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Machine Learning and Physics
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Galileo Galilei (1564-1642)
Phys.Rev. Lett. 124, 010508 (2020)

Data, X

Estimation

Prediction

Machine, {θ}

An inverse problem in science is 
the process of inferring from a set 
of observations the causal factors 
that produced them.
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Machine Learning and Inference
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max
θ

N

∏
i=1

p(xi ∣ θ)Maximum Likelihood Estimation(MLE)

{θ}p(θ ∣ X) =
p(X ∣ θ)π(θ)

p(X)
Posterior , Prior  , Evidence p(θ ∣ X) π(θ) p(X)

Maximum A Posterior(MAP)
Bayesian 
Inference
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Data-Driven Learning
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fθ : X → Y
Physics Data

Model Parameters/ 
Properties/States

Observations

Forward process

Inverse Mapping, fθ
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Data-Driven Learning
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A feed-forward network with a single hidden layer containing a 
finite number of neurons can approximate arbitrary continuous 
functions.

Universal Approximation Theorem (1989,1991)

fθ : X → Y

https://en.wikipedia.org/wiki/Feedforward_neural_network
https://en.wikipedia.org/wiki/Neuron


Lingxiao Wang Aug 18 – 24, 2024, XVIth Quark Confinement and the Hadron Spectrum /30

Inverse Femtoscopy
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with Jiaxing Zhao, Liang Zhang

Raffaele Del Grande | XQCD 2023

Correlations

Potentials

?

in Preparation

Whether this inverse mapping exists?
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Inverse Femtoscopy
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with Jiaxing Zhao, Liang Zhangin Preparation

V(r) = b1e−b2r2 + b3(1 − e−b4r2)(
e(−mπr)

r
)nπ

CATS Framework: D. Mihaylov et al., 
 Eur. Phys. J. C78 (2018) 394

Schrödinger eq.

S(r) = (4πr2
0)−3/2e

− r2
4r2

0

r0 = 1.3 fm
60 points(k), 10000 correlations 

?
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Inverse Femtoscopy
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Neural Networks for Femtoscopy

with Jiaxing Zhao, Liang Zhangin Preparation

R-squared b1 b3
Training 0.96 0.99
Testing 0.96 0.99

b1, b3

b2 = 73.9, b4 = 0.78, nπ = 2

60 points
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Bayesian Inference
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̂θ = arg maxθ{p(X ∣ θ)}

Physics Data
Model Parameters/ 
Properties/States

Observations

Forward process

Inference
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Bayesian Inference
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 Inferring Dynamical Information

J. E. Bernhard, etc.(Duke Group), arXiv:1804.06469 and Nat Phy 15, 1113 (2019).

https://arxiv.org/abs/1804.06469
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 Inferring Dynamical Information

J. E. Bernhard, etc.(Duke Group), arXiv:1804.06469 and Nat Phy 15, 1113 (2019).

 Ectracting Dense Matter EoSs

M. Omana Kuttan, J. Steinheimer, K. Zhou, and H. Stoecker, Phys. Rev. Lett. 131, 202303 (2023).

https://arxiv.org/abs/1804.06469
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Bayesian Inference
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 Inferring Dynamical Information

J. E. Bernhard, etc.(Duke Group), arXiv:1804.06469 and Nat Phy 15, 1113 (2019).

 Ectracting Dense Matter EoSs

M. Omana Kuttan, J. Steinheimer, K. Zhou, and H. Stoecker, Phys. Rev. Lett. 131, 202303 (2023).

 Building Nuclear Matter EoS

F. Özel and P. Freire,  Annu. Rev. Astron. Astrophys. 54, 401 (2016)

https://arxiv.org/abs/1804.06469
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Bayesian Inference
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 Building Nuclear Matter EoS

F. Özel and P. Freire,  Annu. Rev. Astron. Astrophys. 54, 401 (2016)

Physics Parameters are Finite 
EoS, Wave-Function, Potential, …


Inference is Easy-To-Compute 
ODEs, PDEs, Simulations, …
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Physics-Driven Deep Learning
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Deep Neural Network represented Physics,  fθ Back-Propagation

Flexible Representation Easy-To-Compute on GPUs

̂θ = arg maxθ{p(X ∣ θ)}
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Physics-Driven Deep Learning
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1. Extracting Nuclear Force

Nambu-Bethe-Salpeter (NBS) wave function Nulcear Force

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007)

HAL QCD method

Local Approx. 
Gradient Expansion
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Physics-Driven Deep Learning
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in preparation ( with HAL QCD)

Two identical-particle 
interactions

(Ek − H0)ϕk(r) = ∫ d3 r′￼U(r, r′￼)ϕk(r′￼)

Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN

2

{ 1
4mN

∂2

∂t2
−

∂
∂t

− H0} R(t, r) = ∫ 4πr′￼
2dr′￼U(r, r′￼)R(t, r′￼)

Phys. Lett. B 712, 437 (2012)

1. Extracting Nuclear Force

a. Exchange Symmetry

b. Asymptotic Behaviour lim
r>R,r′￼>R

Uθ(r, r′￼) → 0

Uθ(r, r′￼) ≡ g( f(r) + f(r′￼))
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Physics-Driven Deep Learning
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in preparation ( with HAL QCD)

Nambu-Bethe-Salpeter (NBS) wave function

Neural Network Hadron Force

ϕk(r)e−Wkt ≡ ⟨0 |N(x + r, t)N(x, t) |NN, Wk⟩

(Ek − H0)ϕk(r) = ∫ d3 r′￼U(r, r′￼)ϕk(r′￼)

Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN
2

U(r, r′￼) ≡ ων(r)ν(r′￼), ν(r) ≡ e−μr

ϕ0
k (r) =

eiδ0(k)

kr
sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +

r(μ2 + k2)
2μ )

k cot δ0(k) = −
1

4μ2 [2μ(μ2 − k2) −
3μ2 + k2

4μ3
(μ2 + k2)2 +

(μ2 + k2)4

8πmω ]

ℒ = ∑
k

∫ d3 r [(Ek − H0) ϕk(r) − ∫ d3 r′￼Uθ(r, r′￼)ϕk(r′￼)]
2

UNN(r, r′￼) = ωfθ(r, r′￼)
Separable Potential

No Approx.

1. Extracting Nuclear Force
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Physics-Driven Deep Learning
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in preparation ( with HAL QCD)

Nambu-Bethe-Salpeter (NBS) wave function

Neural Network Hadron Force

ℒ = ∑
t { 1

4mN
R2(t, r) − R1(t, r) +

1
mN

Rr(t, r) − ∫ 4πr′￼
2dr′￼Uθ(r, r′￼)R(t, r′￼)}

 InteractionΩcccΩccc

No Approx.

{ 1
4mN

∂2

∂t2
−

∂
∂t

− H0} R(t, r) = ∫ 4πr′￼
2dr′￼U(r, r′￼)R(t, r′￼)

R2 = Rt+1 − 2Rt + Rt−1, R1 = (Rt+1 − Rt−1)/2,Rr = ∇2R(t, r)

mN = 2.073, a−1 = 2333.0MeV Preliminary Results

t = 26
Phys. Rev. Lett. 127, 072003 (2021)

1. Extracting Nuclear Force

Vθ(r) ≡
∑r′￼Δr′￼Uθ(r, r′￼)R(t, r′￼)

R(t, r)
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in preparation ( with HAL QCD)

Neural Network Hadron Force
 InteractionΩcccΩccc

Prel
im

inary
 Res

ults

1. Extracting Nuclear Force

(Ek − H0)ϕk(r) = ∫ d3 r′￼Uθ(r, r′￼)ϕk(r′￼)

Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN

2

Phase Shifts

L. Meng & Epelbaum (2023) 
K.Murakami+(2024)

Y.Lyu+(2021)



Lingxiao Wang Aug 18 – 24, 2024, XVIth Quark Confinement and the Hadron Spectrum /30

Physics-Driven Deep Learning
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Tolman–Oppenheimer–Volkoff equations

L. Lindblom, A.J., 398, 569 (1992). 
If the whole M(R) is known,it’s well-defined problem.Gravity Pressure 

Nat. Rev. Phys. 4, 237–246 (2022)

2. Building Neutron Star EoS

P(ε) = 0
r = 0, ε(r = 0) = εc, P(r = 0) = P(εc)

r = R, ε(r = R) ≃ 0, M = ∫ 4πr2ε(r)dr

M, R

Core

Surface

EoS

Hydrostatic condition  
in each shell ( )dr

dP
dr

= − G
m(r)ε(r)

r2 (1 +
P(r)
ε(r) ) (1 +

4πr3P(r)
m(r) ) (1 −

2Gm(r)
r )

−1

dm(r)
dr

= 4πr2ϵ(r)
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Tolman–Oppenheimer–Volkoff equations

?

2. Building Neutron Star EoS
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Physics-Driven Deep Learning
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!!

"!

32 x 1 32 x 64 32 x 64 32 x 64

32 x 1
32 x 32 32 x 3232 x 32

32 x 1

∇"ℒ
ℒ =

("! , $!)

(""#$,! , $"#$,!)

-

&
!

#!"#

(∆"! , ∆$!)

2

32 x 2

(a) NN EoS

(b) TOV Solver

•  : predicted Mass-Radius

•  : observed Mass-Radius

•  : uncertainties

(Mi, Ri)
(Mobs,i, Robs,i)
(ΔMi, ΔRi)

ℒ = χ2 =
Nobs

∑
i=1

(Mi − Mobs,i)2

ΔM2
i

+ (Ri − Robs,i)2

ΔR2
i

Loss function

Pθ(ρ)

Phys. Rev. D 107, 083028; JCAP08 (2022) 0712. Building Neutron Star EoS

https://link.aps.org/doi/10.1103/PhysRevD.107.083028
https://doi.org/10.1088/1475-7516/2022/08/071
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! "

… …

"!(!)

!!

"!

32 x 1 32 x 64 32 x 64

NN EoS

32 x 1

≃

 weights and bias of the neural network

Size of  = 4353

{θ} :
{θ}A Trainable Neural Network

NS crust: DD2, inner: Pθ(1.1ρsat ≤ ρ)

Module A. NN EoS

2. Building Neutron Star EoS Phys. Rev. D 107, 083028; JCAP08 (2022) 071

https://link.aps.org/doi/10.1103/PhysRevD.107.083028
https://doi.org/10.1088/1475-7516/2022/08/071
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32 x 32 32 x 3232 x 32
32 x 1

32 x 2

TOV Solver

("! , $!)!!(ρ!)

Training data-set 
300,000 polytropic EoS functions with 3 low density modelsA Pre-Trained Neural Network

P = KiρΓi , i = [1,5], 1.1ρsat ≤ ρ ≤ 7.4ρsat

In-set testing data-set

Out-set testing data-set

Module B. TOV eq. Solver

2. Building Neutron Star EoS Phys. Rev. D 107, 083028; JCAP08 (2022) 071

https://link.aps.org/doi/10.1103/PhysRevD.107.083028
https://doi.org/10.1088/1475-7516/2022/08/071
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2. Building Neutron Star EoS

18  , sample size = 10k

causality ( ) 
Maximum mass 

(Mi, Ri)
dϵ/dp < 1

≥ 1.9 M⊙

Our results:  (68% CI)R1.4 = 11.6 ± 0.43 km

Blue dots: NN results, Fujimoto-Fukushima-Murase

Yellow and Green dashed lines:  Bayesian Approaches

Phys. Rev. D 107, 083028

https://link.aps.org/doi/10.1103/PhysRevD.107.083028
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Our results, Λ̃1.4 = 286.47+115.9
−115.9

Phys. Rev. D 107, 083028

 GW170817
Λ1.4 = 190+390

−120

2. Building Neutron Star EoS

https://link.aps.org/doi/10.1103/PhysRevD.107.083028
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2. Building Neutron Star EoS

Able to capture  
first-order 

phase transition !

48 Neutron Stars

( 24 in  )M > M⊙

Represent Speed of Sound 
1.Microscopicly stable condition, 


2.Causality condition, 


Representing  with neural netowrks , 
above two conditions can be naturally met with the sigmoid 
activation function, . 

dp
dϵ

≥ 0

dp
dϵ

=
c2

s

c2
< 1

cs(ε) = σ(y(ε)) y(ε)

σ(x) = 1/(1 + e−x)

with Shuzhe Shi, Zidu Lin, etc.in Preparation
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Summary
• Inverse Problems 

• Data-driven learning


• Physics-driven learning

• Neural network representations

• Embed physics priors explicitly

• Exchange Symmetry and Asymptotic Behavior for 

HH interactions


• Continuity and Causality for EoSs


• Future works 

• PTs in Nuclear Matter EoS


• More Hadron Forces

30

in preparation 
 [Review]

Supervised

Unsupervised!



Thank you!

Physics-Driven Deep Learning
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2. Building Neutron Star EoS

Uncertainty estimations

w( j) =
Posterior(θ( j)

EoS |data)

Proposal(θ( j)
EoS)

∝
p(data |θ( j)

EoS) ⋅ Prior(θ( j)
EoS)

p(θ( j)
EoS |samples( j)) ⋅ p(samples( j) |data) ⋅ Prior(data)

p(data |θ( j)
EoS) ∝ exp(−χ2(Mθ( j)

EoS
, Rθ( j)

EoS
))

p(samples |data) = 𝒩(Mobs, ΔM2)𝒩(Robs, ΔR2)p(θ( j)
EoS |samples( j)) = 1

deterministic

Recall: Importance Sampling 
•  : random variables

•  : observables

•  : number of samples

•  : original(true) distribution

•  : reference distribution

x
f (x)
n
p(x)
q(x)

E[ f(x)] = ∫ f(x)p(x)dx = ∫ f(x)
p(x)
q(x)

q(x)dx

w̃( j) = w( j) /∑
j

w( j)

normalization

L2 : exp(−λ | |θ | |2
2 ) ∼ 1, λ = 10−8

Ō = ⟨Ô⟩ =
N

∑
j

w( j)O( j)Mean

σ(O)2 = ⟨Ô2⟩ − Ō2Variance

{

•  : reconstructed EoSs given a sample
•  : observables, 
x
O(x) M, R, P

Phys. Rev. D 107, 083028

Weights

https://link.aps.org/doi/10.1103/PhysRevD.107.083028
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HAL QCD method
The equal-time Nambu-Bethe-Salpeter 
(NBS) wave function
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ϕk(r)e−Wkt ≡ ⟨0 |N(x + r, t)N(x, t) |NN, Wk⟩

In the HAL QCD method, the NBS wave function is calculated from the 
non-local but energy independent potential, , asU(r)

(Ek − H0)ϕk(r) = ∫ d3 r′￼U(r, r′￼)ϕk(r′￼), Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN

2
.

Extract the potential U(r, r′￼)

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007) 
Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020)
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HAL QCD method
Scattering

34

Space

Imaginary Time

x

y

𝒥†
1

𝒥†
2

⟨N1(x, t)N2(y, t)𝒥†
1(0)𝒥†

2(0)⟩

= ∑
n

⟨0 |N1(x)N2(y) |n⟩ane−Ent

⟶ ϕ(r, t) = ∑
n<n*

bnϕn(r)e−Ent
t > t*

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007), 
S. Aoki, T. Hatsuda, and N. Ishii, Prog. Theor. Phys. 123, 89 (2010). 

N. Ishii, etc.(HAL QCD), Phys. Lett. B 712, 437 (2012)

(Ek − H0)ϕk(r) = ∫ d3 r′￼U(r, r′￼)ϕk(r′￼), r < R

LR

2 PI Kernelϕ(r, t) →

Consider the wave function at “interacting region” 
Phase shift, Binding energy⟶


