters

The 1/mQ corrections have also been calculated.  
Not shown here.

K  +  Ξ*cc

K  +  Ξcc
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Summary

• The nature of Bs (1P) jP=1/2+  states is still an open question.  Comparing 
the decays of the Ds(1P)  states to the Bs(1P) states with give valuable 
information into the microscopic nature of the 1P (jP=1/2+) states.


• The naive analog between the Qq mesons and the QQq baryons fails for 
the ccq, bbq, bcq systems.


• Low-lying excitations of the QQ core are of the same order as that of the 
excitations of the light q.


• Expect a complicated  spectrum of 1P QQq states.


• Some of the lowest 1P (ccs, cbs, bbs) states may be stable to Zweig 
allowed decays.
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Figure 1: Computed spectrum of excited states in the {D,Ds, B, Bs} family.
The plot shows the spectrum before and after 1/mh corrections (including
mixing). These corrections are responsible for the hyperfine splitting. The
horizontal axis is the orbital angular momentum of the meson (ℓ). For each
value of ℓ and j there is a doublet of states (J = j − 1

2 and J = j + 1
2 , with

lower and higher energy respectively).
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Significant  1/MQ corrections.
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