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Lattice QCD

® QCD is the fundamental theory of the strong interaction
® To get the hadron-hadron interaction from the first principle?

Nuclear force Hadronic molecules

® Lattice QCD: on a lattice of points in space and time in a finite volume (FV)

4
L E,(L)
T — B
I e e _ .
2;7% Raw data from lattice: FV Observables in the
alon ok energy levels infinite volume (IFV)
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Luscher's formula

- . L her:1990 AKA : Lischer Quantization
® Liischer's formula: HEEnEr IR conditions L.acs)  EA—7

det [G (L, E™) = K(E™)] = 0 o 5 E)

— Kinematical term  K-matrix in IFV

Infinite volume (IFV)

® Derive it
Non-interaction Asymptotic behavior: for r > R Periodic Boundary condition:
(V2 + k)i (r) = 0, _w
B 5 sinffr + 8(k) T
¢k (/r.) ~ k?“ :

® Limitations:
» Exponentially suppressed effect: e 7L/R~g =Mzl
Require: m;L >4 = L > 5.7 fm
» Left-hand cut (lhc) problem
» Partial-wave mixing effects

T

NN, D*D systems... L

Long-range interaction
and small box???
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Left-hand cut

® L eft-hand cut (Ihc) from the one-pion exchange interaction

| —mr 1
| Left-hand cut Vi) =" V(@) =
TT, on-shell pion r (7" = p)? +m?

® Partial wave decomposition, e,g. S-wave
1 EPNAY m2
Vz:o(p,p’)=/ d 1 - 10g<(p p) )

Z p—
1 PP =2ppzdm® o 2pp U\ (pp)? A m?

® On-shellp =p’' =k, k? = 2uE

1 2
1 2 m
‘/l:()(k,k):/ dz2k2(1_z)_|_m27 2]€2(1—Z)—|—m220:>22m_+17 —1<Z<1:>k2<__

_ . 2k?2 4
! on-shell pion

mZ

» Branch point: k? < -

Alm (To)  e.g., NN scattering |

3m-cut 2n-cut Irn-cut unitarity cut inelasticity

77 MeV -39 MeV  -10 MeV 280 Mev Re (Tiab)
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Left-hand cut problem

® [nhc in the IFV
» Effective range expansion (ERE):

1 1
K™ (p) = pcotd(p) = —+5rp* + -

2

» Radius of convergence of ERE
DD*: Du:2023hlu

® |hc problem of Lascher formula

det [GFY(L,E)—K(E)]=0
Real K-matrix in the IFV

2
» For k% > —mT, K-matrix is real

2
» For k2 <—mT, ImK # 0
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Left-hand cut problem

® [nhc in the IFV
» Effective range expansion (ERE):

1 1
K™ (p) = pcotd(p) = —+5rp* + -

2
» Radius of convergence of ERE
DD*: Du:2023hlu

® |hc problem of Ldscher formula

2
» For k% > —mT, K-matrix is real

2
» For k2 <—mT, ImK #
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Left-hand cut problem in LQCD

Green:2021qol Padmanath:2022cvl
my, = mg = 420 MeV m, = 280 MeV m, = 137 MeV
\*{ 1.05

. | “ “ 1‘ s" \‘ -
401 . ) Vo N

1.04 - . *. oo

Y t\ e
20' s". ~ \“\ ~‘
1.03 - . : Yl
3 g
W ;02 - ’ 0 . e L .
U:IE_; &) C " L - C . L. -
1.01 A -20f ¢ o7
! F
DD * o /
[ ’

1.00 7 T =40 14 spin-singlet, A7 ¢+  spin-triplet, T}"

Ih¢ - »= - = " g 1 ' 1
T1(0) 3 4 5 6 7 8 3 4 5 6 7 8

T T T 0.99 - I I
20 25 3.0 > 1 L [m] L [fm]
L (fm) L[fm
H-dibaryons (udsuds) DD* (T,.) NN systems

L > 8 fm to get rid of the Ihc problem
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T .. state



T..(3875)" state

® 7..(3875)* was observed in 3-body final states: D°DOr* LHCb Collaboration
® \Very close to DYD** thresholds: &my ~ —360keV, I' ~ 48 keV
® Exotic hadrons: minimal quark content: ccud

-]
=

U R N S W ]
® Good candidates of D°D** molecule % 600 - LHCGh 0¥ e
S 9Tt Sy EEE
= 50F ] NE
< F - 1 i 1]
S 40 | %, 4 LT ]
u i + data 0 3.87‘4‘ o ‘5.—8';6(?’ .
T
E i — totja:lg0 E
200 (T - DD o | ! E
NIRRTt |++ J #&
. _ : : _ I ‘ , . . | , , . .
3-body dynamics could be important N o - <y
MO0+ GeV/c?
~5.6 —5.4 Tc’z\gs 1.7 4.1 v [Gevye’
H — | :
DODOt DOp+y0 D*+p° p*Op+ ptptg- Energy (MeV)

lhcb:2021vvq, Ihcb:2021auc, Du:2021zzh, Meng:2021jnw...
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T.. lattice QCD simulations

Padmanath:2022cvl
® LQCD setting: m,; = 280 MeV, mp = 1927 MeV, mp+ = 2049 MeV, L = 2.07,2.76 fm, a = 0.086fm

® Some quick estimations p

D* ; p P
»mie=m2 — (mp- —mp)? >0, Megr = 252 MeV .
> 2 ~ (m'eff)2 — _(126 Mev)Z —p D :—D* p’
Pihc ® >
»picz = 2uppr(2mp + my; — mp — mp+) = (560 MeV)? —1 — —1

® A conventional procedure to the IFV:
» Using Luscher formula to get phase shift
» Use ERE to parameterize K-matrix

0.20f

® Conclusion: virtual states

|
|
|
|
|
|
|
5 I / rhc3
TR W 0.10
® Limitations S i / i
2
> Mol = 2.6, 3.5 8 005 /}.? |
exponential effect can be important 0.0 - EFY 4+ LQCs +ERE i
» left-hand cut 00sf - i E
tiiseherfarmula, effectiverange expansion 0005 0000 0005 0010 '
(P/Epp.)?
Other lattice re - Cheung:20 1 nnarkar:20138twb. Chen: 20 DO 11 2023xro. \Whvte:2024ihh
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T.. lattice QCD simulations

Padmanath:2022cvl
® LQCD setting: m,; = 280 MeV, mp = 1927 MeV, mp+ = 2049 MeV, L = 2.07,2.76 fm, a = 0.086fm

® Some quick estimations p = ; — _p'
»mie=m2 — (mp- —mp)? >0, Megr = 252 MeV

) *p’+p

| *

> phhe ~ — (1) = —(126 MeV)? S S S
»picz = 2uppr(2mp + my; — mp — mp+) = (560 MeV)? —1

® A conventional procedure to the IFV:
» Using Luscher formula to get phase shift
» Use ERE to parameterize K-matrix

® Conclusion: virtual states

® Limitations
>meffL = 26, 3.5
exponential effect can be important :
» left-hand cut _o.0s}

p Cot(6)/Epp«

EFY + LQCs +ERE

ﬁ
-————————————3————————
O
w

[
e
thscherformula, effective-range_expansion ~0.005 0.000 0.005 0.010
(P/Epp.)?
Other I3 C [€ - Cheung:2017tn innarkar:2018twb. Chen:20 DO 1:12023x10. \Whvie:2024ihh
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Our strategy



Key point: off-shell effect

® L_Uscher formula:
» The Er,s are only related to the on-shell T-matrix
» The off-shell effect is exp. suppr. and thus neglectable

® The Ihc problem of the Luscher formula: off-shell effect, exp. suppr. effect
|
® Schrodinger Eq. in the IFV to get the bound state solutions me

! 21 cut cut
—¢(p) +/J (2 X LV, p @) = E(p) et
Off-shell, for E < 0
» Works well even for 2uF < — mT

» For the p,p" > 0, no Ihc

Re E

1 1 1 ((p_p/)2_|_m2>
_ N= [ d — _
Vicolp?) /1 P oppatmE o o \(ptp)?+m?
® [V energy levels are “bound states” trapped by the potential well

|
d3p 1 I
e 5. Py

Pn

® Basic idea: using V to connected FV and IFV; FV effect: Schrodinger-like Eq. | -
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Our strategy

® Hamiltonian method in plane wave basis + Chiral effective field theory

Plane wave expansion,
Schrodinger-like Eq.
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Chiral EFT

® Symmetry from QCD
» Chiral symmetry and its spontaneous breaking

® \Veinberg power counting

» Systemic calculation, controllable truncation g

= 20

error Reinert:2017usi

V(ﬁaﬁ) = Veontact T Vir + Vor - = :

& Granada

® Great success in the nuclear force

T
® Nijmegen

O Gross & Stadler

® Semilocal momentum-space regularization

—

2 — —— 2 2
ga (01°q02-Qq C 5 o S
= — m-)0q - O (& A
4F73 ( q2—|-m72T + ( 7r) 1 2)

Vlﬂ'(ﬁ:ﬁ)

® Long-range interaction: V;, is known
® Short-range interaction: contact interaction

=Ry

» Unknown low energy constants (LECs) 0w
» fitting lattice QCD data
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Hamiltonian method in plane wave basis

® Boundary conditions in the cubic box

V(x1,X2) = ¥(x1 + 01 L, X9 + noL) P=1n
27 27 5 | . L
pl—l—p2:P7 D1 = —n, P:_da nadEZ J_____
L L // L
» 2-body rest systems: d = (0,0,0) L2 L
. . Periodic boundary
® The rotation symmetry is broken: SO(3) — 0y, condition

» {l[, m} are not good quantum numbers to label states
» Partial wave mixing, forl # l'and m # m’,
(Im[HV [I'm!) # 0
» The FV energy should be classified by irreducible representations (irreps.) of 0,
{l,m} = {A1, Ay, E, Ty, T}
® \Why not use the plane wave (with discrete momentum) basis directly

® |p,.. 1): p, discrete momentum, n: polarization vector for § = 1

D(g)lp,m) = lgp,gn), Plp.n) = |=p.1) , (o, 1" D(9) P, 1) = b (0" - gm)

® {|p,., n)} form the representation space of corresponding point group
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Hamiltonian method in plane wave basis

® For non-relativistic systems, Lippmann-Schwinger equation (LSE)
» matrix equation T =V + VGT
» Finite volume levels = Eigenvalue problem

det (G~ = V) =0 — det (H-ET) = 0,
» Reduce the H according to irreducible representations (irreps) of the point group

H= diag{Hpi,]H[pj,...} = Hpv = Erv

® Accelerate calculation: subspace learning
» specifically eigenvector continuation >

® For moving systems, elongated boxes, particles with arbitrary spin...

| D . |
RN = o =N W

® Similar approaches: ¢
» Momentum lattice (Doring:2011ip), Hamiltonian EFT(\Wu:2014vma, Liu:2015ktc)...

® Using plane wave + reducing to irreps of point group +EC is unique
® Extra advantage: partial wave mixing effect
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Benchmark: contact interaction

® Contact interaction: V(p,p') = Cs + C,q? + C,k?
® Only contribute to S-wave and P-wave

150

IFV I | SAVAN

100}
PLW :
50/

EFV

Phase Shift [deg]
(=}

-10}

—15¢

-20}

0.00 0.65 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
Lab. Energy [GeV]
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Benchmark: chiral EFT, partial wave mixing

® ChEFT nuclear force: NNLO

® S5=0, d = (0,0,0), even parity

® QCs with partial mixing effect

®| ={3.0,3.1,3.3,3.5,4.0,4.5,5.0,
6.0,7.0,8.0} fm

IFV 5

2

EFV

Elab [GGV]

® The discrepancy
» Small box
» Small /.« truncation

0.3

0.2

0.1

0.0

Jmax =4

. Jmax =2

- -
==
-

............................

3 4 5 6 7
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Numerical calculation



Relativistic formalism

® The energy levels of A7 (0) is high, relativistic formalism

d3q 1 (wl + ’w2)
T / — / 1
(p,P) V(p,p)+/ (27T)3V(p, 9V 50m BT (wn + w1 ic

wi:\/mf—l—q2 T

G:i/ d*q 1 1
(2m)4 (P — q)2 — m? + i€ ¢2 — m3 + ie

T(q,p)

® Replace integral into summationtoget T=V + JV.G.T

d3q dgqboa: 1
/(%)3”/ oy I

J: is the Jacobian determinant of the Lorentz boost

Li:2021mob

® Get the poles

det (H—AI) = 0 — Hv = v,
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Interaction: ChEFT

® Contact terms to NLO
» In present calculation: LO and NLO 3S; contact terms, NLO >P,
» >S,- 3D, transition term and 3P, are included to estimate the systemic uncertainties

p"+p'™
» Separable regulator: e A | n =246
® One-pion exchange interaction
» Pion propagator: static approximation

P - | p P
I
Dk~ [m2 — (Mp- — Mp)?] +ie tk=p' +p
» Semilocal momentum-space regularization —p D | D" »
2 %
9 k- -e*k-€ . _k2A+72u2
A(A% — 2u?) + 2¢/mu? u_Qerfc(%)

Csub -
The regulator will not change the long-range behawo?’/r\

The short-range part of OPE is subtracted: I...(r =0) =0
Reinert:2017usi
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F,and g

® I, and gp+p, at m,; = 280 MeV are determined by lattice QCD data, physical values by either
linear extrapolation or chiral extrapolation

® F,, =92.1 MeV, F, =85 MeV, chiral extrapolation, ¢ = m/mPh
hy2
fr(€) = f2° [1 + (1 - f) @1 ) 5 € log ¢
® Three extrapolations give the consistent results

» The g is slightly smaller than the value in Ref. [Du:2023hiu]
» g =0.517 + 0.015 for a = 0.086 fm

Du:2023hlu,Becirevic:2012pf

0.7: a [1073 fm]
- 98 —85—067
- |—54—0-- 86.36

0.6

0.5¢

Linear ChPT-1 ChPT-II

x?/dof = 8.4/11

x?/dof = 8.0/11 (b)) : x?/dof = 16.0/11
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A = 0.9 GeV, only contact terms

® Results using Luscher's QCs  Padmanath:2022cvl Four parameters:

3

x2/dof=3.7/5, Eposlle = —9.9¥36 MeV Asg ,T3g ,A3p ,T3p
asg =1.04(29)fm, rsg = 0.96I75fm

asp = 0.076Xg006fm>, 73, = 6.9(2.1)fm™"

Three parameters:

® Our resul
Our results LO and NLO 3S,, NLO 3P, LECs
: 0.006 p——+—————T———1—
0.201 A =0.9 GeV, x?/dof = 5.52/6 - : a = 0.028 & 0.004 fm®
““Ha=1.089 +0.353 fm, r = 0.749 + 0.137 fm i : r=—4.330 + 0.053 fm "
0.005} |
; AE = —10.60 £ 4.37MeV ; : i
0.15 ] [ :
: 0.004 \\
S 1 2 i v
- COQ B ] ,
5 019 9 0.003f Ihc:
P 3 - 3 1
< 0,05} S : : )
SV - Y I '
0.00 - 0.001} : }
_ a © LQCs —— Fit 1-Re [ .
~0.05f [Pt (et BR ] 0.000} :
P ' 3o —LQCs+ERE——Fit 1-Im| | [ '3
010:’.”.(a)| ! ! ! : Sl. ) ) ] ) ) ) ) ] ) ) ) ) ] : 0001: ! .(bl) L : .PO P S T RS
' ~0.005 0.000 0.005 0.010 0.015 ' -0.005 0.000 0.005 0.010 0.015  0.020
(p/Epp-)? (p/Epp-)?
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A = 0.9 GeV, contact terms+OPE

Four parameters:

assl,T'3Sl,a3P0,7‘3P0

® Results using Luscher's QCs

)
x?%/dof=3.7/5, Epolt
asg = 1.04(29)fm,

asp = 0.076Xg006fm>, 73, = 6.9(2.1)fm™"

Padmanath:2022cv

= —9.9%35 MeV

— +0.18
r 351 —_ 0.96_0_20fm

Three parameters:

® Our results LO and NLO 3s;, NLO 3P, LECs

Lu Meng (& #%) | Ihc problem in lattice QCD: Tcc(3875) from FV energy levels

: 0.006 ——— .
0.201 A =0.9 GeV, x*/dof = 2.95/6 : : a = 0.497 £ 0.007 fm®
@ =1.464 £0.570 fm, r = 0.096 £ 0.529 fm 0.005% : 7 =5.629 4 0.190 fm™!
| 0m = —6.6(£1.5) —i4.0(£3.8) MeV : :
0.15 [ :
: 0.004 : -
5 : A i :
2 0.10 1 =28 lhc! ¢
= : 4 0.003} : :
< 0.05 i : : ’ ]
= " 2, i 1
0.00¢ - 0.001f : ]
: o LQCs ——Fit 2-Re| | [ . /}’
~0.05} g 0.000f —
- 3 o ——LQCs+ERE——Fit 2-Im| | f '3 I
A Sl ] - (d) " P() ]
_010 . . 1 . . . . ) | | 1 | | | | 1 | | | | 1 _0001 PR ST ST S | P A O S S T Y ST S ST SN ST ST S
-0.005 0.000 0.005 0.010 0.015 -0.005  0.000 0.005 0.010 0.015 0.020
(p/Epp-)? (p/Epp-)’




A = 0.9 GeV, contact terms+OPE

® Resonance with 85% probability within the 10 uncertainty
» Rather than the virtual state from Luscher QC+ERE

0.20 A =0.9 GeV, x*/dof = 2.95/6
“UHl a=1.464 £ 0.570 fm, r = 0.096 £ 0.529 fm
dm = —6.6(£1.5) — i4.0(£3.8) MeV

0.15

P COt((s(])/EDD;

0.10}

0.05¢

0.00

_0.05 ] o virtual states Resonance
B 3g, ——LQCs + ERE —— Fit 2-Im|
S0 0005 0000 0005 0010 0015
(p/Epp-)*?

————

o LQCs ——Fit 2-Re| 1
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Other methods

® Modified effective range expansion

» R. Bubna, H-W. Hammer, F. Muller, J-Y. Pang, A. Rusetsky and J-J. Wu,
" JHEP 05 (2024) 168

» Talk of Rusetsky in lattice2024

® Modified Luscher quantization condition
» A. Raposo and M. Hansen, JHEP 08 (2024) 075
» Talk of Raposo in lattice2024

® Using three-particle formalism
» M. Hansen, F. Romero-Lopez and S. Sharpe, JHEP 06 (2024) 051
» Talk of S. Dawid in lattice2024

® HAL QCD approach
» Lyu et al, PhysRevLett.131.161901,
» Talk of S.Aoki in lattice2024
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https://conference.ippp.dur.ac.uk/event/1265/contributions/7442/
https://conference.ippp.dur.ac.uk/event/1265/contributions/7441/
https://conference.ippp.dur.ac.uk/event/1265/contributions/7490/
https://conference.ippp.dur.ac.uk/event/1265/contributions/7440/

Model-(in)dependence

® Question: (modified) Luscher formula VS FV Hamiltonian methods + EFTs

Model-independent Model-dependent?
Our answers: S
{ FV Hamiltonian method { Liischer QCs |
EFT Parametrization of T-matrix
® Parametrization of T-matrix: model dependence _0:05; o
» Without PW mixing: one-to-one relation, Ery~8;(Ery) -0005 0000 0005 0010

» Phase shift over continue energy: T-matrix parametri.. is needed
» PW mixing effect: T-matrix parametri. is needed

® EFTs could be regarded as parametri. schemes of the T-matrix
» Clear breaking down scale
» Powering counting, controllable and knowable systemic uncertainties

® F\/ Hamiltonian method without PW mixing could also provide the one-to-one relation
» Define short-range interaction for each EL, separately, V; = AiVshort—range

» Each V; will give a phase shift §(EL,) in the infinite volume
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Summary and Outlook

® \/alidation of Luscher's formula

_________________________________________________________________

@ e "L effect can be neglected
@ Considering the PW mixing effect
'@ EFY well above Ihc

@ERE works in IFV  py-2023hliu

Invalidate

® Our formalism

Chiral EFT

D* D D* D D* D

® T, lattice data
» EFV below the left-hand cut
» Lattice T,.., more likely resonance
» The possible partial wave mixing effect
» Important one-pion exchange interaction
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: Left-hand cut
T,

= =
‘\ﬂ. + + (XX
By . V. . X
D D* D D* D D*
Plane wave expansion,
Schrodinger-like Eq.

One-pion-exchange interaction

Infinite volume

— Phase shifts
— ERE parameters
— Pole positions




T, is a playground

tAi = = 280 MeV lhc DD* DD
® Left-hand cut Finite volume " - e L
Infinit | -200 -150 -100 -50 0 50 100 150 MeV

® Three-body effect nfinite volume mx = 146 MeV lhc DD* DD

® [sospin violation effect -10 -5 0 5 VeV
® Light quark mass (pion mass) dependence’ e i DI Tee DOD™ _

2407.04649{ _10 _5 0 5 M
® Heavy quark mass dependence v

Physical m, DT D%° T, D™D DtDtr~

() e ° ® ® >
- -10 -5 0 5 MeV

=== _pla_yground

S Y -7

: "{ L ’

Thanks for
your attentions!
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Back up



Towards a practical approach: eigenvector continuation

Frame:2017fah,Demol:2019yjt,

98]

® Plane wave basis+Eigenvector continuation Furnstahl:2020abp, Yapa:2022nnv ?
» Eigenvector continuation (EC) with subspace learning = 0
-1F
-2k
® To fit or quantify uncertainty: solve eigenvalue problem with different -3
{Ci} repeatedly 110 —— L —
® EC basis: eigenvectors from a selection of parameter sets {c;}, ogl & Fopoints
{c;}, ,... (training point) 7 A Training points
. . 1.06}
® Naturalness of LEC in EFT ( ~ 1 ) makes the EC more reliable 5
L : = 1.04
® dim is linear function F :
Lﬂ L
im”¢ = £mar _ 0(10) 0.6 GeV o
dim = ~ s Pmax ~ U. € i
2r/L 1.00/ ]
i ol T a0 |
® The subspace learning is the one-time cost _ oopa® TR EZ2TI
® Make the calculation fast and accurate = o1 |
S 0.04sses o dobese ibiing
E L i
501
2 ,

ot . ]
0.98 1.00 1.02 1.04 1.06 1.08 1.1

Exact
E cm / E DD+
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Cutoff dependence of x>

® 3 LECs: LO and NLO °S; contact terms, NLO *P,

® In V... fit, the P-wave dominate states control A-dependence of the x?
» The shape of the of k3cot &, is determined by regulator and cutoff
» Sensitive to A

® The V..+ V;, fit is stable with A

2_5 T T T T T T T T T T T T T T T T I T T T T I T T T T
® The V.+ V,, fit is even better than QCs l -o- Fit I: cont. ]
2.0- - Fit 2: cont.+OPE -
o 15- -
= ,
S
~ 1.0 -
feeeoMeeeiieoo e X using LUscher’s QCs |
0.5 |
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Cutoff dependence of phase shift

A=07-12GeV

: 0.006
0.20" : i
i 0.005+
0.15] ] :
i 0.004
S 0100 : ; Ih
Q . — e L C
= : S 0.003- |
S i ) - :
g 005 £ 0.002" .
(] L () B 1
& f ", i :
0.00¢ 0.001} !
-0.05+- —Fit 2-Re Fit 2-Im| A 0.000 — ﬁé/
: 3¢ | = |sp
L 1 ] - (b ' 0 ]
-01o———— ) T T S R H S RO R R -000Q——t— L L
~0.005 0.000 0.005 0.010 0.015 ~0.005 0.000 0.005 0.010 0.015  0.020
(p/Epp-)? (p/Epp+)*
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Two approaches

® Hansen’s approach  Raposo:2023oru
> FV: lattice data fix K %S

® Our approach
» FV: |lattice data fix contact terms

1 1 r --------------------------------------------------------------------
! aux T / d3k* Maux(P D, ) (k*) ]CT(P7k,pl) ! :
M) =K s e G 4L | TP E) =
D“ D
—os 2 VEFT - \‘\” ¥
KT(P,p,p) =K (P,p,p) +2¢°T(P,p,p), T—
1 A Yo (R Y (KY) S K[ el (k)] _ J(an)
Sk*Em,k’*E’m’(P: L) EYE 4&)N(k [(k‘ )2 ( ) ] ) G(E) L3 G(qn, E)énf n»
1

Totmo-sm(P) = — [ 190500 Yo 0¥, )

47T|k* |E|k/* |£’

0
(' —p)* = M3 Glg.B) =i [ X : :
T ’ 21 (P — q)2 — m? +ie g2 — m3 + ie

wN(p)Q = mJQV +p2: pP= (wN(k*)J k*): p, == (wN(k*l): k*!)

1 1 1

- 4w wo (E—wl — Woy B E+w —|—UJ‘2)
I (w1 +w2)

- 2w1wo FQ — (w1 +wo)?2 + i€’

(=1 Model-independent?
You have to choose a parameterization of X °5: ERE

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
To some how, the ERE is equivalent to the contact EFT :
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Luscher's formula: partial wave mixing effect

® Expanding it in partial wave (PW) basis
det[Gp — K_l] =0,= det[Ml/m/,lm — 011/ Oy COY (51] =0

» Determinate equation of a matrix with infinite dimensions.
» Truncate at some [«

T,
® Reduce to irreps. I; of point group:: det [Ml(nl o — Opp7 Oy cot 511 =0
® Example I' = A7, w;,,, depends on E but independent on V
Woo —\/5w20
det [Ml(glf) (5”/5””/ cot 5l:| = , M(Aii—’d) = _\/ngO Woo + 1_7Ow20 + 1_78w40

Bernard:2008ax

® Truncate at [,,,,,, = 0, one-to-one relation: §,(EfY) ~ EfV

® Truncate at [,,,4,,, > 0, no one-to-one relation
»E.g. {E{", E;"} # {8s(Er"), 65(E3"), 8p(Ef"), 6p(E5 ") ... }
» One has to parameterize the K-matrix: e.g. effective range expansions (ERE)

Luscher:1990ux,Rummukainen:1995vs,Feng:2004ua,Kim:2005gf,Fu:2011xz,Polejaeva:2012ut,Leskovec:2012gb,Gockeler:2012yj, ...
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Requirements of a practical Luscher method

'y —
E EZ(L) det [GFl—K] =0

FV energy
spectrum

_________________________________________________________________

. : IFV K-matri
Ei(L) | D e~™L effect can be neglected | E e

Eo(L) ! @ Considering the PW mixing effect :
-------------------------------------------------------------- i @ERE works

@ EFV well above lhc

Du:2023hlu
—— 1 1
Non-interaction kcotS(k) = — 4+ —Tkz +

a 2
. High partial wave suppression

L > Threshold effect: T;(p) ~ p?*
» Thelarge scaleem, Left-hand cut

T

= - -

Requirement: % > R
Typically: m;L > 3 Taylor’s textbook P197

All four requirements constrained by the V.
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Moving systems

mqy = my, A=1
1
nez n—-d
2
d = (0,0,1)
Z
° ¥ °
e o o e o o

: : 27 Space inversion invariance is broken
® Moving system in the box P = Td + 0

» For LQCD, changing box size is expensive
» Calculate EFV of moving two-body systems in a box Rummukainen:1995vs, Leskovec:2012gb

® Box frame (BF) p and center of mass frame (CMF) p*

»BF: p = 2Tnn; CMF:p*=y~1 (p" —gP) +p,

» For moving systems with m; + m,, states with different parities could mix
®d=(001), Dy, group for m; = m,, C4, group for m; # m,
od=1(110),..
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Including SD transition terms

: 0.006 ——————— -
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A l a ; ;
S 0.10 28 - lhc! q
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*é : S 0.002: ; /
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Including 3P2 term

- A =0.9 GeV, x*/dof = 2.81/5
| a = 1.442 4 0.469 fm, r = 0.083 + 0.571 fm
1 om = —6.7(£0.4) — i4.1(£3.7) MeV

M o~
-~
- ~o
~

© LQCs ——Fit 2"-Re| |

: 3 &+ ——LQCs+ERE ——Fit 2"-Im| {

010:‘7‘.(a)| L L L S]'. L L 9. L L L 1 L L L L 1 :

' ~0.005 0.000 0.005 0.010 0.015
(p/Epp-)*

P> cot(él)/E%D*

0.006 —— ; .
i : a = 0.497 £ 0.006 fm?
0.005f r=5625+0.174 fm™*
0.004} :
i : q
0.003 Ihc,
0.002F P
E ﬁ;/
o.oooc — .
- (b) R = _
o001
-0.005 0.000 0.005 0.010 0.015  0.020

(»/Epp-)”
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Luscher's formula

® Lippmann-Schwinger equation in the finite volume  Luscher:1990ux,Polejaeva:2012ut

3k

(2m)?
2 2u63(p — k 24

Ghk.sy = Ty Y B py B Gk ) = Ok, 2) G (. 2)

(
L P€2—”n q% _p2 q _k2
L

T"(p.q;2) =V(p,q) + / V(p,q)Gg (k; 2)T(k; 2)

2

with z = my + m, + 2
2u

® The “=" relation is valid up to the exponentially suppressed terms in L
® K matrix in the infinite volume: K =V + VG K

= V—I—V(GK -|-GF)TL = K—l—KGFTL

® £V corresponding to poles of Tt : interaction-independent form

det[l - KGp] =0, or det|Gp — K~1]=0
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Detailed derivation of Luscher's formula

- QD -0z - B - X
OO @D DD 5L GO ooty i

power of L  otherwise

Within on-shell approximation:
F+FKF+--=F(1—-KF)"1=(F1-K)
0-6:- 000 01010
6-09- 000 -

Note: all the [ should be treated in the sense of P.V.
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Hamiltonian approach in Plane wave basis: |p,,.n)

e Seven patterns of representation space {ni,n2,n3}aim for O group

- {0'~ 01 0}1}{31 {0'~ 01 ﬂ}ﬁxﬁu {0'~ a, a‘}l‘l:-:ﬂ-: {0,{1, b}ﬂdxﬂ---

e Reduce to irreducible representations (irreps): projection operator e.g. textbook by M.Dresselhaus et.al

: N (T, . A
Pry = Y MRl ) D), Pl ) = aby[Faa),
g G

e Anexample: {0,0,a}lexs =217 & T, & AT S Ef & T, & T,

e For moving systems, elongated boxes, particles with arbitrary spin...

=18

Symmetric group (character table)’i,-unitary irrep matricesi”,-rep space |p,,)—irreps

e dim of the H : cubic function of L1

Awv \P 1
dimw( ”“’) X — ~ O(1000)

10
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