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1. Background

U Exclusive doubleharmoniunproduction ag*€ collider is among the simplest
hard exclusive reactions in perturbative QCD, which can be used to testify the

factorization

U Significant attention has been devoted to the study of dowblarmoniunproduction
at B factories at beginning of this century.

U Considerable effort has been paiddéduce the discrepancy between experimental
measurements and theoretical predictionfor the exclusive doubleharmonium

production; A notable example is fer e~ — .J /1 + 1,
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1. Background ete” = J/+ne

On experiment side:

S

olete”™ = J/p+n.) x Bsy = 3317+9fb QBELLE(2002),
e” = J/+n.) x Bso 25.6 + 2.8 + 3.4 fb @QBELLE(2004),
e~ = J/Y+n) X Bso 17.6 +2.8722 fb  @BABAR(2005),
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where 5. , signifies that branching fraction df decay into the
final states with more than 2 charged tracks




1. Background ete” = J/+ne

There is an abundance of theoretical work on this process, based on vari
approaches. Below are several studies conduced within the framework of
NRQCD

Braaten Lee, PRD(2003)

Liu, He, Chao PLB(2003)

Zhang, Gao, Chad’RL(2006)--- NLO QCD corrections

Bodwin, Kang, Lee PRD(2006)--- NLO relativisitccorrections

Bodwin, Kang, Kim, Lee, Yuhepph0611002

He, Fan, ChadPRD(2007)

Bodwin, Lee, Yy PRD(2008)

Gong, WangPRD(2008)--- NLO QCD corrections

Dong, Feng, JiaPRD(2012)--- Mixed QCD and relativistic corrections)(a,v?)
Li, Wang CPC(2014)
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1. Background etem — g/ + 1,

Feng Jia Mo, SWL, Zhang, arXiv: 1901.08447 (PLB 2024
Table 2

Individual contributions to the predicted ole"e™ — J /y +#.] (in units of fb) at \/E= 10.58 GeV. We take pp = \/5/2, and

My = 1 GeV. The first error is obtained by varying m from = 1.3 to 1.7GeV, and the second error is deduced by varying
pg from 2m to \/E

LO vLO NLO vNLO NNLO VNNLO BELLE BABAR
+0.9242.3] +2.7344.45 +2.874+3.74 +4.69435.87 +5.034+3.68 +8.844+4.00 +2.8434 +2.8+1.5
5'05—{!.99—].49 9'?0—2.79—2.85 10'60—2.61—2.6!3 15'25—4.41—3.96 15'09—4.16—2.3? 20'?4—?’.3?—3.59 25'6—2.8—3.4 ]?'6—2.8—2.1

Despite of considerable uncertairttye
theoretical predictiors consistent with the
experimental data.

olete™ — J/v + n(fb)

Note The twaeloop corrections were confirmed o ea o ia ca sia naeiane eiageciaceia e
by Huang, Gong, Wang, JHEP(2023) 2 # ® d B 8 ? 19




1. Background

Let us turn to another important double charmonia produati@factory,
l.e., ete™ = J/p+ J/

1) Such process has proceed vi&2Q annihilating intotwo virtual photons

2) By naive expectatiorthe production rate is more suppressed duedorrence of the
extra QED coupling constants
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olete™ = J/p + J/p) o< o’ ‘7(€+€__>J/¢‘|‘77c)0<040573



1. Background

UnpolarizedCross section (in units @)

H, \ H, J/ (2S5)

J /1 6.65 + 3.02 5.52 £+ 2.50
¥ (2S) 1.15 £ 0.52
Hs \ Hi J /1 (25)

e 3.78 =+ 1.26 1.57 4 0.52
n:(25) 1.57 £ 0.52 0.65 £ 0.22

Note the tredevel prediction forl Ji + J/) is even bigger than Jk +—;)

Bodwin, Lee andBraatenPRL2003;
Bodwin, Lee andBraatenPRD, 2003 (E 2005)
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1. Background
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olete™ = J/Y+ J/Y) <o’ a(efe™ = J/ +ne) ox a’ag
How to explain?

1) Enhancedby photon fragmentatiorirOm photon propagators) (S/mzj/w)zl

2) Enhanced by the propagator of the electramatll azimuthahngled



1. Background

Unfortunately, double y/production has not yet been observed at B factor

TABLE I. Summary of the signal yields (N), charmonium
masses (M), significances, and cross sections (Ogym X
Bos[(cC),es)) for et e™ — J/h(cE),es; B~> denotes the branch-
ing fraction for final states with more than two charged tracks.

(€T)pes N M [GeV/c?] Signif. ogyy X B, [fb]
7. 2351+ 26 29720007 107 25.6x28x*34
J/ —14 + 20 fixed -+ <9.1 at 90% CL
Yoo 89 +24 34070011 38 64+ 1.7+ 10
Yoo+ X 10£27  fixed <5.3 at 90% CL
7.(25) 164 =30 3.630=0.008 6.0 165=*3.0*24
P(2S) —26 =+ 29 fixed <13.3 at 90% CL

PRD(RC) (2004), BELLE K. Abe et al. PRD 2008

TABLE III. Summary of the signal yields (N), significances,
and cross sections (0 gom X B-ol(cC)es)) for eTe™ — (25) X
(¢C),ess B~ denotes the branching fraction for final states
containing charged tracks.

(0 N Signif. OBom X B>o [fb]
N, 36.7 £ 10.4 4.2 16.3 4.6 £3.9
J/ 6.9 = 8.9 o <16.9 at 90% CL
Xc0 35.4 = 10.7 3.5 129+3.8%3.1
Yoy F ¥op 6.6 = 8.0 <8.6 at 90% CL
7.(25) 360+ 11.4 3.4 16.0£ 5.1 3.8
P(2S) —=8.3 X85 <5.2 at 90% CL

Belle finds no evidence foe " e~ — J /1 + J /1
Why have the experiment found tsignal ford/ +—; butnot forJ +Jk 10



1. Background

We have known that both the radiative and relativistic corrections can
significantly enhance the LO cross section Joy+—;

Table 2

Individual contributions to the predicted ole"e™ — J /y +#.] (in units of fb) at \/E= 10.58 GeV. We take uy = \/E/Z and

My = 1 GeV. The first error is obtained by varying m from = 1.3 to 1.7GeV, and the second error is deduced by varying
pg from 2m to \/E

LO vLO NLO vNLO NNLO VNNLO BELLE BABAR
+0.9242.3] +2.73+4.45 +2.874+3.74 +4.69435.87 +5.034+3.68 +5.844+4.00 +2.8434 +2.8+1.5
5'05--{1.‘}‘}—I.-19 g'?{}—l?‘:}—i.ﬁi 10'60—2.6I—2.H1 15'25—4.4I—3.‘}ﬁ 15'{}9—4.16—2.8? 20'?4—'.3?—3.59 25'6—2.8—3.4 ]?'6—2.H—E.I

How about the corrections for theprocessl/y +J/y ?
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1. Background ete™ — J/v+ J/

Current Research Progress

2002:
2003:
20006:
2006:
2008:
2013:

Bodwin, Lee,Braaten NRQCD LO 8.71b
Bodwin, Lee,Braaten NRQCD LO 6.65fb
Davier, Peskin Snyder VMD 2.38fb
Bodwin, Braaten Lee, Yu fragmentation+nonfragmentation1.6900.35fb
Gong, Wang NRQCD NLO in U, -3.40 2.3 fb
Fan, Lee, Yu NRQCD NLQLiand ? 18 1.5fb

The ordeiU, correction is negative and significant!
1) Negative total cross section in some range of renormalization scale
2) How about theperturbative convergenc& NNLO correction?

To provide useful guidance for experimentalists to search for this channel, itis crucia
to present therecise theoretical prediction

12



1. Background

Gong, Wang PRL(2008)

ete™ = J/p+ J/Y

The main contribution comes

me (GeV)  # @ (W) |10 (D) awio () | onio/ 1o from the fragmentation diagrams.
1.5 m, 0369 | 7409  —2327 | —0.314
1.5 2m, 0259 | 7.409 0.570 0.077 o, 7
1.5 J5/2 0211 | 7.409 1.836 0.248 ¢ M%@ /¥
1.4 m, 0386 9137  —3350  —0.367 Y
1.4 2m, 0267  9.137 0.517 0.057 N
1.4 J5/2 0211 9.137 2312 0.253 e « S/
oNLO/0LO A (1+f(1)%)4
7 _ LU
(J/pleyte|0) = fJ/wMJ/w%/qp ~ 11122 L 0e2) ~ 1 - 088
7
2(0 o
o= (1 102 105 4 5.
f(l) — _QCF f(Q) ~ —43 Czarneckj etc.PRL(98):Beneke etc.PRL(98)

~ — 1736 Marquard etc.PRD(2014); Feng, etcarXiv:2207.14259 **



2. Outline of calculation
Some typical Feynman diagrams, up to two loop, are illustrated below

ete™ = J/p+ J/Y

J/
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2. Outline of calculation

By employing the NRQCD factorization, we have
Short-Distance coefficient (SDC)

d 1 84 O 2
0 B el 1O

- O (v?
dcosf  2s16m 4 m?2 O

where 8 = \/ 1 —4M 3 I /s represents the velocity of the outgoing J/v

The NRQCD matrix element is defined via

(O) 39 = (T[N |[¥Ta - e(X)x]0)]?



2. Outline of calculation

We can expand the SDC in powerdbf

2 2
T T 4 m m?2

C C

URr . renormalization scale Bo - doep coefficient of the QCID function

The occurrence of the, Ine term is constrained by thhenormalization group invariance

HA - factorization scale, the explicit expression is constrained by the NRQCD factorization

Where 7/ IS thenomalous dimension of the NRQCD vector currenffirst arises at two loop!)

s CzarneckiMelnikov, PRL(1998)
Attwo-loop gy = —15Cr(2CF +3C4) Beneke Signer, Smirnov, PRL(1998)

The ua dependence in the SD€an be canceled by that in the NRQCD matrix element



2. Outline of calculation

2 2
FoFOp 4 ey () (pmBoy, HE AL p)
T s 4 mC m?2

For convenience, we refer to this fixedder perturbative expansion as thelitional
NRQCD factorization approach.

As previously mentioned and as will be evident in the subsequent discussion,-the t\
loop corrections s are anticipated to be both negative and substantial.

It will cause the perturbative expansion break down
How can we address this issue?



2. Outline of calculation

We split the Feynman diagrams into the fragmentation andragmentation pieces

T/ T/ 3

Fragmentation par

———— A —_— ' L/
¥ + ¥ :3:2 —
J/ J/
—— v vee— —_— (a
| g
(e

M = Mfr =+ Mnfr :

=
;i

Note both amplitudes are
Total amplitude gaugeinvariant
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2. Outline of calculation ete™ — J/+ T/

Special treatment for the fragmentation part
, kg — i Davier, Peskin Snyder, hepph/0606155;
Y + Y Bodwin, Lee,Braaterand Yu, PRD(2006)

J/Y J /1
—— W WW— —

,. They* — J/ip can be expressed in term of the decay constant ( also refer
VMD)

(J/leytel0) = = frpMyppe, = Gyoiip = €Myl

1/2
f,, can be derived through f,,,; = (MF[J/IL - l+l‘])

4dme?a?

Through this treatment, it implied that haveresummedan infinite towers of perturbative
and relativistic correctionsto all orders. 19



2. Outline of calculation

The differential cross section reads:

do 1 B 1

1 g1 2
dcosf 2s 167 4 Z M + Mg |

So we get /
do _ 1 p 686? f
dcos@  2s 16w 4 Me / M

Fragmentation interference Non-fragmentation

2
(0) 7/ <O>W> ]

In our work, we refer to this treatment as the optimized NRQCD approach



2. Outline of calculation

Davier, Peskin Snyder,hepph/0606155;
Bodwin, Lee,Braaterand Yu, PRD(2006)

According to NRQCD, the other two SDCs can be parameterinddO in v but through U2 as




