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Outline
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§Lattice QCD and Parton Distribution Functions 

§Selected x-Dependent Parton Distributions

§Impact of Lattice-QCD PDFs on Global Fits

Selected results somewhat biased toward MSULat students and postdocs
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Parton Distribution Functions
§ PDFs are universal quark/gluon distributions of nucleon
xMany ongoing/planned experiments

(BNL, JLab, J-PARC, COMPASS, GSI, EIC, EIcC, LHeCȟ ȣɊ

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

How are the sea quarks and gluons, 
and their spins, distributed in space and 
momentum inside the nucleon?

Imaging of the proton

EIC White Paper, 1212.1701; The Present and Future of QCD (2303.02579) 
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https://inspirehep.net/literature/2638645


Global Analysis 

Theory 
Input

%ØÐȭÔ 
Input

Global Analysis 
of PDFs§ Some choices made

for the analysis
xChoice of data sets and kinematic cuts
xStrong coupling constant ɻs(MZ)
xHow to parametrize the distribution

xAssumptions imposed
SU(3) flavor symmetry, charge symmetry, strange and sea distributions

ὼὪὼȟ‘ ὥὼ ρ ὼ ὖὼ

§ Experiments cover diverse kinematics of parton variables
xGlobal analysis takes advantage of all data sets

ί Ӷί ‖ό ӶὨ
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§ Lattice QCD is an ideal theoretical tool for investigating the 
strong-coupling regime of quantum field theories 

§ Physical observables are calculated from the path integral

πὕ‪ȟ‪ȟὃ π
ρ

ὤ
꜠ὃ ꜠‪ ꜠‪ Ὡ ȟȟὕ‪ȟ‪ȟὃ

gluon field

quark field

a

L

t

x, y, z

 in Euclidean space
xQuark mass parameter 

(described by ά )
x Impose a UV cutoff 
  discretize spacetime
x Impose an infrared cutoff
  finite volume

§ Recover physical limit

  ά ᴼά , ╪ᴼ , ╛O Њ
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Lattice QCD 101
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Lattice QCD 101
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PDFs on the Lattice 
§ Traditional lattice calculations rely on

operator product expansion, only provide moments

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia 7

ὼ Ὠὼ ὼ ήὼ

ὼ Ὠὼ ὼ ɝήὼ

ὼ Ὠὼ ὼ ήὼ‏

most well known

very poorly known

spin-averaged/unpolarized

spin-dependent
longitudinally polarized

spin-dependent
transversely polarized

§ True distribution can only be recovered with all moments



Lattice Structure Limitation
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§ Lattice calculations rely on 
operator product expansion, 

only provide moments

ὼ Ὠὼ ὼ ήὼ
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§ Limited to the lowest few moments
x For higher moments, all ops mix with lower-dimension ops
xNovel proposals to overcome this problem
W. Detmold and C. Lin, Phys. Rev. D73 

(2006) 014501

Z. Davoudi and M. J. Savage, Phys. Rev. D86 

(2012) 054505

A. Shindler, arXiv:2311.18704

David Lin (TMD CS-kernel) 
@ Mon. 2:30PM

Dimitra Pefkou (PDF higher 
moments) @ Mon. 3:30 PM

https://indico.cern.ch/event/1293041/contributions/5955770/
https://indico.cern.ch/event/1293041/contributions/6092713/
https://indico.cern.ch/event/1293041/contributions/6092713/


Lattice Structure Limitation

§ Longstanding obstacle!
xHoly grail of structure calculations

§ Applies to many structure quantities: 
xParton distribution functions (PDF)

xGeneralized parton distributions (GPD)

x Transverse-momentum distributions (TMD)

      ể
Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

§ Lattice calculations rely on 
operator product expansion, 

only provide moments

ὼ Ὠὼ ὼ ήὼ
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§ Overcoming longstanding obstacle to x-distribution 
xNew idea by Ji for studying full x dependence of PDFs

xPromising results on unpolarized and polarized sea asymmetry  

compared with experiments, even at non-physical pion mass

§ Caveats 
xNot a precision calculation yet 

xNeed to complete the other pz corrections

 (on-going; possibly done in a couple weeks)

xSystematics due to large momenta (some ideas to improve it)

§ Need improvement for large-momentum sources
xBetter overlapping boosted hadron smearing (asymmetric source)

xApplications: large-q form factors, hadronic and flavor physics, é  

Exciting time for hadron structure on the 
lattice A NEW HOPE

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia 10



Lattice Parton Method
§ Large-momentum effective theory (LaMET)/quasi-PDF

(X. Ji, 2013; See 2004.03543 for review )

§ Compute quasi-distribution via

ήὼȟ‘ȟὖ
Ὠᾀ

τ“
Ὡ ὖ‪ᾀɜ ÅØÐὭὫ Ὠᾀὃ ᾀ ‪π ὖ

X. Xiong e.a., 1310.7471; J.-W. Chen e.a., 1603.06664

§ Recover true distribution (take Pz O Њ limit)

ήὼȟ‘ȟὖ  ὅ ȟ ▲◐ȟⱧ ײַ
ὓ

╟◑
ȟ
ɤ

ὼ╟◑
ȟ

ɤ

ρ ὼ╟◑

11Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

ὸ ὸ

ᾀ

N ὖN ὖ
ὸὸ



Lattice Parton Method
§ Large-momentum effective theory (LaMET)/quasi-PDF

(X. Ji, 2013; See 2004.03543 for review )

§ Compute quasi-distribution via

ήὼȟ‘ȟὖ
Ὠᾀ

τ“
Ὡ ὖ‪ᾀɜ ÅØÐὭὫ Ὠᾀὃ ᾀ ‪π ὖ

X. Xiong e.a., 1310.7471; J.-W. Chen e.a., 1603.06664

§ Recover true distribution (take Pz O Њ limit)

ήὼȟ‘ȟὖ  ὅ ȟ ▲◐ȟⱧ ײַ
ὓ

╟◑
ȟ
ɤ

ὼ╟◑
ȟ

ɤ

ρ ὼ╟◑

12Huey-Wen Lin ɂConfinement 2024, Cairns, Australia
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ᾀ
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Additional source of systematics: ╟◑
Smaller ὖ gives better signal but larger systematics 
(like how heavier pion mass gives better precision) 

New parameters in x-dependent methods to
pay attention to 



xQuasi-PDF/large -momentum effective theory (LaMET)
(X. Ji, 2013; See 2004.03543 for review )

xPseudo-PDF method: differs in FT (A. Radyushkin, 2017) 

x Lattice cross-section method (LCS)  (Y Ma and J. Qiu, 2014, 2017)

xCompton amplitude method (A.J. Chambers et al., 1703.01153)

xHadronic tensor currents (Liu et al., hep-ph/9806491, ... 1603.07352) 

xEuclidean correlation functions (RQCD, 1709.04325)

  ể

Direct x -Dependent Structure
§ Longstanding obstacle to lattice calculations!

Quantities 
that can be 
calculated 

on the lattice
today

В
Wanted 
PDFs, 
GPDs,
etc.

pQCD- 
calculated 

kernel
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Lattice Parton Calculations
§ Rapid developments!

14

HL, Few Body Syst. 64 (2023) 3, 58

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

CSSM/QCDSF



Lattice Parton Calculations
§ Rapid developments!

15

HL, Few Body Syst. 64 (2023) 3, 58

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

CSSM/QCDSF

Matthew Rumley (transition GPDs) 
@ Wed. 5:50PM

K. Utku Can (parity -odd structure) 
@ Thur. 3:00PM 

Wei Wang (B-meson DA) 
@ Thur. 4:50PM

Jun Zeng (octet and 
decuplet baryons DAs)
@ Thur. 5:10PM

https://indico.cern.ch/event/1293041/contributions/5955775/
https://indico.cern.ch/event/1293041/contributions/5955768/
https://indico.cern.ch/event/1293041/contributions/5999821/
https://indico.cern.ch/event/1293041/contributions/5980031/
https://indico.cern.ch/event/1293041/contributions/5980031/


2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023

Ⱬ g-PDF

N g-PDF
1st GPD (Ⱬ)

s,c PDF

Kaon
g-PDF

Lattice Parton Calculations
§ Physics-quantity milestones

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia 16

First unpol . 
lattice PDF

Kaon DA
Pion DA

Pion v-PDF

K PDFPol. PDFs and
mass corrections 

First PDFs

at ╜Ⱬ
ἸἰὁἻ

HL, Few Body Syst. 64 (2023) 3, 58

https://arxiv.org/pdf/1402.1462.pdf
https://arxiv.org/abs/1804.01483
https://arxiv.org/pdf/1702.00008.pdf
https://arxiv.org/pdf/1712.10025.pdf
https://arxiv.org/pdf/1904.12376.pdf
https://arxiv.org/abs/2003.14128
https://arxiv.org/abs/2007.16113
https://inspirehep.net/literature/1858017
https://arxiv.org/abs/2112.03124
https://arxiv.org/pdf/1603.06664.pdf
https://inspirehep.net/literature/1794140
https://arxiv.org/pdf/1708.05301.pdf


Lattice Example Results
§ Summary of PDF results at physical pion mass

2006.08636 (PDFLattice2019)

17
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unpolarized longitudinally polarized transversely polarized

Finite volume, 
Discretization,
ȣ

u ὼ Ὠὼ ɝόὼ ɝὨὼ Ὠὼ‏ όὼ‏
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unpolarized longitudinally polarized transversely polarized

Finite volume, 
Discretization,
ȣ
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Lattice Example Results
§ Summary of PDF results at physical pion mass

2006.08636 (PDFLattice2019)
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unpolarized longitudinally polarized transversely polarized

Finite volume, 
Discretization,
ȣ

u ὼ Ὠὼ ɝόὼ ɝὨὼ Ὠὼ‏ όὼ‏

8,700 yen



Isovector  PDFs Update
§ Nucleon isovector PDF calculated directly at physical pion mass

xNNLO matching & treat leading-renormalon effects
{ Leading-renormalon resummation (LRR)

{ Renormalization-group resummation (RGR)

xNf=2+1+1 clover/HISQ, ὥ πȢπω fm, ὖ ς 'Å6

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia 20

Wanted 
PDFs, 
GPDs, 

etcȣ

J. Holligan, HL (MSULat), 2312.10829 [hep-lat] 

R. Zhang, et. al. 

PLB 844, 138081 (2023)

P: Jack Holligan 
x

u ὼ Ὠὼ



Isovector  PDFs Update
§ Nucleon isovector PDF calculated directly at physical pion mass

xNNLO matching & treat leading-renormalon effects
{ Leading-renormalon resummation (LRR)

{ Renormalization-group resummation (RGR)

xNf=2+1 clover/HISQ, ὥ πȢπχφ fm, ὖ ρȢυ 'Å6

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia 21

R. Zhang, et. al. 

PLB 844, 138081 (2023)

x

X. Gao et al (ANL/BNL), 2310.19047 [hep-lat] 

Transversity

όὼ‏ Ὠὼ‏

Wanted 
PDFs, 
GPDs, 

etcȣ



Continuum PDF
§ Nucleon PDFs using quasi-PDFs in the continuum limit 
x Lattice details: clover/2+1+1 HISQ (MSULat)

   a  {0.06, 0.09, 0.12} fm 

        Mʌ ɸ  {135 , 220, 310}-MeV pion

        MʌL ɸ  {3.3, 5.5}

        ὖ ς 'Å6

xNaïve extrapolation to physical-continuum limit

22Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

Quantities 
that can be 

calculated on 
the lattice

2011.14971, HL et al. (MSULat)



Continuum PDF
§ Nucleon PDFs using quasi-PDFs in the continuum limit 
x Lattice details: clover/2+1+1 HISQ (MSULat)

   a  {0.06, 0.09, 0.12} fm

        Mʌ ɸ  ɑρσυ, 220, 310}-MeV pion

        MʌL ɸ  {3.3, 5.5}

        ὖ ς 'Å6

xNaïve extrapolation to physical-continuum limit

2011.14971, HL et al. (MSULat)

23Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

Wanted 
PDFs, GPDs, 

etcȣ

όὼ Ὠὼ



Continuum PDF
§ Nucleon PDFs using quasi-PDFs in the continuum limit 
x Lattice details: clover/2+1 clover (LPC)

   a  {0.49, 0.64, 0.85, 0.98} fm, 

        Mʌ ɸ  [222, 354]-MeV pion, 

        MʌL ɸ  [3.9, 8.1]

        ὖ ɸ ɍρȢψȟ ςȢψɎ

F. Yao et al (LPC), 2208.08008 

24Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

Wanted 
PDFs, GPDs, 

etcȣ

Ὠὼ‏ όὼ‏



Gluon PDF in Nucleon
§ Continuum Gluon PDF w/ pseudo-PDF
x 2+1+1 HISQ {0.09, 0.12, 0.15} fm

    [220, 310, 700]-MeV pion, 105ɀ106 statistics

G: Bill Good

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

Wanted 
PDFs, 
GPDs, 

etcȣ

Quantities 
that can be 

calculated on 
the lattice

25

Z. Fan et al (MSULat), 2210.09985 



Generalized Parton Distributions
§ Nucleon/pion GPDs using quasi-PDFs at physical pion mass 

calculated at Breit Frame 

§ One calculates the following matrix elements on the lattice   

HL, Phys. Rev. Lett. 127 (2021) 18, 182001

26Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

N ὖ ᴆήȾς

ὗς ɜ

N ὖ ᴆήȾς

ὸὸ

Ὂὼȟ‚ȟὸȟὖ

ὖ

ὖ

Ὠᾀ

τ“
Ὡ ὖὕ ᾀὖ

όὖ

ςὖ
╗ὼȟ‚ȟὸȟὖ ‎ ╔ὼȟ‚ȟὸȟὖ

Ὥ„ ɝ

ςὓ
όὖ

ὴ
ὴ ὴ

ς
ȟ ɝ ὴ ὴ ȟ ὸ ɝȟ ‚

ὴ ὴ

ὴ ὴ

Nucleon unpolarized GPDs: H and E 

Quantities 
that can be 

calculated on 
the lattice



Isovector  Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
xMSULat: clover/2+1+1 HISQ

   0.09 fm, 135-MeV pion mass, ὖ ς 'Å6

x‚ π isovector nucleon GPD results

HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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Isovector  Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
x Lattice details: clover/2+1+1 HISQ (MSULat)

 0.09 fm, 135-MeV pion mass, ὖ ς 'Å6

x‚ π isovector nucleon GPD results

Ὠὼ ὼ Ὄ ὼȟ‚ȟὸ

ȟ

ς‚ὃ ὸ ς‚ ὅ ὸ
 

ὲ ρ

HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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Isovector  Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
x Lattice details: clover/2+1+1 HISQ (MSULat)

 0.09 fm, 135-MeV pion mass, ὖ ς 'Å6

x‚ π isovector nucleon GPD results

Ὠὼ ὼ Ὁ ὼȟ‚ȟὸ

ȟ

ς‚ὄ ὸ ς‚ὅ ὸ
 

ὲ ς

HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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Nucleon Tomography
§ Nucleon GPD using quasi-PDFs at physical pion mass  
x Lattice details: clover/2+1+1 HISQ

 0.09 fm, 135-MeV pion mass, ὖ ς 'Å6

x‚ π isovector nucleon GPD results

ήὼȟὦ
Ὠᴆή

ς“
Ὄὼȟ‚ πȟὸ ᴆή Ὡ ẗ
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finite -volume, 
discretization,
ȣ

HL, Phys. Rev. Lett. 127 (2021) 18, 182001

30

§ Nucleon helicity GPD (Ὄ) and pion GPD Ὄ  using quasi-PDFs 
at physical pion mass  HL (MSULat), Phys.Lett.B 824 (2022) 136821; 

Phys. Lett. B 846 (2023) 138181 



Asymmetric -Frame GPD
§ New calculations by ANL/BNL/ETMC using asymmetric frame

x 2+1+1 twisted-Wilson, 0.09 fm, ὖ ρȢσ 'Å6
260 -MeV pion, one source-sink used

x‚ π isovector nucleon GPD results

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia

finite -volume, 
discretization,
heavy quark, 
excited-ÓÔÁÔÅȟ ȣ 

ȣ

ANL/BNL/ETMC, 2209.05373,2310.13114
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Asymmetric -Frame GPD
§ New calculations by ANL/BNL/ETMC using asymmetric frame

x 2+1+1 twisted-Wilson, 0.09 fm, ὖ ρȢσ 'Å6
260 -MeV pion, one source-sink used

x‚ π isovector nucleon GPD results
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finite -volume, 
discretization,
heavy quark, 
excited-stateȟ ȣ 

ȣ

ANL/BNL/ETMC, 2209.05373,2310.13114
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See Shohini Bhattacharyaõ talks@ Lattice 2024
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GPD Systematic Update
§ Nucleon isovector GPDs calculated directly at physical pion mass

xNNLO matching & treat leading-renormalon effects
{ Leading-renormalon resummation (LRR)

{ Renormalization-group resummation (RGR)

xNf=2+1+1 clover/HISQ, ὥ πȢπω fm, 135-MeV pion, ὖ ς 'Å6

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia 33

Wanted 
PDFs, 
GPDs, 

etcȣ

R. Zhang, et. al. 

PLB 844, 138081 (2023)

P: Jack Holligan 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat] 

Q2=0.39 GeV2 



GPD Systematic Update
§ Nucleon isovector GPDs calculated directly at physical pion mass

xNNLO matching & treat leading-renormalon effects
{ Leading-renormalon resummation (LRR)

{ Renormalization-group resummation (RGR)

xNf=2+1+1 clover/HISQ, ὥ πȢπω fm, 135-MeV pion, ὖ ς 'Å6
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Wanted 
PDFs, 
GPDs, 

etcȣ

R. Zhang, et. al. 

PLB 844, 138081 (2023)

P: Jack Holligan 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat] 



GPD Systematic Update
§ Nucleon isovector GPDs calculated directly at physical pion mass

xNNLO matching & treat leading-renormalon effects
{ Leading-renormalon resummation (LRR)

{ Renormalization-group resummation (RGR)

xNf=2+1+1 clover/HISQ, ὥ πȢπω fm, 135-MeV pion, ὖ ς 'Å6
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Wanted 
PDFs, 
GPDs, 

etcȣ

R. Zhang, et. al. 

PLB 844, 138081 (2023)

P: Jack Holligan 

J. Holligan, HL (MSULat), 2312.10829 [hep-lat] 



Transverse Momentum Distributions 
§ TMDs inform on confined motion of partons in hadron 
xComplementary to structure provided by PDFs and GPDs

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia 36

Picture from INT Program INTð17ð3

§ Mini-review by David Lin @ Mon. 2:30PM  



Transverse Momentum Distribution s 
§ TMDs inform on confined motion of partons in hadron 
xComplementary to structure provided byPDFs and GPDs
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Slide from 

D. Lin
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Slide by G: Artur Avkhadiev (MIT)

Transverse Momentum Distributions 
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Impact of Lattice -QCD 
PDFs on Global Fits
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First Lattice Strange PDF
§ Results by MSULat/quasi-PDF method 
x Clover on 2+1+1 HISQ, πȢρς-fm 310-MeV QCD vacuum

x Extrapolated to ὓ ρτπ MeV

 

2ÅὬᾀ ᶿ Äὼίὼ Ӷίὼ ÃÏÓὼᾀὖ  
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Quantities 
that can be 

calculated on 
the lattice

R. Zhang et al (MSULat), 

2005.01124



§ Results by MSULat/quasi-PDF method 
x Clover on 2+1+1 HISQ, πȢρς-fm 310-MeV QCD vacuum

x Extrapolated to ὓ ρτπ MeV, ὖ ρȢχ 'Å6

 

2ÅὬᾀ ᶿ Äὼίὼ Ӷίὼ ÃÏÓὼᾀὖ  

Lattice Strangeness Asymmetry Impact

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia
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§ From quasi-PDF to PDF

ὕ
ɤ

ὼὖ
ȟ
ɤ

ρ ὼ ὖ

T. Hou, HL, M. Yan, C. Yuan, 

2211.11064

41

Quantities 
that can be 

calculated on 
the lattice

§ The strangeness asymmetry ίὼȟὗ Ӷίὼȟὗ  at ὼ πȢς is
difficult to measure, but can be predicted in lattice QCD

Wanted 
PDFs, 
GPDs, 

etcȣ

R. Zhang et al (MSULat), 

2005.01124



Lattice Gluon PDF Impact

Huey-Wen Lin ɂConfinement 2024, Cairns, Australia 42

Quantities 
that can be 

calculated on 
the lattice

2210.09985, W. Good et al

 (MSULat)

§ Can use aҒ0.09 fm results as
xBest estimate of gluon PDF

xAim for future precision

§ First continuum Gluon PDF w/ pseudo-PDF
x 2+1+1 HISQ {0.09, 0.12, 0.15} fm, ὖ ςȢς 'Å6

    [220, 310, 700]-MeV pion, 105ɀ106 statistics

Wanted 
PDFs, 
GPDs, 

etcȣ



Lattice Gluon PDF Impact
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Before After

Wanted 
PDFs, 
GPDs, 

etcȣ

§ Preliminary study with CTEQ-TEA analysis
x Take lattice inputs in the region where no strong experimental 

data constraints, ὼɴ πȢτȟπȢχ

xUsing e-pump for re-weighting 
Plots by Alim Ablat (Xinjiang U.)

 

Preliminary



Lattice Gluon PDF Impact
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Before After

Wanted 
PDFs, 
GPDs, 

etcȣ

§ Preliminary study with CTEQ-TEA analysis
x Take lattice inputs in the region where no strong experimental 

data constraints, x \ in [0.4,0.7]

xUsing e-pump for re-weighting 

Preliminary
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(Xinjiang U.)
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§ Preliminary study with CTEQ-TEA analysis
x Take lattice inputs in the region where no strong experimental 

data constraints, x \ in [0.4,0.7]

xUsing e-pump for re-weighting 

Plot by Alim Ablat 

(Xinjiang U.)

 

Plot from P. Nadolsky
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First Lattice Charm PDF
§ Large uncertainties in global PDFs 

xClover on 2+1+1 HISQ  πȢρς-fm 310-MeV QCD vacuum
2005.01124, R. Zhang et al (MSULat)

§ Results by MSULat/quasi-PDF method 
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§ Large uncertainties in global PDFs 

xClover on 2+1+1 HISQ  πȢρς-fm 310-MeV QCD vacuum
2005.01124, R. Zhang et al (MSULat)

§ Results by MSULat/quasi-PDF method 
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