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Inclusive processes = sum over final states

With a vacuum: 
• HVP for muon g-2 
• Hadronic tau decays
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Inclusive processes = sum over final states

With a vacuum: 
• HVP for muon g-2 
• Hadronic tau decays

With a specific initial state: 
• Semi-leptonic decays 
• Inclusive l-N cross sections

ψ
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Written in terms of an integral of spectral function 

The integral can be viewed as a “smeared spectrum”.



Lattice correlator vs smeared spectrum

Lattice correlator:

c.f.   spectral func:

all possible states contribute

Smeared spectrum:
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HVP contrib to muon g-2

slowly varying func

Hadronic τ decay
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heavier weight on the low-energy end ~ 2mπ

c.f. work by ETMC



Objective
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=  Establish an approximation

combination of C(t) with various t;with controlled errors



Approximation?

• Not always possible; when the function 
varies rapidly, in particular.  

• Some methods developed recently. 

• Modified Backus-Gilbert 

• Chebyshev polynomial
Bailas, Ishikawa, SH, arXiv:2001.11779

Hansen, Lupo, Tantalo, arXiv:1903.06476



Kernel polynomial method

Expansion of f(x)  (defined in [−1,+1])  in orthogonal polynomials pn(x).

see, e.g.  Weiße, Wellein, Alvermann, Fehske, Rev. Mod. Phys. 78, 275 (2006)
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Often, Chebyshev polynomials turn out to be the best, i.e. fastest convergence.

P!
−1

1 "1 − y2Un−1#y$dy
#y − x$

= − !Tn#x$ , #15$

where P denotes the principal value. Chebyshev polyno-
mials have many more interesting properties; for a de-
tailed discussion we refer the reader to textbooks #Riv-
lin, 1990$.

2. Modified moments

As sketched above, the standard way of expanding a
function f : %−1,1&→R in terms of Chebyshev polynomi-
als of first kind is given by

f#x$ = '
n=0

" (f )Tn*1

(Tn)Tn*1
Tn#x$ = #0 + 2'

n=1

"

#nTn#x$ , #16$

with coefficients

#n = (f )Tn*1 = !
−1

1 f#x$Tn#x$
!"1 − x2

dx . #17$

However, the calculation of these coefficients requires
integrations over the weight function w#x$, which in
practical applications to matrix problems prohibits a
simple iterative scheme. The solution to this problem
follows from a slight rearrangement of the expansion,
namely,

f#x$ =
1

!"1 − x2+$0 + 2'
n=1

"

$nTn#x$, , #18$

with coefficients

$n = !
−1

1

f#x$Tn#x$dx . #19$

More formally this rearrangement of the Chebyshev se-
ries corresponds to using the second scalar product (·) · *2
and expanding in terms of the orthogonal functions

%n#x$ =
Tn#x$

!"1 − x2
, #20$

which fulfill the orthogonality relations

(%n)%m*2 =
1 + &n,0

2
&n,m. #21$

The expansion in Eq. #18$ is thus equivalent to

f#x$ = '
n=0

" (f )%n*2

(%n)%n*2
%n#x$

=
1

!"1 − x2+$0 + 2'
n=1

"

$nTn#x$, , #22$

with moments

$n = (f )%n*2 = !
−1

1

f#x$Tn#x$dx . #23$

The $n now have the form of modified moments that
we mentioned in the Introduction, and Eqs. #18$ and #19$
represent the elementary basis for the numerical method
which is the topic of this review. In the remaining sec-
tions we will explain how to translate physical quantities
into polynomial expansions of the form of Eq. #18$, how
to calculate the moments $n in practice, and, most im-
portantly, how to regularize expansions of finite order.

Naturally, the moments $n depend on the considered
quantity f#x$ and on the underlying model. We will
specify these details when discussing particular applica-
tions in Sec. III. Nevertheless, there are features which
are similar to all types of applications, and we start with
presenting these general aspects in what follows.

B. Calculation of moments

1. General considerations

A common feature of basically all Chebyshev expan-
sions is the requirement for a rescaling of the underlying
matrix or Hamiltonian H. As described above, the
Chebyshev polynomials of both first and second kind are
defined on the real interval %−1,1&, whereas the quanti-
ties we are interested in depend on the eigenvalues -Ek.
of the considered #finite-dimensional$ matrix. To fit this
spectrum into the interval %−1,1& we apply a simple lin-
ear transformation to the Hamiltonian and all energy
scales,

H̃ = #H − b$/a , #24$

Ẽ = #E − b$/a , #25$

and denote all rescaled quantities with a tilde hereafter.
Given the extremal eigenvalues of the Hamiltonian,
Emin and Emax, which can be calculated, e.g., with the
Lanczos algorithm #Lanczos, 1950$, or for which bounds
may be known analytically, the scaling factors a and b
read

a = #Emax − Emin$/#2 − '$ , #26$

b = #Emax + Emin$/2. #27$

The parameter ' is a small cutoff introduced to avoid
stability problems that arise if the spectrum includes or
exceeds the boundaries of the interval %−1,1&. It can be
fixed, e.g., to '=0.01, or adapted to the resolution of the
calculation, which for an expansion of finite order N is
proportional 1 /N #see below$.

The next similarity of most Chebyshev expansions is
the form of the moments, namely, their dependence on
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approaches !Silver and Röder, 1997; Skilling, 1998; Ban-
dyopadhyay et al., 2005". Drawing more attention to
KPM as a potent alternative to all these techniques is
one of the purposes of the present work.

The outline of the paper is as follows: In Sec. II we
give a detailed introduction to Chebyshev expansion and
the kernel polynomial method, its mathematical back-
ground, convergence properties, and practical aspects of
its implementation. In Sec. III we apply KPM to a vari-
ety of problems from solid-state physics. Thereby, we
focus on illustrating the types of quantities that can be
calculated with KPM, rather than on the physics of the
considered models. In Sec. IV we show how KPM can
be embedded into other numerical approaches that re-
quire knowledge of spectral properties or correlation
functions, namely, Monte Carlo simulation and cluster
perturbation theory. In Sec. V we discuss alternatives to
KPM and compare their performance and precision, be-
fore summarizing in Sec. VI.

II. CHEBYSHEV EXPANSION AND THE KERNEL
POLYNOMIAL METHOD !KPM"

A. Basic features of Chebyshev expansion

1. Chebyshev polynomials

Let us first recall the basic properties of expansions in
orthogonal polynomials and of Chebyshev expansion in
particular. Given a positive weight function w!x" defined
on the interval #a ,b$ we can introduce a scalar product

%f&g' = (
a

b

w!x"f!x"g!x"dx !1"

between two integrable functions f ,g : #a ,b$→R. With
respect to each such scalar product there exists a com-
plete set of polynomials pn!x", which fulfill the orthogo-
nality relations

%pn&pm' = !n,m/hn, !2"

where hn=1/ %pn &pn' denotes the inverse of the squared
norm of pn!x". These orthogonality relations allow for
an easy expansion of a given function f!x" in terms of the
pn!x", since the expansion coefficients are proportional
to the scalar products of f and pn,

f!x" = )
n=0

"

#npn!x" with #n = %pn&f 'hn. !3"

In general, all types of orthogonal polynomials can be
used for such an expansion and for the kernel polyno-
mial approach we discuss in this paper #see, e.g., Silver
and Röder !1994"$. However, as we frequently observe
whenever we work with polynomial expansions !Boyd,
1989", Chebyshev polynomials !Abramowitz and Stegun,
1970; Rivlin, 1990" of first and second kind turn out to be
the best choice for most applications, mainly due to the
good convergence properties of the corresponding series
and to the close relation to Fourier transform !Cheney,
1966; Lorentz, 1966". The latter is also an important pre-

requisite for the derivation of optimal kernels !see Sec.
II.C", which are required for the regularization of finite-
order expansions, and which so far have not been de-
rived for other sets of orthogonal polynomials.

Both sets of Chebyshev polynomials are defined on
the interval #a ,b$= #−1,1$, where the weight function
w!x"= !$*1−x2"−1 yields the polynomials of first kind Tn

and the weight function w!x"=$*1−x2 those of second
kind Un. Based on the scalar products

%f &g'1 = (
−1

1 f!x"g!x"
$*1 − x2

dx , !4"

%f &g'2 = (
−1

1

$*1 − x2f!x"g!x"dx , !5"

the orthogonality relations thus read

%Tn&Tm'1 =
1 + !n,0

2
!n,m, !6"

%Un&Um'2 =
$2

2
!n,m. !7"

By substituting x=cos!%" one can easily verify that they
correspond to the orthogonality relations of trigonomet-
ric functions, and that in terms of those the Chebyshev
polynomials can be expressed in explicit form

Tn!x" = cos#n arccos!x"$ , !8"

Un!x" =
sin#!n + 1"arccos!x"$

sin#arccos!x"$
. !9"

These expressions can then be used to prove the recur-
sion relations,

T0!x" = 1, T−1!x" = T1!x" = x ,

Tm+1!x" = 2xTm!x" − Tm−1!x" , !10"

and

U0!x" = 1, U−1!x" = 0,

Um+1!x" = 2xUm!x" − Um−1!x" , !11"

which illustrate that Eqs. !8" and !9" indeed describe
polynomials, and which, moreover, are an integral part
of the iterative numerical scheme we develop later on.
Two other useful relations are

2Tm!x"Tn!x" = Tm+n!x" + Tm−n!x" , !12"

2!x2 − 1"Um−1!x"Un−1!x" = Tm+n!x" − Tm−n!x" . !13"

When calculating Green functions we also need Hilbert
transforms of the polynomials !Abramowitz and Stegun,
1970",

P(
−1

1 Tn!y"dy

!y − x"*1 − y2
= $Un−1!x" , !14"
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Polynomials defined by
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• Minmax approx (i.e. maximum deviation is 
minimum) for a given N 
- Lanczos (1952):  convergence of Chebyshev is the 

fastest among other orthogonal polynomials.  
Mostly the case; there are exceptions, though. 

• Coefficients cj easily obtained to arbitrary N. 
How fast is the convergence?  See below. 

• Each term satisfies |Tj(x)|≦ 1. Absolute upper 
limit of the ignored terms are known.

• Typical resolution at O(N) ~ 1/N 
- thus, the energy resolution ~ 1/N  

• Each j from C(j = t), so precise 
approx needs large time sep
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Resolution is about 1/N or a bit larger.

try to approx a “delta” function with N = 20
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• Independent of the target function 
- Limit of Δ→0 has to be taken with (or 

after) N→∞

<latexit sha1_base64="WR6G/oGJoAaO2VY2gVVFKIOVWC0="></latexit>

x = e�!;



<latexit sha1_base64="+FMhA7dL9Yz387DHH1phcMiIS6Q="></latexit>

f(x) ' c0
2

+
N�1X

j=1

cjTj(x)

• Typical resolution at O(N) ~ 1/N 
- thus, the energy resolution ~ 1/N

• Independent of the target function 
- Limit of Δ→0 has to be taken with (or 

after) N→∞
0.0 0.5 1.0 1.5 2.0

!

0.0

0.2

0.4

0.6

0.8

1.0

¢ = 0.01

1

1 + exp((! ° !0)/¢)

Cheb with N=20

Resolution is about 1/N or a bit larger.

try to approx a “step” function with N = 20

<latexit sha1_base64="WR6G/oGJoAaO2VY2gVVFKIOVWC0="></latexit>

x = e�!;



<latexit sha1_base64="+FMhA7dL9Yz387DHH1phcMiIS6Q="></latexit>

f(x) ' c0
2

+
N�1X

j=1

cjTj(x)

• Typical resolution at O(N) ~ 1/N 
- thus, the energy resolution ~ 1/N

• Independent of the target function 
- Limit of Δ→0 has to be taken with (or 

after) N→∞
0.0 0.5 1.0 1.5 2.0

!

0.0

0.2

0.4

0.6

0.8

1.0

¢ = 0.01

1

1 + exp((! ° !0)/¢)

Cheb with N=20

0.0 0.5 1.0 1.5 2.0
!

0.0

0.2

0.4

0.6

0.8

1.0

¢ = 0.05

1

1 + exp((! ° !0)/¢)

Cheb with N=20

Resolution is about 1/N or a bit larger.

try to approx a “step” function with N = 20

<latexit sha1_base64="WR6G/oGJoAaO2VY2gVVFKIOVWC0="></latexit>

x = e�!;



<latexit sha1_base64="+FMhA7dL9Yz387DHH1phcMiIS6Q="></latexit>

f(x) ' c0
2

+
N�1X

j=1

cjTj(x)

• Typical resolution at O(N) ~ 1/N 
- thus, the energy resolution ~ 1/N

• Independent of the target function 
- Limit of Δ→0 has to be taken with (or 

after) N→∞
0.0 0.5 1.0 1.5 2.0

!

0.0

0.2

0.4

0.6

0.8

1.0

¢ = 0.01

1

1 + exp((! ° !0)/¢)

Cheb with N=20

0.0 0.5 1.0 1.5 2.0
!

0.0

0.2

0.4

0.6

0.8

1.0

¢ = 0.05

1

1 + exp((! ° !0)/¢)

Cheb with N=20

0.0 0.5 1.0 1.5 2.0
!

0.0

0.2

0.4

0.6

0.8

1.0

¢ = 0.1

1

1 + exp((! ° !0)/¢)

Cheb with N=20

Resolution is about 1/N or a bit larger.

try to approx a “step” function with N = 20

Or, restrict the application to sufficiently 
smooth functions.

<latexit sha1_base64="WR6G/oGJoAaO2VY2gVVFKIOVWC0="></latexit>

x = e�!;



Convergence of the expansion
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Exponentially converges.  The smoother the kernel, the faster the convergence. 
Possible to estimate the truncation error.



An example

Borel transform:
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Nearly perfect approx with N=15
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Borel transform (as in QCD sum rule)
Ishikawa, SH, Phys. Rev. D104, 074521 (2021)

FIG. 14. Comparison of ⇧̃(M2) in the continuum limit with the experimental values of the �

meson contribution.

VI. CONCLUSION AND OUTLOOK

The Borel transform has often been used in the QCD sum rule analyses in order to

improve the convergence of OPE and to enhance the contribution of the ground state, which

is of the main interest. A crucial question is then whether the theoretical uncertainty in the

perturbative expansion and OPE is well under control. The uncertainty due to the modeling

of the excited state and continuum contributions is another important issue in the QCD sum

rule. In this work, we provide a method to compute the Borel transform utilizing the lattice

QCD data for current correlators. Since the computation is fully nonperturbative in the

entire range of the Borel mass M , one can use the result to verify the theoretical methods

so far used in the QCD sum rule.

We find a good agreement between the lattice data and OPE in the region of M >

1.0 GeV. The OPE is truncated at the order 1/M6. Since the OPE involves unknown

condensates, this comparison can be used to determine these parameters, provided that the

lattice data are su�ciently precise. As the first example, we attempt to extract the gluon

condensate, which appears in OPE at the order 1/M4. The size of the error is comparable

to those of previous phenomenological estimates. With more precise lattice data in various

channels, one would be able to determine the condensates of higher dimensions, which have

24

channel

lattice

pQCD + OPE φ meson contrib

Lattice can provide precise data 
in the entire energy range.



Chebyshev matrix elements

Shifted Chebyshev polynomials:
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�Ĥ)i = 32C̄(3)� 48C̄(2) + 18C̄(1)� 1

· · ·

Matrix elements:
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Lattice data from JLQCD: 
• Domain-wall, 483x96, a−1 ~ 2.45 GeV 
• mπ ~ 230 MeV 
• Vector channel, LL 

Orange: fit with the reverse formula + 
a constraint |T*j(x)|≦ 1
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djhT ⇤
j
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Data soon become very noisy; 
the expansion possible only up 
to N = O(10).



Inclusive processes
Semi-leptonic B/D decays:

=

Kernel:

• Need to smear the step function to obtain reasonable 
approximation, with σ = 1/N, say. 

• Extrapolation to N→♾, see below.

narrow smearing  
(σ = 0.02)

Chebyshev approx 
(N = 10)



Potential systematic effect

upper limit

narrow smearing (σ = 0.02)
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• Differential decay rate:

- Have to truncate the expansion. 
- We don’t know the spectrum a priori.

K(ω)



Kernel: polynomial approximation

Kµ‹(q, Ê; t0) = e
2Êt0 kµ‹(q, Ê) ◊‡ (Êmax ≠ Ê)

smooth step-function (sigmoid):
cut the unphysical states above Êmax,

here we fix ‡ = 0.02
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Barone et al. (2023)

• Relevant energy range depends on the momentum transfer. 
• Can improve by adjusting the lower limit of the approximation. 
• Backus-Gilbert and Chebyshev give essentially the same approx.



Truncation error: the worst case

Inclusive semi-leptonic decays of charmed mesons with Möbius domain wall fermions Ryan Kellermann

Figure 2: -̄ contributions for di�erent kinematical channels as a function of q. The vertical lines show the
value q2

max for the vector (V) and pseudoscalar (PS) meson, respectively. The approximation is obtained for
# = 10 Chebyshev polynomials and the smearing of the kernel function is given by f = 1/# = 0.1. With the
available lattice data # = 10 is the upper limit for the Chbeyshev approximation, since the statistical noise of
the data becomes too strong for higher orders.

2c/!. All the data have been generated with Grid [8] and Hadrons [9] software packages. Part of
the fits in the analysis has been performed using lsqfit [10].

The number of configurations averaged are 50 and the measurement is duplicated with 8
di�erent source time slices. For each fixed spatial momentum q we calculate the four-point
correlation function to extract ⇠`a

� � (C, q) (further details on the lattice calculation can be found in
[11]) and determine the shifted Chebyshev matrix elements from ⇠`a

� � (C + 2C0, q)/⇠`a
� � (2C0, q) as

shown in (8) by performing a constrained fit imposing the condition (10). The l-integral is then
obtained by using the representation (8).

In Figure 2 we show the preliminary results for the energy integral -̄ defined in (4), where
we decompose -̄ into di�erent contributions, i.e. whether we have vector (VV) or axial-vector
(AA) current insertions, as well as the polarization of the inserted currents, i.e. parallel (k) and
perpendicular (?) to the momentum q. Our results are shown for a choice of # = 10 and the
smearing of the kernel function (7) is defined through f = 1/# = 0.1. With the available data,
# = 10 is the highest order that we can achieve with the Chebyshev approximation, since the
statistical noise of the lattice data becomes too large for orders of # > 10. In Figure 2, we also
include a contribution to -̄ k

++ from the exclusive semi-leptonic ⇡ !  decay, allowing us to
surmise that our results are in the right ballpark.

We comment on the region close to the end of the phase space, i.e. the point of q = (1, 1, 1)
corresponding to q2 ⇡ 0.66 GeV2 shown in Figure 2, for - k

++ and - k
��. In this region, a dominant

contribution from the ground state is expected for - k
++ , since the excited state energy exceeds the

5

Inclusive semi-leptonic decays of charmed mesons with Möbius domain wall fermions Ryan Kellermann

Figure 4: Development of approximation results for - k
++ at q = (1, 1, 1) depending on the number of

polynomials # used in the Chebyshev approximation. We set the smearing f of the kernel function to be
f = 1/# .The blue triangles show the approximation results using the available lattice data, while the orange
circles are obtained by only considering the ground state contribution obtained from fitting the lattice data.

4.2 Above the kinematical end-point: - k
++

For - k
++ we expect contributions from both the pseudoscalar and vector mesons. We have to

take both of these contributions into consideration to obtain an estimate of the ground-state-only
contribution, which, together with the results obtained from using the inclusive data, are shown in
Figure 4. Here, it is important to note how the error on the inclusive data is estimated. Taking into
account the analytical form of the approximation given in Eq. (8) and the fact that for higher orders
of # the Chebyshev matrix elements are basically given by 0±1, we can construct an error estimate
by simply adding up the absolute values of the coe�cients 2⇤9 appearing in the approximation. These
error estimates are shown in Figure 4. The figure shows that our error estimate is able to cover
the expected ground state contribution. Furthermore, the behavior of the ground state contribution,
i.e. the steady increase of the approximation value, shown in the Figure 4 is expected. For -̄ k

++

at q = (1, 1, 1) the range of the energy integral is quite narrow and this range is dominated by the
ground state. So that depending of the choice of the Chebyshev polynomials # , and consequently
the smearing f, our approximation monotonously increases towards the true value.

Finally, let us close this section by showing how the results shown in Figure 2 change if we
increase # to 100 and apply the error estimation method discussed above. The results are shown in
Figure 5. The Figure shows that even if the number of polynomials is increased the central values
of the approximation remains stable. This should also be the case if we take the # ! 1 limit. At
the same time we see that the error bars also start increasing significantly. We note that the error
bars shown in this plot are most likely overestimated since we are assuming the mathematical upper
limit. The actual error is expected to be smaller, but a proper estimate requires knowledge on the

7

increasing order of poly with σ = 1/N

N=10

N=100

Ds semi-leptonic decays: 
Kellermann @ Lattice 2022

error bound with |Tj(e−H)| ≦ 1

Dangerous near the kinematical end-point. 
Ground-state can be treated exactly, anyway.



Ds semi-leptonic decays: 
Kellermann @ Lattice 2024

Ground-state treated exactly.  Chebyshev 
approx the rest.  Added to all orders; error is 
estimated using |T*j(x)|≦ 1.

Fixed smearing width; fixed polynomial order 
σ = 1/N = 0.1



Finite volume effect?
• Two-body state contribution may induce power-law, 1/Lα, corrections.  
• Can be estimated using models (form factors). Not significant in this particular 

case. 

XAA⊥ (q2 ) for q=(0,0,1)

studies with varying upper limit ωth 

Its physical value is given by the released energy.

A model with



Results so far:
Full error analysis still to be done

Results and comparison
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Key points:
I Chebyshev and Backus-Gilbert approaches are fully compatible;
I pilot study:

I values are in the right ballpark (compared to B decay rate, based on SU(3) flavour
symmetry);

I low statistics, roughly 5 ≠ 10% error.
,
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Barone et al. (2023) 
  : RBC/UKQCD data (bottom)

Gambino et al. (2022) 
 : ETMC data (charm)



Summary

• Inclusive processes can be viewed as a smeared spectral function. 

- Hadronic tau decays, inclusive semi-leptonic D/B decays, lepton-nucleon scattering, etc 

- First principles calculations possible with the kernel approximation. 

• Different kinds of systematic errors. 

- Approximation: truncation error of polynomial approx.  Can be estimated using the Chebyshev constraints. 

- Finite volume: two-body states induce power law, 1/Lα, corrections. Need some models to estimate. 

• Complementary to Luscher’s finite-volume approach  

- No need to identify each energy level, thus much simpler to compute. 

- No info of scattering phase shifts.  Only integrated quantities are accessible, yet some (a lot of) physics 
opportunities!


