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Introduction
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Anisotropic pressure

Casimir effect
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Horizontal direction: Repulsive force 
Between conductors: Attractive force 
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Anisotropic pressure system for QCD最近の実験

4(taken from 1805.06596)

(taken from 1805.06596)

[Burkert-Elouadrhiri-Girod 2019]

Polyakov-Schweitzer のレビュー
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Pure Yang-Mills theory on 𝕋2 × ℝ2

Finite temperature（ ）𝕊1 × ℝ3

x y z

τ

Lτ

The space-time in this talk（ ）𝕋2 × ℝ2

x

y z

τ

Lτ

Lx

Isotropic pressure

Anisotropic pressure

px = py = pz

px ≠ py = pz

Introduce temp. 
by T = 1/Lτ

New QCD phase diagram

～PBC along  directionx

～Periodic Boundary Condition 
(PBC)
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Thermal Casimir effect

Investigate  dependence of the thermodynamics 

in the pure YM theory
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The thermodynamics on  ～lattice results～𝕋2 × ℝ2

Lattice QCD simulation

Does not feel BC 
until  is very smallerLx

M. Kitazawa et al. (2019)

Free scalar field
 L2=L3=∞
 Periodic BC

Lattice result
 Periodic BC
 Only t→0 limit
 Error: stat.+sys.

Medium near Tc is remarkably insensitive to finite size!

MK, Mogliacci, Kolbe,
Horowitz, in prep.

Mogliacci+, 1807.07871

Finite volume effect appears

Lx

Sensitive to BC
Free massless boson

Gluon fields

Pr
es
su

re

T/Td

T/Td

T/Td

T/Td

T/Td

T/Td

T/Td
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Lattice analysis at high temperature
Lattice QCD simulation

Change behavior 
at T/Tc = 2.69

M. Kitazawa et al. (2019)

In Fig. 5, we show the behavior of Eq. (18) as functions
of LxT and T=Tc in the upper and lower panels, respec-
tively. The results at T=Tc ≃ 8.1 and 25 correspond to those
obtained at β ¼ 8.0 and 9.0, respectively; see Table I.
Temperatures are deduced from the relation between β and
a in Ref. [13], which is reliable for 6.3 ≤ β ≤ 7.4. As β ¼
8.0 and 9.0 are outside of this range, the values T=Tc
should be regarded just as a guide for the true value of
T=Tc. To depict this uncertainty, in the lower panel we
show 10% and 30% error bars in T=Tc for the data points at
β ¼ 8.0 and 9.0.
In the upper panel of Fig. 5, we show the ratio Eq. (18) in

the massless free scalar theory by the solid line, while in the
lower panel the ratio for each LxT is shown by arrows at the
right in the panel; note that in the massless theory δ ¼ 0.
The comparison of the lattice data with these results shows
that the former approaches the asymptotic value as T is
increased, but the difference is still large even at the highest
temperature T=Tc ≃ 25.

VI. DISCUSSION AND OUTLOOK

In the present study, we investigated the energy-
momentum tensor in 3þ 1-dimensional SU(3) YM theory
at T > Tc in anisotropic finite volume systems with the
PBC.We chose to make one direction small, LxT ∼ 1, while
keeping the other two spatial dimensions large, Ly;zT ≫ 1.
We found that, as shown in Fig. 3, a clear anisotropy in
the stress tensor is observed only for LxT ≲ 1.3 for
1.4 ≤ T=Tc ≤ 2.1. In free scalar theory with the same
boundary condition, a significant anisotropy manifests itself
at much larger values of LxT. One therefore concludes that
SU(3)YMtheorynear but aboveTc is remarkably insensitive
to the existence of the periodic boundary. Even allowing the
free scalar particles to have a mass m ¼ 6T was insufficient
to reproduce the insensitivity to the presence of the finite
periodic boundary in SU(3) YM theory.
At the scales probed by these temperatures the running

coupling is gð2πTÞ ∼ 2, and the leading order, infinite
volume thermal field theory result for the Debye mass of
the gluon is mD ∼ gT. That the effective free quasiparticle
mass required to mimic the results of the full SU(3) YM
theory is so large indicates that (1) finite-size corrections to
the infinite and isotropic volume leading order thermal field
theory result are large [for example, the Debye gluon mass,
which by dimensional analysis is given by mD=g ¼
fTðLxTÞT þ fLx

ðLxTÞ=Lx, might pick up large finite-size
corrections], (2) the interactions of the full theory cannot
be easily approximated by a free quasiparticle theory, or
(3) that there are important nonperturbative dynamics at
these scales.
Investigating (1) is an important avenue for future

analytic research, especially as the work here possibly
suggests that the finite-size corrections to the effective
gluon mass are large. (2) is quite likely given than other
thermodynamic properties computed from the lattice at
these temperature scales are only well approximated by
resummed thermal field theory at three or four loops
[55–57]. (3) must also contribute: Forty years ago, Linde
demonstrated [58] the possibility for an infrared cutoff of
orderOðg2TÞ to appear in the thermodynamics of a YM gas
in an isotropic infinite volume. This effectively led to the
findings of a nonperturbative coefficient in the pressure,
when probed perturbatively [59]. More recently, the pres-
ence of the very same type of (Linde) problem was
discovered in an anisotropic volume of SU(3) YM theory
[60], such as the one we use here. These works obviously
raise the need for a better understanding of the possible
presence of a nonperturbative scale such as ∼g

ffiffiffiffiffiffiffiffiffiffiffi
T=Lx

p
in

the thermodynamics of anisotropic volumes of the SU(3)
YM theory. It is then an interesting future work to pursue
the physical origin from the knowledge of the Casimir
effect in various theories and settings [24,25,61–63].
The remarkably large effective quasiparticle mass

required to mimic the lattice results suggests a larger-
than-expected effective Debye mass for gluons at

FIG. 5. Ratio ðPx þ δÞ=ðPz þ δÞ for various values of T and
LxT. The upper (lower) panel shows the ratio as a function of LxT
(T=Tc). The solid line in the upper panel shows the ratio in the
massless free scalar theory. The arrows at the right in the lower
panel show the ratio in the massless free scalar theory for
each LxT.

KITAZAWA, MOGLIACCI, KOLBÉ, and HOROWITZ PHYS. REV. D 99, 094507 (2019)
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Model construction
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Polyakov loop effective model

Polyakov loop Ωc
Oder parameter of deconfinement 
（Symmetry：Center symmetry）

Ωc(x, x⊥
c ) =

1
N

Tr[𝒫 exp(i∫
Lc

0
Ac(xc, x⊥

c )dxc)] Ac =
1
Lc

(θc)1 0 0
0 (θc)2 0
0 0 (θc)3

Polyakov loop eigenvalues

Order parameter of confined/deconfined 
Eigenvalues changes → thermodynamics behavior

P. N. Meisinger et al. (2002)

Deconfined phase

Uniform 
spacing

⟨Ωc⟩ ≠ 0

θc

Confined phase

⃗θc = (ϕc, 0, − ϕc)

⟨Ωc⟩ = 0

θc

xc = τ, x⊥
c = (x, y, z) for c = τ

xc = x, x⊥
c = (τ, y, z) for c = x

(Mean field approximation)
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Improvement to the Polyakov loop model

Meisinger’s model is simple and qualitatively reproduce 
the lattice data. 
Dumitru et al. extends this model with two parameters and 
Dumitru’s model quantitatively reproduce the lattice data

P. N. Meisinger et al. (2002)

A. Dumitru et al. (2012)

A. Dumitru et al. (2012)

Nevertheless, it gives us some intuition as to why we find it
necessary to choose a value of c2 near one, at least for
small N.

At very high temperature, one can check that the other
root of Eq. (68), r0!, is negative. As the temperature
decreases, r0!ðtÞ moves toward the origin. At the tempera-
ture for overheating, this root coincides with the origin,
r0!ðtohÞ ¼ 0. This is why the mass squared for r vanishes
at r ¼ 0 at toh.

As the temperature decreases below toh, r0!ðtÞ repre-
sents a maximum in the potential, between r ¼ 0 and r0þ.
This is true at the critical temperature, where by Eq. (71),
r0!ð1Þ ¼ rc=2.

As the temperature is lowered below Tc, the point for
r0þðtÞ represents a relative minimum, which is unstable to
tunneling to the absolute minimum at r ¼ 0. At the tem-
perature for undercooling, the two minima coincide,
r0þðtuhÞ ¼ r0!ðtuhÞ. This gives

zuc ¼
25N2

8ð2N2 ! 3Þ (88)

or

t2uh ¼
!
Tuc

Tc

"
2
¼ zcðNÞ

zucðNÞ ð1! c2Þ þ c2: (89)

At the temperature for underheating, there is no barrier for
the theory at r0 to roll down to the absolute minimum at
r ¼ 0. The qualitative behavior is the same as for over-
heating, except that the variation with N is much weaker.

C. Comparison between lattice data and the
uniform eigenvalue ansatz

1. One-parameter model

In this section we review the results for the zero-
parameter model of Meisinger et al. [20] and the one-
parameter model which we analyzed before [14]. This is
done for completeness and to make clear why it is neces-
sary to generalize the model further.

We remark that in this paper the constants ci differ from
those in Ref. [14]. If we denote ~ci by those in Ref. [14],
then they are related to those in the present work by

~c1 ¼ ! 2!2

15
c1;

~c2 ¼ ! 2!2

3
c2;

~c3 ¼
!2ðN2 ! 1Þ

45N2 c3:

(90)

The change in notation was made to make the results more
transparent. In particular, the point where c2 ¼ 1 is special.
There are terms &V 2ðqÞ both in the nonperturbative po-
tential, &! c2T

2T2
cV 2ðqÞ, Eq. (49), and in the perturba-

tive potential, &T4V 2ðqÞ, Eq. (31). When c2 ¼ 1, these

terms cancel identically at Tc. Because of the lattice data,
at least for smallN we are driven to a point close to c2 ¼ 1.
In Fig. 3 we show the results for the interaction measure,

!ðTÞ ¼ ðe! 3pÞ=ð8T4Þ, for the zero-parameter model,
c2 ¼ 0, and our optimal fit for the one-parameter model,
c2 ¼ 0:8297. Note that here and henceforth, we rescale
the interaction measure by the number of perturbative
gluons, N2 ! 1.
As is clear from the figure, there is sharp discrepancy

between the model with c2 ¼ 0 and c2 ¼ 0:8297. With the
zero-parameter model, the peak in the interaction measure
is off by about&50%. By introducing c2, we can fit this to
within a few percent. To do so, we have to take a value very
near one.
The difference between the models is only clear once

one plots the interaction measure. If one were to plot
the pressure or energy density, scaled by T4, it would be
difficult to see the difference between the two models.
We remark, however, that this behavior is similar to what

is seen in an analysis of the Schwinger-Dyson equations by
Braun et al., Ref. [43]. The numerical values for, e.g., hri
do not agree, but in both cases, the region in which the
condensate is nonzero is unexpectedly small.

2. Latent heat

Nevertheless, the one-parameter model has serious
problems near the critical temperature. For three or more
colors, the transition is of first order, which is parametrized
by the latent heat. We introduce a dimensionless measure
of the latent heat, rescaling it by both T4

c and the number of
perturbative gluons [12]:

LðNÞ ¼ eðTþ
c Þ

ðN2 ! 1ÞT4
c
: (91)

On the lattice, LðNÞ has been measured for N ¼ 3 by
Refs. [5,12] and N ¼ 4, 6, and 8 [9,12]. Datta and Gupta
[12] give a simple analytic form,
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FIG. 3 (color online). A comparison of the interaction measure
ðe! 3pÞ=ð8T4Þ for three colors in the models with zero [20], one
[14], and two parameters, versus lattice measurements.

EFFECTIVE MATRIX MODEL FOR DECONFINEMENT IN . . . PHYSICAL REVIEW D 86, 105017 (2012)

105017-15

Figure 7 shows the interaction measure of SUðNÞ for
various N. Overall, the model appears to reproduce the
lattice data reasonably well, especially near the transition.
The panel on the left zooms into the region near Tc, from
Tc to 1:2Tc. Because of the increase in the latent heat with
N, ~!ðTÞ increases slightly with N. Since we fit one para-
meter in our model to the latent heat, our model agrees
well in this region. The panel on the right shows the region
from 1.2 to 3:0Tc, where the agreement between the model
and the data is not quite as good. We discuss in the con-
clusions, Sec. IX, how this might be improved. We stress,
however, that by multiplying the interaction measure by
T2=T2

c , to form ~!ðTÞ, we are greatly magnifying the errors
in any possible fit.

As discussed before, choosing c2 to be near one makes
the width of the transition region narrower. In Fig. 8 we

show the result for the Polyakov loop between the models
with zero, one, and two parameters. The width of the
transition is broadest for zero parameters, with c2 ¼ 0,
followed by that with two parameters, where c2 ¼
0:5517, and then by that with one parameter, c2 ¼ 0:8297.
We also plot the results for the renormalized loop from

lattice simulations. The results for the Polyakov loop in our
model differ sharply from those obtained from the lattice.
We do not understand the reason for this discrepancy and
discuss this further in Sec. IX.
Lastly, in Fig. 9 we show the results for the Polyakov

loop in the fundamental representation for different values
of N ¼ 3, 4, 6, and 64, under the uniform eigenvalue
ansatz. At Tþ

c , the expectation values agree with Eq. (74).
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FIG. 4 (color online). Thermodynamics of SU(3): pressure
p=T4, energy density e=ð3T4Þ, and the interaction measure times
T2=T2

c , ~! in Eq. (1). All quantities are also scaled by 1=8.
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FIG. 5 (color online). Thermodynamics of SU(4) assuming the
uniform eigenvalue ansatz: pressure p=T4, energy density
e=ð3T4Þ, and the interaction measure times T2=T2

c , ~! in
Eq. (1). All quantities are also scaled by 1=15.
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FIG. 6 (color online). Thermodynamics of SU(6) assuming the
uniform eigenvalue ansatz: pressure p=T4, energy density
e=ð3T4Þ, and the interaction measure times T2=T2

c , ~! in
Eq. (1). All quantities are also scaled by 1=35.

FIG. 7 (color online). Rescaled interaction measure,
~! ¼ ðe% 3pÞ=ððN2 % 1ÞT2T2

c Þ, Eq. (1), for different values of
N from our model, and the lattice. For N ¼ 4, 6, and 64, we
assume the uniform eigenvalue ansatz. We plot the regions Tc !
1:2Tc and 1:2Tc ! 3:0Tc on different abscissa scales; thus, all
curves, and their derivatives, are smooth across 1:2Tc.

EFFECTIVE MATRIX MODEL FOR DECONFINEMENT IN . . . PHYSICAL REVIEW D 86, 105017 (2012)

105017-17

P. N. Meisinger et al. (2002)

A. Dumitru et al. (2012)
∼ 1/T2

T/TdT/Td
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Free energy from Polyakov loop
Free energy

f(Lc; Pc) = fpert(Lc; Ωc) + fpot(Lc; Ωc)

Perturbative term Potential term
Based on the Meisinger’s 
model (with two parameters) 
By using the Polyakov loop 
eigenvalues

Free energy of massless gluon 
with constant background fields Aτ

fpert(Lτ; θτ) = ∑
n∈ℤ

∫
d3k

(2π)3
trA ln[( 2πn

β
− Aτ)2 + ⃗k2]

→Provoke phase transition

Construct a Model on T2xR2 based on 
the Finite temperature model

P. N. Meisinger et al. (2002)
A. Dumitru et al. (2012)

A. Dumitru et al. (2012)
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Lτ

Lx

0

∞

∞

Constraint on free energy
 invariantτ ↔ xf ∼ fpert(θτ, Lτ) + f 𝕊1×ℝ3(θτ; Lτ)

f ∼ fpert(θx; Lx)

Invariant under  
an exchange of τ, x

Reduce to  
at Limit 

𝕊1 × ℝ3

Lx → ∞

Separable extensions from potential term 
of Finite temp. Polyakov loop model

f(Lτ, Lx; θτ, θx)

f𝕋 2×ℝ2

pot (Lτ, Lx; θτ, θx) = f 𝕊1×ℝ3

pot (Lτ; θτ) + f 𝕊1×ℝ3

pot (Lx; θx)

+f 𝕊1×ℝ3(θx; Lx),= f(Lx, Lτ; θx, θτ)
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Separable ansatz

These results, however, show that the nontrivial expect-
ation values of Pτ and Px give non-negligible contribution
to the behavior of thermodynamics on T 2 ×R2. In order to
gain insights into their effects, we perform an additional
analysis, where the values of Px and Pτ are fixed by hand to
those at Lx → ∞; Pτ ≈ 0.973 and Px ¼ 0. The obtained
results for ϵ, px, and pz are shown in Figs. 9 and 10 by
the dashed lines. As can be seen, these results are
insensitive to LxT and give consistent behavior with
the lattice data for LxT ≳ 1.5. These results show that
Px and Pτ affect thermodynamic quantities on T2 ×R2

significantly. Therefore, although we have failed in
reproducing the lattice data in the present study with a
simple model, the modification of the model, especially
the potential term, will give a consistent result with the
lattice data. Such a description of the lattice results on
T2 ×R2 will in turn give us deeper understanding on the
nonperturbative aspects of YM theory near T∞

c not only on
T2 ×R2 but also S1 ×R3.

V. CONCLUSION AND OUTLOOK

In this paper, we have investigated the phase structure
and thermodynamics of the pure Yang-Mills (YM) theory
on T 2 × R2 with the PBC by means of an effective model.
The model has two Polyakov loops along the compacti-
fied directions, Pτ and Px, as the order parameters and
thus is capable of describing the phase transitions
associated with two ZN symmetries. As a first inves-
tigation of such an effective model, we employed a simple
form for the potential term fpot given by an extension of
Ref. [34]. We have found that a rich phase structure on the
Lτ–Lx plane can manifest itself due to two phase
transitions, and the phase structure is qualitatively de-
pendent on N.
The energy density and anisotropic pressure are also

calculated in the model and are compared with the lattice

results in Ref. [26]. Although we have found that our model
fails in reproducing the lattice results, we have also found
that thermodynamics on T2 ×R2 is sensitive to Pτ and Px
in the model. Therefore, while the present model with a
simple ansatz is not satisfactory, the modification of the
model would be able to reproduce the lattice results. The
analysis in the previous section that fixes the values of Pτ
and Px by hand would be used for a guide for such a study.
Our study also motivates the measurements of Pτ and Px
in lattice simulations together with thermodynamics.
Such a study will provide us with more physical infor-
mation for understanding the system with BCs.
Investigations of other observables, such as the temporal
and spatial Wilson loops, in the model and simulations
and their comparison are another interesting subject that
will realize a deeper understanding of the nonperturbative
aspects of YM theory.
We also note that the model can be improved toward

other directions, for example, an introduction of the
quasiparticle mass of the gauge field and other mean fields
[40–48] especially mimicking the magnetic condensates in
the deconfined phase [49]. Extension of the perturbative
approach for constructing the potential term [50,51] to
systems with BCs is another interesting direction. In the
present study that introduced the potential term in a
phenomenological manner, its microscopic origin cannot
be understood. The perturbative analyses will reveal such
underlying physics and provide us with constraints on the
potential. For example, clarifying the role of the ghost field
[50,51] is an interesting subject. Comparison with the stress
tensor obtained in the AdS=CFT correspondence [52,53] is
also interesting to investigate the role of the strong-
coupling nature.
The investigation of the field theory with the BC can also

be extended to various directions. An example is the use of
other BCs such as the antiperiodic BC in place of the PBC.
Although we have limited our attention only to N ¼ 2; 3,
the study of N dependence for N ≥ 4 is a straightforward
extension of the present study. Similar analysis in QCD
with dynamical fermions is another important subject.
Since the measurement of thermodynamics in QCD on
T2 ×R2 is possible using the technique developed in
Refs. [54–56], the comparison with the lattice data is
possible. We note that the BC along the temporal direction
at nonzero T is antiperiodic for fermions, and this can cause
qualitatively different response against the BC [14].
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FIG. 10. Pressure ratio px=pz. The meanings of the symbols are
the same as Fig. 9.
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the figure that the deconfined phase is realized for
Lτ ¼ 1=T∞

c , with the critical temperature numerically
estimated as T∞

c ≈ 1=ð0.733RÞ. Unlike N ¼ 2, the numeri-
cal result shows that Pτ has a clear discontinuity at this
point, which means that the phase transition is of first order.
As discussed in Appendix C, this result is analytically
confirmed by the Ginzburg-Landau analysis.
In Fig. 6 we display the Lτ dependence of Pτ (top panel)

and Px (bottom panel) at several Lx. At larger Lx, the top
panel implies that the first-order phase transition of Pτ
observed at Lx → ∞ persists to LxT∞

c ∼ 1. One also finds
that both Pτ and Px change discontinuously at the identical
transition point. The first-order phase transition then ceases
to exist at adequately small Lx (LxT∞

c ≲ 1).
To see the order of the phase transition, in Fig. 7 we show

the Lð¼ Lτ ¼ LxÞ dependence of Pð¼ Pτ ¼ PxÞ for the
symmetric case Lτ ¼ Lx around the transition point. As
shown in the figure, P changes discontinuously at LT∞

c ≈
0.991meaning that the transition is of first order even at the
symmetric point. Thus, we conclude that the transition is
always of first order for N ¼ 3.
Finally, we show the phase diagram on the Lτ–Lx

plane in Fig. 8. As explained above the first-order phase

transitions of Pτ and Px occur simultaneously. This
transition is shown by the purple line. The dashed gray
line stands for Lτ ¼ Lx, and the black dot represents the
transition point on this line. Note that Px approaches zero
for Lx → ∞ such that the condition in Eq. (21) is satisfied,
while the discontinuity of Px does exist at the first-order
transition point.

IV. THERMODYNAMICS

In this section, we investigate Lτ and Lx dependence of
thermodynamic quantities on T 2 ×R2 and study the impact
of Pτ and Px on them.

FIG. 6. Lτ dependences of Pτ (top panel) and Px (bottom panel)
at several Lx for N ¼ 3.

FIG. 7. Lð≡Lτ ¼ LxÞ dependence of the Polyakov loop
Pð≡Pτ ¼ PxÞ for N ¼ 3 in the vicinity of the phase transition
point. The first-order transition occurs at LT∞

c ≈ 0.991.

FIG. 8. Phase diagram on the Lτ–Lx plane for N ¼ 3. The solid
line shows the first-order phase transition.

EFFECTIVE MODEL FOR PURE YANG-MILLS THEORY ON … PHYS. REV. D 107, 074502 (2023)

074502-7

f𝕋 2×ℝ2

pot (Lτ, Lx; θτ, θx) = f 𝕊1×ℝ3

pot (Lτ; θτ) + f 𝕊1×ℝ3

pot (Lx; θx)

Does not capture the Lattice results as well

Suenaga-Kitazawa. (2023)

Lx

Ωτ = 0, Ωx = 0

Ωτ ≠ 0, Ωx ≠ 0

T/Td

LτTd

L τ
T d
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Cross term

Possible eigenvalues depend. (invariant under  trans.) ~Z3 𝒪(Ω3)

Cross term

, 
,  

Tr(Ωc)Tr(Ω†
c)

[Tr(Ω3
c) + Tr(Ω†

c
3)]

fcross = g(Lτ, Lx)[c4Tr(Ωτ)2Tr(Ωx)2

+c5(Tr(Ωτ)2Tr(Ω3
x) + Tr(Ω3

τ)Tr(Ωx)2)
+c6Tr(Ω3

τ)Tr(Ω3
x)]  invariantτ ↔ x

Free energy on 𝕋2 × ℝ2

f = fpert(Lτ, Lx; θτ, θx) + fpot(Lτ, Lx; θτ, θx) + fcross

Tr(Ω2
c)Tr(Ωc) + Tr(Ω†2

c )Tr(Ω†
c)

Tr(Ωc)3 + Tr(Ω†
c)3

Only Two Independent term

Uniqe to SU(3)

Separable potential term

New term (non-separable)

(Ωx = Ωτ)
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Thermodynamics at high temperature
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FIG. 3. Left: LxT dependence of the ratio R = (px +�/4)/(pz +�/4) in Eq. (48) for several values of T/Td. Right: T/Td

dependence of R for various LxT .
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FIG. 4. Phase diagram on the L⌧–Lx plane. The solid lines
represent first-order phase transitions at which the thermo-
dynamic quantities as well as ⌦c jump discontinuously. The
critical points (CPs) are indicated by the big circles.

are restored with ⌦⌧ = ⌦x = 0. On the other hand, at

the lower-left region both Z(c)
3 are spontaneously broken

with ⌦⌧ 6= 0 and ⌦x 6= 0. Our model analysis shows that

the phases where only one of the Z(c)
3 is spontaneously

broken do not appear on the phase diagram.

The other first-order transition line including the point
A corresponds to the one found in Fig. 3. As seen from

Figs. 4 and 5, this transition line lies entirely on the

Z(⌧)
3 ⇥ Z(x)

3 broken phase. Moreover, the line terminates
at finite L⌧ and Lx at (L⌧Td, LxTd) ' (2.54, 0.25) and
(0.25, 2.54), and is not connected to any transitions on
S1 ⇥ R3. The endpoint of a first-order transition line is
the critical point (CP) at which the phase transition is of
second order. The universality class of these CPs is spec-
ified as that of the two-dimensional Ising model (Z2 uni-
versality class) as follows. First, on the first-order tran-
sition line two phases characterized by di↵erent (⌦⌧ ,⌦x)
coexist. Second, as the system approaches the CP the
correlation length grows and eventually exceeds Lx, L⌧ .
The system then can be regarded as two-dimensional.
In QCD, CPs are known to manifest themselves with

variations of various parameters such as the quark chem-
ical potentials and the quark masses [37–39]. It is inter-
esting that a novel existence of the CP is also indicated
in SU(3) YM theory, which is the heavy-mass limit of
QCD, with the variations of L⌧ and Lx.

C. Phase transition on the L⌧ = Lx line

In order to confirm the emergence of the novel first-
order phase transition on T2

⇥ R2 more clearly, now let
us investigate the phase transitions on the symmetric tra-
jectory along L⌧ = Lx, i.e. the dotted line in Fig. 4.
For L⌧ = Lx, the system is invariant under the trans-

position of ⌧ and x axes. As a result, ⌦⌧ = ⌦x (and
hence �⌧ = �x) is satisfied on this line as long as the
transpose symmetry is not spontaneously broken. We
have numerically verified that this is always the case in
our model, although its violation is not prohibited in gen-
eral. In Fig. 6, we show the behavior of ⌦ = ⌦⌧ = ⌦x as
a function of L = L⌧ = Lx. As in the figure, the value of

https://arxiv.org/abs/2404.07899


/252024.08.20. XVIth Quark Confinement and the Hadron Spectrum @ Cairns

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

LτTd

L x
T d

A
B

 symmetric phaseZ(τ)
3 × Z(x)

3

1st order

1st order

CP

CP

19

Phase diagram

Confinement phase transition

Novel 1st order phase transition line

arXiv:2404.07899 (2024)

https://arxiv.org/abs/2404.07899


/252024.08.20. XVIth Quark Confinement and the Hadron Spectrum @ Cairns

Pτ

LτTd

LxTd

Pτ

Pτ(LτTd=1/2.10)
Pτ(LτTd=1/1.68)

LτTd = 1/2.10
LτTd = 1/1.68

Px
Px(LτTd=1/2.10)
Px(LτTd=1/1.68)

Px

LτTd

LxTd

LτTd = 1/2.10
LτTd = 1/1.68

20

What is the mechanism to reproduce Lattice results ?

Polyakov loops geometry explains Lattice thermodynamics

Polyakov loops

Trap

Trap

arXiv:2404.07899 (2024)

Ωτ

Ωx

https://arxiv.org/abs/2404.07899


/252024.08.20. XVIth Quark Confinement and the Hadron Spectrum @ Cairns

1.0 1.5 2.0 2.5

-2

-1

0

1

LxT

p x
/p
z

T/Tc=1.68

T/Tc=2.10

massless free boson

1.0 1.5 2.0 2.5

-2

-1

0

1

LxT

p x
/p
z

T/Tc=1.68

T/Tc=2.10

massless free boson

LxT

T/Td

T/Td

21

Polyakov loop → px /pz

Px
Px(LτTd=1/2.10)
Px(LτTd=1/1.68)

Px

LτTd

LxTd

LτTd = 1/2.10
LτTd = 1/1.68

Pτ

LτTd

LxTd

Pτ

Pτ(LτTd=1/2.10)
Pτ(LτTd=1/1.68)

LτTd = 1/2.10
LτTd = 1/1.68 Rapid 

change Rapid 
change

11

0.0 0.5 1.0 1.5 2.0

-1.6

-1.4

-1.2

-1.0

-0.8

-0.6

ϕx=ϕτ=ϕ

fr
ee
en
er
gy

/T
4

Total

(a-1) (b-1) (c-1)

Total TotalTotal

(a-2) (b-2) (c-2)

0.0 0.5 1.0 1.5 2.0
-10

0

10

20

30

40

50

60

ϕx=ϕτ=ϕ

fr
ee
en
er
gy 110 + fpert

fmass
c4 term

c5 term

c6 term

0.0 0.5 1.0 1.5 2.0

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

ϕx=ϕτ=ϕ

fr
ee
en
er
gy

/T
4

Total

0.0 0.5 1.0 1.5 2.0

-1.4

-1.2

-1.0

-0.8

-0.6

ϕx=ϕτ=ϕ

fr
ee
en
er
gy

/T
4

Total

0.0 0.5 1.0 1.5 2.0

-5

-4

-3

-2

-1

0

1

2

ϕx=ϕτ=ϕ

fr
ee
en
er
gy

/T
4

fpert

fmass
c4 term

c5 term

c6 term

LTd = 0.10 LTd = 0.44 LTd = 0.50

Massを修正、cがずれているように見えるので調整

0.0 0.5 1.0 1.5 2.0

-5

-4

-3

-2

-1

0

1

ϕx=ϕτ=ϕ

fr
ee
en
er
gy

/T
4

fpert+fcross
c6

fcrossc5

2fpotT
2×R2+fcrossc6

0.0 0.5 1.0 1.5 2.0

-5

-4

-3

-2

-1

0

1

ϕx=ϕτ=ϕ

fr
ee
en
er
gy

/T
4

fpert+fcross
c6

fcrossc5

2fpotT
2×R2+fcrossc6

0.0 0.5 1.0 1.5 2.0

-4

-2

0

2

ϕx=ϕτ=ϕ

fr
ee
en
er
gy

/T
4

fpert+fcross
c6

fcrossc5

2fpotT
2×R2+fcrossc6

0.0 0.5 1.0 1.5 2.0

-5

-4

-3

-2

-1

0

1

ϕx=ϕτ=ϕ

fr
ee
en
er
gy

/T
4

fpert+fcross
c6

fcrossc5

2fpotT
2×R2+fcrossc6

0.0 0.5 1.0 1.5 2.0

-4

-2

0

2

ϕx=ϕτ=ϕ

fr
ee
en
er
gy

/T
4

fpert+fcross
c6

fcrossc5

2fpotT
2×R2+fcrossc6

0.0 0.5 1.0 1.5 2.0

-5

-4

-3

-2

-1

0

1

ϕx=ϕτ=ϕ

fr
ee
en
er
gy

/T
4

fpert+fcross
c6

fcrossc5

2fpotT
2×R2+fcrossc6

: global minimum : global minimum : global minimum

FIG. 7. The total free energy ftot and separate contributions f�=0, f�=⇡
3
and f�= 2⇡

3
as a function of � at several values of L.
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FIG. 9. The LxT dependence of ftot and ftot � fcross and
their sum for T/Tc = 1.68. The black (purple) dashed line is
the result without (with) cross term.

In the present study, we have found that such a stable
behavior is essentially driven by the interplay of the tem-
poral and spatial Polyakov loops. Besides, it has been un-
veiled that the interplay leads to the emergence of a novel
first-order phase transition on T2

⇥R2 which is not con-
nected to the deconfinement transition. This new first-
order phase transition is, indeed, suggested by the lat-
tice data as sharp changes of the thermodynamic quan-
tities [15]. Notably, the new phase transition has critical
points on T2

⇥R2. Therefore, it would be challenging to
delineate such rich phase structures in terms of the two
Polyakov loops from first-principles lattice simulation in
the future.

[Improvement of the present model for lower tempera-
ture?]

In the present work, we have focused on SU(3) pure
Yang-Mills theory, motivated by the available lattice data
of the thermodynamic quantities on T2

⇥ R2. In this re-
gard, investigation of SU(2) theory would also be promis-
ing since the lattice results on the phase structure on
T2

⇥R2 exist [18, 30]. Application of our model to SU(2)
system is straightforward and we leave such a study for
future publication. Moreover, it would be worth com-
paring with the analysis using AdS/CFT and so on, and
hence, examination for large N and high-dimensional
manifolds is also counted as one of our future directions.
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Polyakov loop of separable pot

These results, however, show that the nontrivial expect-
ation values of Pτ and Px give non-negligible contribution
to the behavior of thermodynamics on T 2 ×R2. In order to
gain insights into their effects, we perform an additional
analysis, where the values of Px and Pτ are fixed by hand to
those at Lx → ∞; Pτ ≈ 0.973 and Px ¼ 0. The obtained
results for ϵ, px, and pz are shown in Figs. 9 and 10 by
the dashed lines. As can be seen, these results are
insensitive to LxT and give consistent behavior with
the lattice data for LxT ≳ 1.5. These results show that
Px and Pτ affect thermodynamic quantities on T2 ×R2

significantly. Therefore, although we have failed in
reproducing the lattice data in the present study with a
simple model, the modification of the model, especially
the potential term, will give a consistent result with the
lattice data. Such a description of the lattice results on
T2 ×R2 will in turn give us deeper understanding on the
nonperturbative aspects of YM theory near T∞

c not only on
T2 ×R2 but also S1 ×R3.

V. CONCLUSION AND OUTLOOK

In this paper, we have investigated the phase structure
and thermodynamics of the pure Yang-Mills (YM) theory
on T 2 × R2 with the PBC by means of an effective model.
The model has two Polyakov loops along the compacti-
fied directions, Pτ and Px, as the order parameters and
thus is capable of describing the phase transitions
associated with two ZN symmetries. As a first inves-
tigation of such an effective model, we employed a simple
form for the potential term fpot given by an extension of
Ref. [34]. We have found that a rich phase structure on the
Lτ–Lx plane can manifest itself due to two phase
transitions, and the phase structure is qualitatively de-
pendent on N.
The energy density and anisotropic pressure are also

calculated in the model and are compared with the lattice

results in Ref. [26]. Although we have found that our model
fails in reproducing the lattice results, we have also found
that thermodynamics on T2 ×R2 is sensitive to Pτ and Px
in the model. Therefore, while the present model with a
simple ansatz is not satisfactory, the modification of the
model would be able to reproduce the lattice results. The
analysis in the previous section that fixes the values of Pτ
and Px by hand would be used for a guide for such a study.
Our study also motivates the measurements of Pτ and Px
in lattice simulations together with thermodynamics.
Such a study will provide us with more physical infor-
mation for understanding the system with BCs.
Investigations of other observables, such as the temporal
and spatial Wilson loops, in the model and simulations
and their comparison are another interesting subject that
will realize a deeper understanding of the nonperturbative
aspects of YM theory.
We also note that the model can be improved toward

other directions, for example, an introduction of the
quasiparticle mass of the gauge field and other mean fields
[40–48] especially mimicking the magnetic condensates in
the deconfined phase [49]. Extension of the perturbative
approach for constructing the potential term [50,51] to
systems with BCs is another interesting direction. In the
present study that introduced the potential term in a
phenomenological manner, its microscopic origin cannot
be understood. The perturbative analyses will reveal such
underlying physics and provide us with constraints on the
potential. For example, clarifying the role of the ghost field
[50,51] is an interesting subject. Comparison with the stress
tensor obtained in the AdS=CFT correspondence [52,53] is
also interesting to investigate the role of the strong-
coupling nature.
The investigation of the field theory with the BC can also

be extended to various directions. An example is the use of
other BCs such as the antiperiodic BC in place of the PBC.
Although we have limited our attention only to N ¼ 2; 3,
the study of N dependence for N ≥ 4 is a straightforward
extension of the present study. Similar analysis in QCD
with dynamical fermions is another important subject.
Since the measurement of thermodynamics in QCD on
T2 ×R2 is possible using the technique developed in
Refs. [54–56], the comparison with the lattice data is
possible. We note that the BC along the temporal direction
at nonzero T is antiperiodic for fermions, and this can cause
qualitatively different response against the BC [14].
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FIG. 10. Pressure ratio px=pz. The meanings of the symbols are
the same as Fig. 9.
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In Fig. 5, we show the behavior of Eq. (18) as functions
of LxT and T=Tc in the upper and lower panels, respec-
tively. The results at T=Tc ≃ 8.1 and 25 correspond to those
obtained at β ¼ 8.0 and 9.0, respectively; see Table I.
Temperatures are deduced from the relation between β and
a in Ref. [13], which is reliable for 6.3 ≤ β ≤ 7.4. As β ¼
8.0 and 9.0 are outside of this range, the values T=Tc
should be regarded just as a guide for the true value of
T=Tc. To depict this uncertainty, in the lower panel we
show 10% and 30% error bars in T=Tc for the data points at
β ¼ 8.0 and 9.0.
In the upper panel of Fig. 5, we show the ratio Eq. (18) in

the massless free scalar theory by the solid line, while in the
lower panel the ratio for each LxT is shown by arrows at the
right in the panel; note that in the massless theory δ ¼ 0.
The comparison of the lattice data with these results shows
that the former approaches the asymptotic value as T is
increased, but the difference is still large even at the highest
temperature T=Tc ≃ 25.

VI. DISCUSSION AND OUTLOOK

In the present study, we investigated the energy-
momentum tensor in 3þ 1-dimensional SU(3) YM theory
at T > Tc in anisotropic finite volume systems with the
PBC.We chose to make one direction small, LxT ∼ 1, while
keeping the other two spatial dimensions large, Ly;zT ≫ 1.
We found that, as shown in Fig. 3, a clear anisotropy in
the stress tensor is observed only for LxT ≲ 1.3 for
1.4 ≤ T=Tc ≤ 2.1. In free scalar theory with the same
boundary condition, a significant anisotropy manifests itself
at much larger values of LxT. One therefore concludes that
SU(3)YMtheorynear but aboveTc is remarkably insensitive
to the existence of the periodic boundary. Even allowing the
free scalar particles to have a mass m ¼ 6T was insufficient
to reproduce the insensitivity to the presence of the finite
periodic boundary in SU(3) YM theory.
At the scales probed by these temperatures the running

coupling is gð2πTÞ ∼ 2, and the leading order, infinite
volume thermal field theory result for the Debye mass of
the gluon is mD ∼ gT. That the effective free quasiparticle
mass required to mimic the results of the full SU(3) YM
theory is so large indicates that (1) finite-size corrections to
the infinite and isotropic volume leading order thermal field
theory result are large [for example, the Debye gluon mass,
which by dimensional analysis is given by mD=g ¼
fTðLxTÞT þ fLx

ðLxTÞ=Lx, might pick up large finite-size
corrections], (2) the interactions of the full theory cannot
be easily approximated by a free quasiparticle theory, or
(3) that there are important nonperturbative dynamics at
these scales.
Investigating (1) is an important avenue for future

analytic research, especially as the work here possibly
suggests that the finite-size corrections to the effective
gluon mass are large. (2) is quite likely given than other
thermodynamic properties computed from the lattice at
these temperature scales are only well approximated by
resummed thermal field theory at three or four loops
[55–57]. (3) must also contribute: Forty years ago, Linde
demonstrated [58] the possibility for an infrared cutoff of
orderOðg2TÞ to appear in the thermodynamics of a YM gas
in an isotropic infinite volume. This effectively led to the
findings of a nonperturbative coefficient in the pressure,
when probed perturbatively [59]. More recently, the pres-
ence of the very same type of (Linde) problem was
discovered in an anisotropic volume of SU(3) YM theory
[60], such as the one we use here. These works obviously
raise the need for a better understanding of the possible
presence of a nonperturbative scale such as ∼g

ffiffiffiffiffiffiffiffiffiffiffi
T=Lx

p
in

the thermodynamics of anisotropic volumes of the SU(3)
YM theory. It is then an interesting future work to pursue
the physical origin from the knowledge of the Casimir
effect in various theories and settings [24,25,61–63].
The remarkably large effective quasiparticle mass

required to mimic the lattice results suggests a larger-
than-expected effective Debye mass for gluons at

FIG. 5. Ratio ðPx þ δÞ=ðPz þ δÞ for various values of T and
LxT. The upper (lower) panel shows the ratio as a function of LxT
(T=Tc). The solid line in the upper panel shows the ratio in the
massless free scalar theory. The arrows at the right in the lower
panel show the ratio in the massless free scalar theory for
each LxT.
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The temperature dependence of the pressure ratio 
has a rapidly decreasing region.
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[7,12,13,47–50]. In particular, it has been shown that
thermodynamics in SU(3) YM theory is obtained accu-
rately from the expectation values of Eq. (12) [13,16].
In practical numerical simulations we measure hTE

μνðt; xÞi
at nonzero t and lattice spacing a. The flow time t should be
small enough to justify the use of the perturbative coefficients
for c1ðtÞ and c2ðtÞ as well as to suppress the oversmearing
effect, which occurs when the operator is smeared larger
than the temporal length [13]. In this range of t, the small
flow time expansion [43] implies that

hTμνðt; xÞi ¼ hTμνðxÞiþ tcμν; ð16Þ

where cμν is a contribution fromdimension six operators, and
contributions from yet higher dimensional operators are
neglected. As the lattice discretization effect on Eq. (16)
for t > 0 is given by the powers of a2=t [51] and diverges in
the t → 0 limit, the flow time must also satisfy a≲ ffiffiffiffi

2t
p

to
suppress the discretization error.

IV. NUMERICAL SETUP

We have performed numerical simulations of SU(3) YM
theory on four-dimensional Euclidean lattices with the PBC
for all directions. The simulations are performed with the
standard Wilson gauge action for an isotropic lattice [52]5

for several values of β ¼ 6=g20 and the lattice volume Nx ×
N2

z × Nτ summarized in Table I. The lattice spacing a and
temperature T are determined according to the relation
between β and a in Ref. [13]. The lattice size along y and z
directions is fixed toNz=Nτ ¼ 6, except for the Nx × 962 ×
12 lattices at T=Tc ¼ 1.68 used for the analysis of the
dependence on Nz=Nτ in Sec. V B. In the conventional
analysis of the isotropic thermodynamics on lattices with
N3

s × Nτ, it is practically known that the finite-size effect is
well suppressed at the aspect ratioNs=Nτ ¼ 4 [2]. The ratio
Nz=Nτ ¼ 6 in our simulations is larger than this value.6 For
the vacuum subtraction, we use the data obtained on N4

vac
lattices. Except for the simulation at β ¼ 6.891, we use the
data used in Ref. [13].
As our code cannot deal with odd Nx, we have

performed the analyses for an even number of Nx shown
in Table I. Under this constraint, it is difficult to perform the
simulations at the same lattice volume Lx × L2

z and T with
different a in general. Therefore, in the present study we do
not take the continuum extrapolation. Instead, we perform
numerical analyses with two different lattice spacings at
Nτ ¼ 12 and 16 for 1.12 ≤ T=Tc ≤ 2.1 to investigate the
lattice discretization effect, which is discussed in Sec. VA.
We restrict ourselves to T > Tc in the present study, as the

results for T < Tc currently have statistical errors too large
to draw meaningful conclusions.
We perform 2; 100–4; 000 measurements for each set

of parameters at nonzero T. Each measurement is separated
by 100 sweeps, where one sweep is composed of one
pseudoheat bath and five over relaxation updates [13]. The
number of measurements for the vacuum is 560−1; 020.
All statistical errors are estimated by the jackknife method
with bin size 20, at which the bin size dependence of the
statistical error is not observed.
Other procedures and the implementation of the simu-

lation are the same as those in Ref. [13]. We use the Wilson
gauge action forSYMðtÞ in the flow equationEq. (11). For the
operator Uμνðt; xÞ in Eq. (15), we use Ga

μνðt; xÞ written in
terms of the clover-leaf representation [52]. For Eðt; xÞ in
Eq. (14), we use the tree-level improved representation
[13,47,51],

Eðt; xÞimp ¼
3

4
Eðt; xÞclover þ

1

4
Eðt; xÞplaq; ð17Þ

where Eðt; xÞclover is constructed from the clover-leaf repre-
sentation of Ga

μνðt; xÞ and Eðt; xÞplaq is defined from the
plaquette [41]. We use the iterative formula for four-loop
running coupling [53] and the value of ΛMS determined in
Ref. [13] for the perturbative coefficients c1ðtÞ and c2ðtÞ.
This combination of the running coupling and the perturba-
tive coefficients at different orders is known to give a good
description of thermodynamics [16]. We estimate the sys-
tematic error from an uncertainty of ΛMS by varying the
value by %3% in the following unless otherwise stated.

V. NUMERICAL RESULTS

A. t → 0 extrapolation

We first focus on the result for T ¼ 1.68Tc and discuss
the t and a dependences of the numerical results. In Fig. 1,

TABLE I. Simulation parameters β ¼ 6=g20 and lattice volume
Nx × N2

z × Nτ for each temperature T. The vacuum subtraction is
performed on lattices with N4

vac.

T=Tc β Nz Nτ Nx Nvac

1.12 6.418 72 12 12, 14, 16, 18 64
6.631 96 16 16, 18, 20, 22, 24 96

1.40 6.582 72 12 12, 14, 16, 18 64
6.800 96 16 16, 18, 20, 22, 24 128

1.68 6.719 72 12 12, 14, 16, 18, 24 64
6.719 96 12 14, 18 64
6.941 96 16 16, 18, 20, 22, 24 96

2.10 6.891 72 12 12, 14, 16, 18, 24 72
7.117 96 16 16, 18, 20, 22, 24 128

2.69 7.086 72 12 12, 14, 16, 18 & & &
≃8.1 8.0 72 12 12, 14, 16, 18 & & &
≃25 9.0 72 12 12, 14, 16, 18 & & &

5Note that here isotropy refers to the equal spacing between all
lattice points, as was done in this work.

6In our simulation Nx=Nτ ∼ 1 < 4 because we are explicitly
interested in numerically determining the finite-size corrections.
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we show the t dependence of PxðtÞ ¼ hT11ðt; xÞi and
PzðtÞ ¼ hT22ðt; xÞi ¼ hT33ðt; xÞi at T=Tc ¼ 1.68 and
LxT ¼ Nx=Nτ ¼ 1, 9=8, and 3=2. The lower panel is a
magnified plot of the upper panel for the range
0.45 ≤ PxðtÞ=T4, PzðtÞ=T4 ≤ 1.35. For LxT ¼ 1 and
3=2, we show results for two lattice spacings, Nτ ¼ 16
(filled symbols) and 12 (open symbols). The statistical
errors are shown by the shaded area (error bars) for Nτ ¼
16 (Nτ ¼ 12). From Fig. 1, one finds that PxðtÞ and PzðtÞ
behave almost linearly as functions of t in the range
0.005≲ tT2 ≲ 0.02 [13,16].7 The deviations from this
behavior at small and large t come from lattice discretiza-
tion and oversmearing effects, respectively [13].

The expectation value of the EMT is obtained by taking
the t → 0 limit of these results. In Refs. [13,16], the t → 0
limit is taken after the continuum extrapolation for each
value of t. From the data sets in the present study, however,
the continuum extrapolation cannot be taken because we do
not have the results with different lattice spacings with the
same volume Lx × L2

z except for LxT ¼ 1 and 1.5. We thus
take the t → 0 limit for each Nτ assuming a linear t
dependence Eq. (16). For the fitting range of the extrapo-
lation, we employ three ranges [13,16],

Range 1: 0.01 ≤ tT2 ≤ 0.015,
Range 2: 0.005 ≤ tT2 ≤ 0.015,
Range 3: 0.01 ≤ tT2 ≤ 0.02,

which are shown in the lower panel of Fig. 1 by the arrows.
The t → 0 extrapolation for Nτ ¼ 16 with range 1 is shown
by the solid line in Fig. 1, while the extrapolated values of
Px=T4 and Pz=T4 are plotted on the tT2 ¼ 0 axis with the
statistical error. The fitting results for Nτ ¼ 16 with range 2
and range 3 are shown by the dotted lines. We use the result
with range 1 as a central value, while those with range 2 and
range 3 are used to estimate the systematic error associated
with the fitting range. As Fig. 1 shows, this systematic error
is at most comparable with the statistical one in spite of the
large variation of the fit range [13]. In Fig. 1, the t → 0
extrapolation forNτ ¼ 12with range 1 is also shown by the
dashed lines for LxT ¼ 1 and 3=2.

Comments on the t → 0 extrapolation are in order. First,
unlike the analysis in Refs. [13,16], the results in the
present study are not the continuum extrapolated one.
However, the numerical results in this analysis are expected
to be close to these after the continuum extrapolation
because of the following reasons. First, when the lattice
spacing becomes finer, our analysis converges to the
continuum extrapolated analysis in Refs. [13,16], as the
difference is proportional to a2 for sufficiently small a.
Second, the discretization effect is expected to be well
suppressed already at Nτ ¼ 12. In fact, Fig. 1 shows
that the values of PxðtÞ and PzðtÞ for Nτ ¼ 16 and 12 at
LxT ¼ 1 and 3=2 agree with each other within statistics
for 0.005 ≤ tT2. As a result, the t → 0 extrapolated values
Px and Pz also agree within statistics. Furthermore, we
performed the analysis of the data at Nτ ¼ 12 and 16 in
Ref. [13] by the method in the present study, and compared
them with the continuum extrapolated results in Ref. [16].
From this analysis we have checked that the results agree
with each other within 2σ for 1.12 ≤ T=Tc ≤ 2.1.
Therefore, given the uncertainty in the t → 0 extrapolation,
the lattice spacing is expected to be sufficiently small for
suppressing the discretization effects of hTE

μνi already at
Nτ ¼ 12 and 16.

B. Nz=Nτ dependence

We study the finite-size corrections in lattice simulations
of thermodynamic properties when only one direction is

FIG. 1. Flow time t dependences of PxðtÞ=T4 and PzðtÞ=T4 for
T=Tc ¼ 1.68 with Nτ ¼ 16, 12 and LxT ¼ 1; 9=8; 3=2. Statis-
tical errors forNτ ¼ 16 are shown by the shaded area, while those
for Nτ ¼ 12 are shown by error bars. The lower panel is an
expansion of the upper panel. Solid (dashed) lines show the t → 0
extrapolation obtained with the data for Nτ ¼ 16 (12) in range 1.
Dotted lines show the extrapolations with range 2 and range 3
with Nτ ¼ 16. Extrapolated results of Px=T4 and Pz=T4 to t → 0
with range 1 at Nτ ¼ 16 and their statistical errors are shown on
the tT2 ¼ 0 axis.

7As T and a are related with each other as a ¼ ðNτTÞ−1, the
lower boundary of this condition corresponds to
0.005≲ tðaNτÞ−2. For Nτ ¼ 12, we thus have 0.72≲ t=a2,
which is consistent with the argument below Eq. (16).
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of finite size, in this case the x direction. Since our
calculations are performed on the lattice, the y and z
directions are necessarily finite. We would therefore like to
see that our results are insensitive to this finite size in the y
and z directions. As noted previously, finite-size effects are
small in isotropic lattices with Ns=Nτ ¼ 4 [2]. All our
results were found using LzT ¼ Nz=Nτ ¼ 6, so we expect
any finite-size effects in the y and z directions to be well
suppressed. To test this hypothesis, we perform a numerical
analysis with LzT ¼ 8 at Nx ¼ 14 and 18 for T=Tc ¼ 1.68
and Nτ ¼ 12 and compare to our usual LzT ¼ 6 results. In
Fig. 2 we compare the t dependences of PxðtÞ and PzðtÞ.
(The number of measurements for LzT ¼ 8 is 1,000.) The
t → 0 extrapolation with range 1 is shown by the solid
(dashed) lines for LzT ¼ 8 (LzT ¼ 6), with the extrapo-
lated values of Px and Pz shown around tT2 ¼ 0. As can be
seen in the figure, the values of Px and Pz thus obtained for
LzT ¼ 8 and 6 agree within ≲1σ of their statistical errors.
These results suggest that the boundary effect along the y
and z directions in our lattice simulations is well sup-
pressed, while the data at nonzero tT2 in Fig. 2 might
suggest the existence of the LzT dependence at LzT ¼ 6,
which should be studied by the future numerical analysis
with much higher statistics.

C. Pressure anisotropy

Now, let us first focus on the ratio Px=Pz. In Fig. 3, we
show the t → 0 extrapolated results of Px=Pz as a function
of LxT at four temperatures, T=Tc ¼ 1.12, 1.40, 1.68, and
2.10. The results for Nτ ¼ 16 and 12 are shown by the
filled and open symbols, respectively. Error bars include

systematic error from the choice of the fitting range and the
uncertainty of ΛMS estimated from $3% variation, as well
as the statistical one. The comparison of the results for
Nτ ¼ 16 and 12 shows that a significant lattice spacing
dependence is not observed, as anticipated from the
discussion in Sec. VA.
In Fig. 3, we also show the ratio Px=Pz obtained in the

free scalar theory with mass m for several values of m=T.
The result for m ¼ 0 is taken from Ref. [23], while the
procedure to obtain the results atm ≠ 0will be reported in a
future publication [54].
As discussed in Sec. II, Px=Pz approaches unity in the

LxT → ∞ limit. In the free massless theory, a clear
deviation of Px=Pz from this limiting value is already
observed at LxT ¼ 2, and the ratio crosses 0 at LxT ≃ 1.5.
At LxT ¼ 1, the ratio is Px=Pz ¼ −1, as suggested from
Eq. (5) and the fact that Δ ¼ 0 in this theory.
The results of SU(3) YM theory shown in Fig. 3 behave

quite differently from the massless free theory. In SU(3)
YM theory, Px=Pz ¼ 1 within statistics at LxT ¼ 1.5 for
1.4 ≤ T=Tc ≤ 2.1. Even at LxT ¼ 1.333 and 1.375,
deviation from Px=Pz ¼ 1 is comparable with the error
for these temperatures. By decreasing LxT further, the ratio
suddenly becomes smaller and arrives at Px=Pz < −1 at
LxT ¼ 1. It is interesting to note that almost the same LxT
dependence is observed for 1.4 ≤ T=Tc ≤ 2.1, while the
result near Tc at T=Tc ¼ 1.12 shows a deviation from this
trend. From these results, it is concluded that the SU(3) YM
theory at 1.4 ≤ T=Tc ≤ 2.1 is remarkably insensitive to
the PBC with length Lx compared with the massless free
theory. At T=Tc ¼ 1.12, the SU(3) YM theory is however

FIG. 2. Flow time t dependences of PxðtÞ=T4 and PzðtÞ=T4 for
T=Tc ¼ 1.68 and Nτ ¼ 12 with different values of
LzT ¼ Nz=Nτ. Data points at LzT ¼ 6 are shifted towards the
left slightly. Solid (dashed) lines show the t → 0 extrapolation for
LzT ¼ 8 (6) with range 1. Extrapolated values of Px=T4 and
Pz=T4 are shown around tT2 ¼ 0 axis with their statistical error.

FIG. 3. Ratio Px=Pz as a function of LxT for various values of
T=Tc. Error bars include statistical error and systematic ones
from (1) the choice of the fit range and (2) $3% uncertainty of
ΛMS; see the text. The behavior of Px=Pz in the free scalar theory
is also shown by the lines for several values of mass temperature
ratio m=T. Shaded bands connect error bars at Nτ ¼ 16. The data
points at T=Tc ¼ 1.40 (1.68) are shifted toward right (left)
slightly.
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Fig. 2. Summary of the entropy density (ε + p)/T 4 as a function of T/Tc. In the right-hand panel, the region
4.5 ! (ε + p)/T 4 ! 6.5 is magnified. The results from the present paper are the red circles (NLO) and the
blue squares (N2LO). The error bars include the systematic error as well as the statistical error; see Table 2
and the main text for details. For comparison, we also show the results of Refs. [14,22,24,30,32].

(a) (b)

(c) (d)

Fig. 3. Equation (3.2) as a function of tT 2 for T/Tc = 1.68. In each panel, the order of perturbation theory
and the choice of the renormalization scale are indicated. The errors are statistical only. The extrapolation of
the continuum limit (the gray band) to t = 0 is plotted by the black circle (obtained by the fit range (3.2)), the
white circle (obtained by the fit range (3.3)), and the white triangle (obtained by the fit range (3.4)).
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Fig. 4. Summary of the trace anomaly (ε − 3p)/T 4 as a function of T/Tc. In the right-hand panel, the region
1.00 ! (ε − 3p)/T 4 ! 2.75 is magnified. The results from the present paper are the red circles (N2LO) and
the blue squares (N3LO). The error bars include the systematic error as well as the statistical error; see Table 2
for details. For comparison, we also show the results of Refs. [14,22,24,30,32].

as a function of tT 2 is plotted in Fig. 3 for T/Tc = 1.68. (Results for other temperatures are
deferred to Appendix A.) As we noted, the two-loop order (N2LO) and the three-loop order (N3LO)
coefficients are available for the trace anomaly. We observe that already with the N2LO coefficient
the continuum limit (the gray band) is almost constant in t within our fit ranges. Thus, naturally, the
extrapolation of the continuum limit to t = 0 is quite insensitive to the choices N2LO or N3LO,
and µ = µ0(t) or µ = µd(t). Similarly to the entropy density above, we use the linear function of t
for the t → 0 extrapolation. We also use the linear function of [g(µ)2/(4π)2]ℓ, where ℓ = 2 for
the N2LO approximation and ℓ = 3 for the N3LO approximation, as suggested from the study of
the asymptotic t → 0 behavior of Eq. (3.5) (H. Suzuki and H. Takaura, manuscript in preparation).
The difference caused by this is treated as a systematic error. The results are summarized in Table 2
and Fig. 4. All the results are almost degenerate, as seen from Fig. 4. However, it is worth noting that
the use of the N3LO coefficient certainly reduces the dependences on the choice of the renormalization
scale and the fit function, as seen from the fourth and fifth parentheses in Table 2.

4. Conclusions
We investigated the thermodynamics in quenched QCD using the gradient-flow representation of the
EMT. In particular, we studied the effect of the N2LO coefficients in the gradient-flow formalism,
which have become available recently. For the trace anomaly, we used the N3LO coefficient, which
was obtained in this paper for quenched QCD. It turned out that the use of the N2LO (or N3LO)
coefficients considerably reduces the systematic errors, especially concerning the choice of the
renormalization scale and the t → 0 extrapolation. We expect that the use of the N2LO coefficients
will also make precise studies possible in full QCD, which has been investigated with the NLO
coefficients so far.
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semi quark gluon plasma (semi-QGP) [14,15]; see, also
Refs. [16–19].

At large N, the sharp increase in the pressure at Tc is
elementary. In the confined phase there are only colorless
glueballs, so the pressure is small, !1. In the deconfined
phase, the pressure is proportional to the number of gluons,
¼ N2 # 1! N2, and so large. Lattice simulations for three
[4,5] and even two colors [3] also find that the pressure
below Tc is much smaller than that above.

The similarity between small and large N can be made
quantitative. To parametrize the deviations from ideality,
consider the conformal anomaly, which is the energy den-
sity, eðTÞ, minus three times the pressure. Dividing by the
number of gluons, lattice studies show that as a function of
T=Tc, the dimensionless ratio ðe# 3pÞ=ððN2 # 1ÞT4Þ is
similar for N ¼ 3, 4 and 6 [11,12]: above T > 1:2Tc, this
ratio falls with increasing T.

Since the order of the transition changes with N, this
similarity breaks down close to the transition, below 1:2Tc.
The deconfining transition is of second order for two colors
[3], weakly first order for three [4,5], and first order for all
N & 4 [9,11,12]. While the ratio of the latent heat to the
number of gluons is a number of order one as N ! 1, this
ratio increases significantly as N does [9,12].

In this paper we use these detailed results from the lattice
to develop an effective theory for deconfinement in the pure
glue theory. A commonmodel for deconfinement is to take a
term like that of an ideal gas minus a MIT bag constant, B:
pðTÞ ! c1T

4 # B. If true, then above !1:2Tc, the confor-
mal anomaly/T4 would fall off as !B=T4.

To understand the falloff, consider the following quan-
tity [7,11,12,14,20–23]:

~!ðTÞ ¼ eðTÞ # 3pðTÞ
ðN2 # 1ÞT2

cT
2 : (1)

That is, we plot the conformal anomaly divided not by T4

but by T2 times T2
c to form something dimensionless. We

also divide by the number of perturbative gluons to be able
to compare different numbers of colors. If a bag constant
dominated, this quantity would fall off at large T as
~!ðTÞ ! B=ðT2

cT
2Þ.

For three colors, there is precise data from the WHOT
Collaboration [6]. We show ~!ðTÞ, extracted from the
WHOT data, in Fig. 1. Between 1.2 and 2:0Tc, this ratio
is constant to !1%. This implies that in this range, the
pressure can be approximated as

pðTÞ ' c1ðT4 # c2T
2
cT

2Þ;
c2 ' 1:00( 0:01; T=Tc: 1:2 ! 2:0:

(2)

There is no data from Ref. [6] above 2:0Tc.
There are recent results over a broad range of tempera-

ture from Borsanyi et al. [7]. They find that from 1.3 to
4:0Tc, ~!ðTÞ is constant to within !5%, Fig. 6 of Ref. [7].

At much higher temperature, ~!ðTÞ grows because of the
running of the coupling constant, Fig. 10 of Ref. [7].
The same constancy is also seen for four and six colors,

albeit with larger error bars [11,12]. Notably, the width of
the window in which ~!ðTÞ is constant does not appear to
change significantly as the number of colors increases from
N ¼ 3 toN ¼ 4 or 6 [11,12]. This indicates that the narrow
width of the window is not a largeN effect, which vanishes
as N ! 1.
The fact that nonideal terms in the pressure are!T2 was

first noted in Ref. [20] and then later in Ref. [21]; see also
the discussions in Refs. [7,14,22,23]. One implication,
used previously by us in Ref. [14] and also here, is that
since the ideal gas term is T4, any nonperturbative terms
that we introduce are assumed to be proportional only to
even powers of T, such as !T2, !T0, etc.
Less obviously, with hindsight many features of our

model can be understood from Fig. 1. We use a SUðNÞ
matrix model, where the basic variables are the eigenvalues
of the thermal Wilson line. The vacuum at a temperature T
is given by varying an effective Lagrangian with respect to
these N matrix variables, the q’s; the pressure is (minus)
the value of the potential at this minimum. Even without
knowing what the q’s are, though, clearly the simplest way
of obtaining a constant term !T2 in the pressure is simply
to introduce a similar constant in the potential for the q’s.
This implies that over most of the semi-QGP, above 1.2,

to !4:0Tc, the decrease of the pressure, relative to that of
an ideal gluon gas, is dominated by a trivial term, a pure
number times !# T2

cT
2. In the deconfined phase, there is

a nontrivial minimum of the effective theory, in which the
q’s are nonzero, only in a surprisingly narrow window, for
T ) 1:2Tc.
This is not generic to matrix models but is forced upon

us by the lattice data [4–6,9,11,12]. A matrix model for
deconfinement was first introduced by Meisinger et al.
[20]. This model has no free parameters and, as we show
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FIG. 1 (color online). Plot of the trace anomaly divided by T2,
ðe# 3pÞ=ð8T2T2

c Þ, from the data of Umeda et al., Ref. [6]; see
also Borsanyi et al., Ref. [7].
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Δ ∼ T2 (L−2
τ )

Const.

A. Dumitru et al. (2012)

1st order phase transition 
 T/Tc : 1.2 ∼ 2.0 ⟶ Δ ∼ T2

T/Tc > 2.0 ⟶ Δ ∼ T4
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Potential term (non-pert.)

“Two parameter model” on 𝕊1 × ℝ3

Free energy

A. Dumitru et al. (2012)

f(Lτ; θτ) = ∑
n∈ℤ

∫
d3k

(2π)3
trA ln[( 2πn

β
− Aτ)2 + ⃗k2+m2

g] = fpert + m2
gF(Lτ, θτ) + 𝒪(m4

g)

fpot ∼ L−2
τ

P. N. Meisinger et al. (2002)

fpot

Without parameter

With parameters

c1F(Lτ, θτ) + c2F′ (Lτ, θτ)

Two parameter model
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Result
“Two parameter model” on 𝕊1 × ℝ3

A. Dumitru et al. (2012)

Nevertheless, it gives us some intuition as to why we find it
necessary to choose a value of c2 near one, at least for
small N.

At very high temperature, one can check that the other
root of Eq. (68), r0!, is negative. As the temperature
decreases, r0!ðtÞ moves toward the origin. At the tempera-
ture for overheating, this root coincides with the origin,
r0!ðtohÞ ¼ 0. This is why the mass squared for r vanishes
at r ¼ 0 at toh.

As the temperature decreases below toh, r0!ðtÞ repre-
sents a maximum in the potential, between r ¼ 0 and r0þ.
This is true at the critical temperature, where by Eq. (71),
r0!ð1Þ ¼ rc=2.

As the temperature is lowered below Tc, the point for
r0þðtÞ represents a relative minimum, which is unstable to
tunneling to the absolute minimum at r ¼ 0. At the tem-
perature for undercooling, the two minima coincide,
r0þðtuhÞ ¼ r0!ðtuhÞ. This gives

zuc ¼
25N2

8ð2N2 ! 3Þ (88)

or

t2uh ¼
!
Tuc

Tc

"
2
¼ zcðNÞ

zucðNÞ ð1! c2Þ þ c2: (89)

At the temperature for underheating, there is no barrier for
the theory at r0 to roll down to the absolute minimum at
r ¼ 0. The qualitative behavior is the same as for over-
heating, except that the variation with N is much weaker.

C. Comparison between lattice data and the
uniform eigenvalue ansatz

1. One-parameter model

In this section we review the results for the zero-
parameter model of Meisinger et al. [20] and the one-
parameter model which we analyzed before [14]. This is
done for completeness and to make clear why it is neces-
sary to generalize the model further.

We remark that in this paper the constants ci differ from
those in Ref. [14]. If we denote ~ci by those in Ref. [14],
then they are related to those in the present work by

~c1 ¼ ! 2!2

15
c1;

~c2 ¼ ! 2!2

3
c2;

~c3 ¼
!2ðN2 ! 1Þ

45N2 c3:

(90)

The change in notation was made to make the results more
transparent. In particular, the point where c2 ¼ 1 is special.
There are terms &V 2ðqÞ both in the nonperturbative po-
tential, &! c2T

2T2
cV 2ðqÞ, Eq. (49), and in the perturba-

tive potential, &T4V 2ðqÞ, Eq. (31). When c2 ¼ 1, these

terms cancel identically at Tc. Because of the lattice data,
at least for smallN we are driven to a point close to c2 ¼ 1.
In Fig. 3 we show the results for the interaction measure,

!ðTÞ ¼ ðe! 3pÞ=ð8T4Þ, for the zero-parameter model,
c2 ¼ 0, and our optimal fit for the one-parameter model,
c2 ¼ 0:8297. Note that here and henceforth, we rescale
the interaction measure by the number of perturbative
gluons, N2 ! 1.
As is clear from the figure, there is sharp discrepancy

between the model with c2 ¼ 0 and c2 ¼ 0:8297. With the
zero-parameter model, the peak in the interaction measure
is off by about&50%. By introducing c2, we can fit this to
within a few percent. To do so, we have to take a value very
near one.
The difference between the models is only clear once

one plots the interaction measure. If one were to plot
the pressure or energy density, scaled by T4, it would be
difficult to see the difference between the two models.
We remark, however, that this behavior is similar to what

is seen in an analysis of the Schwinger-Dyson equations by
Braun et al., Ref. [43]. The numerical values for, e.g., hri
do not agree, but in both cases, the region in which the
condensate is nonzero is unexpectedly small.

2. Latent heat

Nevertheless, the one-parameter model has serious
problems near the critical temperature. For three or more
colors, the transition is of first order, which is parametrized
by the latent heat. We introduce a dimensionless measure
of the latent heat, rescaling it by both T4

c and the number of
perturbative gluons [12]:

LðNÞ ¼ eðTþ
c Þ

ðN2 ! 1ÞT4
c
: (91)

On the lattice, LðNÞ has been measured for N ¼ 3 by
Refs. [5,12] and N ¼ 4, 6, and 8 [9,12]. Datta and Gupta
[12] give a simple analytic form,
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FIG. 3 (color online). A comparison of the interaction measure
ðe! 3pÞ=ð8T4Þ for three colors in the models with zero [20], one
[14], and two parameters, versus lattice measurements.
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Figure 7 shows the interaction measure of SUðNÞ for
various N. Overall, the model appears to reproduce the
lattice data reasonably well, especially near the transition.
The panel on the left zooms into the region near Tc, from
Tc to 1:2Tc. Because of the increase in the latent heat with
N, ~!ðTÞ increases slightly with N. Since we fit one para-
meter in our model to the latent heat, our model agrees
well in this region. The panel on the right shows the region
from 1.2 to 3:0Tc, where the agreement between the model
and the data is not quite as good. We discuss in the con-
clusions, Sec. IX, how this might be improved. We stress,
however, that by multiplying the interaction measure by
T2=T2

c , to form ~!ðTÞ, we are greatly magnifying the errors
in any possible fit.

As discussed before, choosing c2 to be near one makes
the width of the transition region narrower. In Fig. 8 we

show the result for the Polyakov loop between the models
with zero, one, and two parameters. The width of the
transition is broadest for zero parameters, with c2 ¼ 0,
followed by that with two parameters, where c2 ¼
0:5517, and then by that with one parameter, c2 ¼ 0:8297.
We also plot the results for the renormalized loop from

lattice simulations. The results for the Polyakov loop in our
model differ sharply from those obtained from the lattice.
We do not understand the reason for this discrepancy and
discuss this further in Sec. IX.
Lastly, in Fig. 9 we show the results for the Polyakov

loop in the fundamental representation for different values
of N ¼ 3, 4, 6, and 64, under the uniform eigenvalue
ansatz. At Tþ

c , the expectation values agree with Eq. (74).
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FIG. 4 (color online). Thermodynamics of SU(3): pressure
p=T4, energy density e=ð3T4Þ, and the interaction measure times
T2=T2

c , ~! in Eq. (1). All quantities are also scaled by 1=8.
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FIG. 5 (color online). Thermodynamics of SU(4) assuming the
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FIG. 7 (color online). Rescaled interaction measure,
~! ¼ ðe% 3pÞ=ððN2 % 1ÞT2T2

c Þ, Eq. (1), for different values of
N from our model, and the lattice. For N ¼ 4, 6, and 64, we
assume the uniform eigenvalue ansatz. We plot the regions Tc !
1:2Tc and 1:2Tc ! 3:0Tc on different abscissa scales; thus, all
curves, and their derivatives, are smooth across 1:2Tc.
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Extend two parameter model on 𝕋2 × ℝ2

∼ 1/T2

Well-explain the thermodynamic of lattice near Tc
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Aτ =
1
Lτ

(θτ)1 0 0
0 (θτ)2 0
0 0 (θτ)3

Ax =
1
Lx

(θx)1 0 0
0 (θx)2 0
0 0 (θx)3

Ay, Az = 0
Assumption : Diagonalized background gauge fields

Model ～ Two Polyakov loop～ 

Polyakov loops along two compactified directions

Pτ =
1
Nc

Tr[𝒫 exp(i∫
Lτ

0
Aτdτ)] Px =

1
Nc

Tr[𝒫 exp(i∫
Lx

0
Axdx)]

⟨P⟩ ∼ e−LτFq

f = f𝕋2×ℝ2

pert (Lτ, Lx; θτ, θx) + f𝕋2×ℝ2

pot (Lτ, Lx; θτ, θx)



/252024.08.20. XVIth Quark Confinement and the Hadron Spectrum @ Cairns 33

Cross term

Restriction of n
(i) 1.5 < n < 2

fcross = g(Lτ, Lx)[c4Tr(Pτ)2Tr(Px)2 +c5(Tr(Pτ)2Tr(P3
x ) + Tr(P3

τ )Tr(Px)2)
+c6Tr(P3

τ )Tr(P3
x )]

Lτ

Lx

0

∞

∞

 invariantτ ↔ xf ∼ fpert(θτ, Lτ) + f 𝕊1×ℝ3(θτ; Lτ)

f ∼ fpert(θx; Lx)
+f 𝕊1×ℝ3(θx; Lx),

Lτ = Lx → 0

f ∼ fpert

fpert ∼ 𝒪(L−4
c )

f 𝕊1×ℝ3

pot ∼ 𝒪(L−2
c )

lim
Lc→∞

fpert = 𝒪(L−3
c )

T−2n+4
d (L2

τ + L2
x )−n
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Massを修正、cがずれているように見えるので調整
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“Two parameter model” on 𝕊1 × ℝ3

Free energy

ftot( ⃗θτ; Lτ) = f 𝕊1×ℝ3

pert ( ⃗θτ, Lτ) + f 𝕊1×ℝ3

pot ( ⃗θτ, Lτ) + 8clatent
π2T4

c

45

semi quark gluon plasma (semi-QGP) [14,15]; see, also
Refs. [16–19].

At large N, the sharp increase in the pressure at Tc is
elementary. In the confined phase there are only colorless
glueballs, so the pressure is small, !1. In the deconfined
phase, the pressure is proportional to the number of gluons,
¼ N2 # 1! N2, and so large. Lattice simulations for three
[4,5] and even two colors [3] also find that the pressure
below Tc is much smaller than that above.

The similarity between small and large N can be made
quantitative. To parametrize the deviations from ideality,
consider the conformal anomaly, which is the energy den-
sity, eðTÞ, minus three times the pressure. Dividing by the
number of gluons, lattice studies show that as a function of
T=Tc, the dimensionless ratio ðe# 3pÞ=ððN2 # 1ÞT4Þ is
similar for N ¼ 3, 4 and 6 [11,12]: above T > 1:2Tc, this
ratio falls with increasing T.

Since the order of the transition changes with N, this
similarity breaks down close to the transition, below 1:2Tc.
The deconfining transition is of second order for two colors
[3], weakly first order for three [4,5], and first order for all
N & 4 [9,11,12]. While the ratio of the latent heat to the
number of gluons is a number of order one as N ! 1, this
ratio increases significantly as N does [9,12].

In this paper we use these detailed results from the lattice
to develop an effective theory for deconfinement in the pure
glue theory. A commonmodel for deconfinement is to take a
term like that of an ideal gas minus a MIT bag constant, B:
pðTÞ ! c1T

4 # B. If true, then above !1:2Tc, the confor-
mal anomaly/T4 would fall off as !B=T4.

To understand the falloff, consider the following quan-
tity [7,11,12,14,20–23]:

~!ðTÞ ¼ eðTÞ # 3pðTÞ
ðN2 # 1ÞT2

cT
2 : (1)

That is, we plot the conformal anomaly divided not by T4

but by T2 times T2
c to form something dimensionless. We

also divide by the number of perturbative gluons to be able
to compare different numbers of colors. If a bag constant
dominated, this quantity would fall off at large T as
~!ðTÞ ! B=ðT2

cT
2Þ.

For three colors, there is precise data from the WHOT
Collaboration [6]. We show ~!ðTÞ, extracted from the
WHOT data, in Fig. 1. Between 1.2 and 2:0Tc, this ratio
is constant to !1%. This implies that in this range, the
pressure can be approximated as

pðTÞ ' c1ðT4 # c2T
2
cT

2Þ;
c2 ' 1:00( 0:01; T=Tc: 1:2 ! 2:0:

(2)

There is no data from Ref. [6] above 2:0Tc.
There are recent results over a broad range of tempera-

ture from Borsanyi et al. [7]. They find that from 1.3 to
4:0Tc, ~!ðTÞ is constant to within !5%, Fig. 6 of Ref. [7].

At much higher temperature, ~!ðTÞ grows because of the
running of the coupling constant, Fig. 10 of Ref. [7].
The same constancy is also seen for four and six colors,

albeit with larger error bars [11,12]. Notably, the width of
the window in which ~!ðTÞ is constant does not appear to
change significantly as the number of colors increases from
N ¼ 3 toN ¼ 4 or 6 [11,12]. This indicates that the narrow
width of the window is not a largeN effect, which vanishes
as N ! 1.
The fact that nonideal terms in the pressure are!T2 was

first noted in Ref. [20] and then later in Ref. [21]; see also
the discussions in Refs. [7,14,22,23]. One implication,
used previously by us in Ref. [14] and also here, is that
since the ideal gas term is T4, any nonperturbative terms
that we introduce are assumed to be proportional only to
even powers of T, such as !T2, !T0, etc.
Less obviously, with hindsight many features of our

model can be understood from Fig. 1. We use a SUðNÞ
matrix model, where the basic variables are the eigenvalues
of the thermal Wilson line. The vacuum at a temperature T
is given by varying an effective Lagrangian with respect to
these N matrix variables, the q’s; the pressure is (minus)
the value of the potential at this minimum. Even without
knowing what the q’s are, though, clearly the simplest way
of obtaining a constant term !T2 in the pressure is simply
to introduce a similar constant in the potential for the q’s.
This implies that over most of the semi-QGP, above 1.2,

to !4:0Tc, the decrease of the pressure, relative to that of
an ideal gluon gas, is dominated by a trivial term, a pure
number times !# T2

cT
2. In the deconfined phase, there is

a nontrivial minimum of the effective theory, in which the
q’s are nonzero, only in a surprisingly narrow window, for
T ) 1:2Tc.
This is not generic to matrix models but is forced upon

us by the lattice data [4–6,9,11,12]. A matrix model for
deconfinement was first introduced by Meisinger et al.
[20]. This model has no free parameters and, as we show
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FIG. 1 (color online). Plot of the trace anomaly divided by T2,
ðe# 3pÞ=ð8T2T2

c Þ, from the data of Umeda et al., Ref. [6]; see
also Borsanyi et al., Ref. [7].
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Nevertheless, it gives us some intuition as to why we find it
necessary to choose a value of c2 near one, at least for
small N.

At very high temperature, one can check that the other
root of Eq. (68), r0!, is negative. As the temperature
decreases, r0!ðtÞ moves toward the origin. At the tempera-
ture for overheating, this root coincides with the origin,
r0!ðtohÞ ¼ 0. This is why the mass squared for r vanishes
at r ¼ 0 at toh.

As the temperature decreases below toh, r0!ðtÞ repre-
sents a maximum in the potential, between r ¼ 0 and r0þ.
This is true at the critical temperature, where by Eq. (71),
r0!ð1Þ ¼ rc=2.

As the temperature is lowered below Tc, the point for
r0þðtÞ represents a relative minimum, which is unstable to
tunneling to the absolute minimum at r ¼ 0. At the tem-
perature for undercooling, the two minima coincide,
r0þðtuhÞ ¼ r0!ðtuhÞ. This gives

zuc ¼
25N2

8ð2N2 ! 3Þ (88)

or

t2uh ¼
!
Tuc

Tc

"
2
¼ zcðNÞ

zucðNÞ ð1! c2Þ þ c2: (89)

At the temperature for underheating, there is no barrier for
the theory at r0 to roll down to the absolute minimum at
r ¼ 0. The qualitative behavior is the same as for over-
heating, except that the variation with N is much weaker.

C. Comparison between lattice data and the
uniform eigenvalue ansatz

1. One-parameter model

In this section we review the results for the zero-
parameter model of Meisinger et al. [20] and the one-
parameter model which we analyzed before [14]. This is
done for completeness and to make clear why it is neces-
sary to generalize the model further.

We remark that in this paper the constants ci differ from
those in Ref. [14]. If we denote ~ci by those in Ref. [14],
then they are related to those in the present work by

~c1 ¼ ! 2!2

15
c1;

~c2 ¼ ! 2!2

3
c2;

~c3 ¼
!2ðN2 ! 1Þ

45N2 c3:

(90)

The change in notation was made to make the results more
transparent. In particular, the point where c2 ¼ 1 is special.
There are terms &V 2ðqÞ both in the nonperturbative po-
tential, &! c2T

2T2
cV 2ðqÞ, Eq. (49), and in the perturba-

tive potential, &T4V 2ðqÞ, Eq. (31). When c2 ¼ 1, these

terms cancel identically at Tc. Because of the lattice data,
at least for smallN we are driven to a point close to c2 ¼ 1.
In Fig. 3 we show the results for the interaction measure,

!ðTÞ ¼ ðe! 3pÞ=ð8T4Þ, for the zero-parameter model,
c2 ¼ 0, and our optimal fit for the one-parameter model,
c2 ¼ 0:8297. Note that here and henceforth, we rescale
the interaction measure by the number of perturbative
gluons, N2 ! 1.
As is clear from the figure, there is sharp discrepancy

between the model with c2 ¼ 0 and c2 ¼ 0:8297. With the
zero-parameter model, the peak in the interaction measure
is off by about&50%. By introducing c2, we can fit this to
within a few percent. To do so, we have to take a value very
near one.
The difference between the models is only clear once

one plots the interaction measure. If one were to plot
the pressure or energy density, scaled by T4, it would be
difficult to see the difference between the two models.
We remark, however, that this behavior is similar to what

is seen in an analysis of the Schwinger-Dyson equations by
Braun et al., Ref. [43]. The numerical values for, e.g., hri
do not agree, but in both cases, the region in which the
condensate is nonzero is unexpectedly small.

2. Latent heat

Nevertheless, the one-parameter model has serious
problems near the critical temperature. For three or more
colors, the transition is of first order, which is parametrized
by the latent heat. We introduce a dimensionless measure
of the latent heat, rescaling it by both T4

c and the number of
perturbative gluons [12]:

LðNÞ ¼ eðTþ
c Þ

ðN2 ! 1ÞT4
c
: (91)

On the lattice, LðNÞ has been measured for N ¼ 3 by
Refs. [5,12] and N ¼ 4, 6, and 8 [9,12]. Datta and Gupta
[12] give a simple analytic form,
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FIG. 3 (color online). A comparison of the interaction measure
ðe! 3pÞ=ð8T4Þ for three colors in the models with zero [20], one
[14], and two parameters, versus lattice measurements.
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f 𝕊1×ℝ3

pot ( ⃗θτ, Lτ) = −
4π2

6
T2

c

L2
τ

( 1
5

c1B2( ϕτ

2π ) + c2B4( ϕτ

2π ) −
2
15

c3)

Δ ∼ T2 (L−2
τ )Const.

Latent 
heat

① がdeconfined temperatureになる 
② でpressureがゼロ

Tc
T = Tc

B4(x) = x2(1 − |x | )2

B2(x) = x(1 − |x | )

A. Dumitru et al. (2012)

A. Dumitru et al. (2012)

→independent parameters  
   are only two

Four possible term

Lattice data indicate that
fpot ∼ 𝒪(L−2

τ )

1-parameter +  
=2-parameter model

clatent



/252024.08.20. XVIth Quark Confinement and the Hadron Spectrum @ Cairns 41

Model ～One loop free energy～ 

One loop perturbative free energy

Usisng the background field methodを用いる 
Regularization + the high-temperature expansion

fpert( ⃗θτ, ⃗θx; Lτ, Lx) = −
8π2

45L4
τ

+
8ϕ2

τ (ϕτ − π)2 + ϕ2
τ (ϕ2

τ − 2π)2

6π2L4
τ

−
8
π2

∞

∑
lτ,lx=1

1 + 2 cos(ϕτlτ)cos(ϕxlx) + cos(2ϕxlτ)cos(2ϕxlx)
((lτLτ)2 + (lxLx)2)4

Total free energy

ftot = fpert( ⃗θτ, ⃗θx; Lτ, Lx)
Dominant at deconfined phase

Dominant at confined phase

−
8π2

45L4
x

+
8ϕ2

x (ϕx − π)2 + ϕ2
x (ϕ2

x − 2π)2

6π2L4
x

+fpot( ⃗θτ, ⃗θx, ; Lτ, Lx)

lim
Lc→∞

fpert = 𝒪(L−3
c )
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1. YM theory on  is invariant under   

2. At , the system is irrelevant for the BC. 

3. For ,  →  

4. For ,   
is dominant contribution

𝕋2 × ℝ2 τ ↔ x

Lτ → ∞ (τ → 0)

Lx → ∞ 𝕋2 × ℝ2 𝕊1 × ℝ3

Lτ = Lx → 0 (T → ∞) fpert

42

Model ～Potential term～ 

The general properties of the free energy

ftot( ⃗θτ, ⃗θx; Lτ, Lx) = ftot( ⃗θx, ⃗θτ; Lx, Lτ)

Pτ = 0 (  symmetry:   at  )τ ↔ x Px Lx → ∞

f𝕋 2×ℝ2

pot → f 𝕊1×ℝ3

pot

fpert ∼ 𝒪(L−4
τ , L−4

x )

これは適宜指摘した方が良い？ 
少なくとも位置が悪い
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Model ～One loop free energy～ 

One loop perturbative free energy

We use the background field method 
Regularization + the high-temperature expansion

fpert( ⃗θτ, ⃗θx; Lτ, Lx) = −
8π2

45L4
τ

+
2π2

3L4
τ

B4( ϕτ

2π ) −
8π2

45L4
x

+
2π2

3L4
x

B4( ϕx

2π )
−

8
π2

∞

∑
lτ,lx=1

1 + 2 cos(ϕτlτ)cos(ϕxlx) + cos(2ϕxlτ)cos(2ϕxlx)
((lτLτ)2 + (lxLx)2)4

Total free energy

ftot = fpert( ⃗θτ, ⃗θx; Lτ, Lx) + fpot( ⃗θτ, ⃗θx, ; Lτ, Lx)

B4( ϕτ

2π ) =
8ϕ2

τ (ϕτ − π)2 + ϕ2
τ (ϕ2

τ − 2π)2

4π4
Dominant at deconfined phase

Dominant at confined phase

間違いあり
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Model ～Potential term～ 

“Two parameter model” on 𝕊1 × ℝ3

Free energy

ftot( ⃗θτ; Lτ) = f 𝕊1×ℝ3

pert ( ⃗θτ, Lτ) + f 𝕊1×ℝ3

pot ( ⃗θτ, Lτ) + 8clatent
π2T4

d

45

semi quark gluon plasma (semi-QGP) [14,15]; see, also
Refs. [16–19].

At large N, the sharp increase in the pressure at Tc is
elementary. In the confined phase there are only colorless
glueballs, so the pressure is small, !1. In the deconfined
phase, the pressure is proportional to the number of gluons,
¼ N2 # 1! N2, and so large. Lattice simulations for three
[4,5] and even two colors [3] also find that the pressure
below Tc is much smaller than that above.

The similarity between small and large N can be made
quantitative. To parametrize the deviations from ideality,
consider the conformal anomaly, which is the energy den-
sity, eðTÞ, minus three times the pressure. Dividing by the
number of gluons, lattice studies show that as a function of
T=Tc, the dimensionless ratio ðe# 3pÞ=ððN2 # 1ÞT4Þ is
similar for N ¼ 3, 4 and 6 [11,12]: above T > 1:2Tc, this
ratio falls with increasing T.

Since the order of the transition changes with N, this
similarity breaks down close to the transition, below 1:2Tc.
The deconfining transition is of second order for two colors
[3], weakly first order for three [4,5], and first order for all
N & 4 [9,11,12]. While the ratio of the latent heat to the
number of gluons is a number of order one as N ! 1, this
ratio increases significantly as N does [9,12].

In this paper we use these detailed results from the lattice
to develop an effective theory for deconfinement in the pure
glue theory. A commonmodel for deconfinement is to take a
term like that of an ideal gas minus a MIT bag constant, B:
pðTÞ ! c1T

4 # B. If true, then above !1:2Tc, the confor-
mal anomaly/T4 would fall off as !B=T4.

To understand the falloff, consider the following quan-
tity [7,11,12,14,20–23]:

~!ðTÞ ¼ eðTÞ # 3pðTÞ
ðN2 # 1ÞT2

cT
2 : (1)

That is, we plot the conformal anomaly divided not by T4

but by T2 times T2
c to form something dimensionless. We

also divide by the number of perturbative gluons to be able
to compare different numbers of colors. If a bag constant
dominated, this quantity would fall off at large T as
~!ðTÞ ! B=ðT2

cT
2Þ.

For three colors, there is precise data from the WHOT
Collaboration [6]. We show ~!ðTÞ, extracted from the
WHOT data, in Fig. 1. Between 1.2 and 2:0Tc, this ratio
is constant to !1%. This implies that in this range, the
pressure can be approximated as

pðTÞ ' c1ðT4 # c2T
2
cT

2Þ;
c2 ' 1:00( 0:01; T=Tc: 1:2 ! 2:0:

(2)

There is no data from Ref. [6] above 2:0Tc.
There are recent results over a broad range of tempera-

ture from Borsanyi et al. [7]. They find that from 1.3 to
4:0Tc, ~!ðTÞ is constant to within !5%, Fig. 6 of Ref. [7].

At much higher temperature, ~!ðTÞ grows because of the
running of the coupling constant, Fig. 10 of Ref. [7].
The same constancy is also seen for four and six colors,

albeit with larger error bars [11,12]. Notably, the width of
the window in which ~!ðTÞ is constant does not appear to
change significantly as the number of colors increases from
N ¼ 3 toN ¼ 4 or 6 [11,12]. This indicates that the narrow
width of the window is not a largeN effect, which vanishes
as N ! 1.
The fact that nonideal terms in the pressure are!T2 was

first noted in Ref. [20] and then later in Ref. [21]; see also
the discussions in Refs. [7,14,22,23]. One implication,
used previously by us in Ref. [14] and also here, is that
since the ideal gas term is T4, any nonperturbative terms
that we introduce are assumed to be proportional only to
even powers of T, such as !T2, !T0, etc.
Less obviously, with hindsight many features of our

model can be understood from Fig. 1. We use a SUðNÞ
matrix model, where the basic variables are the eigenvalues
of the thermal Wilson line. The vacuum at a temperature T
is given by varying an effective Lagrangian with respect to
these N matrix variables, the q’s; the pressure is (minus)
the value of the potential at this minimum. Even without
knowing what the q’s are, though, clearly the simplest way
of obtaining a constant term !T2 in the pressure is simply
to introduce a similar constant in the potential for the q’s.
This implies that over most of the semi-QGP, above 1.2,

to !4:0Tc, the decrease of the pressure, relative to that of
an ideal gluon gas, is dominated by a trivial term, a pure
number times !# T2

cT
2. In the deconfined phase, there is

a nontrivial minimum of the effective theory, in which the
q’s are nonzero, only in a surprisingly narrow window, for
T ) 1:2Tc.
This is not generic to matrix models but is forced upon

us by the lattice data [4–6,9,11,12]. A matrix model for
deconfinement was first introduced by Meisinger et al.
[20]. This model has no free parameters and, as we show
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FIG. 1 (color online). Plot of the trace anomaly divided by T2,
ðe# 3pÞ=ð8T2T2

c Þ, from the data of Umeda et al., Ref. [6]; see
also Borsanyi et al., Ref. [7].
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Nevertheless, it gives us some intuition as to why we find it
necessary to choose a value of c2 near one, at least for
small N.

At very high temperature, one can check that the other
root of Eq. (68), r0!, is negative. As the temperature
decreases, r0!ðtÞ moves toward the origin. At the tempera-
ture for overheating, this root coincides with the origin,
r0!ðtohÞ ¼ 0. This is why the mass squared for r vanishes
at r ¼ 0 at toh.

As the temperature decreases below toh, r0!ðtÞ repre-
sents a maximum in the potential, between r ¼ 0 and r0þ.
This is true at the critical temperature, where by Eq. (71),
r0!ð1Þ ¼ rc=2.

As the temperature is lowered below Tc, the point for
r0þðtÞ represents a relative minimum, which is unstable to
tunneling to the absolute minimum at r ¼ 0. At the tem-
perature for undercooling, the two minima coincide,
r0þðtuhÞ ¼ r0!ðtuhÞ. This gives

zuc ¼
25N2

8ð2N2 ! 3Þ (88)

or

t2uh ¼
!
Tuc

Tc

"
2
¼ zcðNÞ

zucðNÞ ð1! c2Þ þ c2: (89)

At the temperature for underheating, there is no barrier for
the theory at r0 to roll down to the absolute minimum at
r ¼ 0. The qualitative behavior is the same as for over-
heating, except that the variation with N is much weaker.

C. Comparison between lattice data and the
uniform eigenvalue ansatz

1. One-parameter model

In this section we review the results for the zero-
parameter model of Meisinger et al. [20] and the one-
parameter model which we analyzed before [14]. This is
done for completeness and to make clear why it is neces-
sary to generalize the model further.

We remark that in this paper the constants ci differ from
those in Ref. [14]. If we denote ~ci by those in Ref. [14],
then they are related to those in the present work by

~c1 ¼ ! 2!2

15
c1;

~c2 ¼ ! 2!2

3
c2;

~c3 ¼
!2ðN2 ! 1Þ

45N2 c3:

(90)

The change in notation was made to make the results more
transparent. In particular, the point where c2 ¼ 1 is special.
There are terms &V 2ðqÞ both in the nonperturbative po-
tential, &! c2T

2T2
cV 2ðqÞ, Eq. (49), and in the perturba-

tive potential, &T4V 2ðqÞ, Eq. (31). When c2 ¼ 1, these

terms cancel identically at Tc. Because of the lattice data,
at least for smallN we are driven to a point close to c2 ¼ 1.
In Fig. 3 we show the results for the interaction measure,

!ðTÞ ¼ ðe! 3pÞ=ð8T4Þ, for the zero-parameter model,
c2 ¼ 0, and our optimal fit for the one-parameter model,
c2 ¼ 0:8297. Note that here and henceforth, we rescale
the interaction measure by the number of perturbative
gluons, N2 ! 1.
As is clear from the figure, there is sharp discrepancy

between the model with c2 ¼ 0 and c2 ¼ 0:8297. With the
zero-parameter model, the peak in the interaction measure
is off by about&50%. By introducing c2, we can fit this to
within a few percent. To do so, we have to take a value very
near one.
The difference between the models is only clear once

one plots the interaction measure. If one were to plot
the pressure or energy density, scaled by T4, it would be
difficult to see the difference between the two models.
We remark, however, that this behavior is similar to what

is seen in an analysis of the Schwinger-Dyson equations by
Braun et al., Ref. [43]. The numerical values for, e.g., hri
do not agree, but in both cases, the region in which the
condensate is nonzero is unexpectedly small.

2. Latent heat

Nevertheless, the one-parameter model has serious
problems near the critical temperature. For three or more
colors, the transition is of first order, which is parametrized
by the latent heat. We introduce a dimensionless measure
of the latent heat, rescaling it by both T4

c and the number of
perturbative gluons [12]:

LðNÞ ¼ eðTþ
c Þ

ðN2 ! 1ÞT4
c
: (91)

On the lattice, LðNÞ has been measured for N ¼ 3 by
Refs. [5,12] and N ¼ 4, 6, and 8 [9,12]. Datta and Gupta
[12] give a simple analytic form,

 0

 0.5

 1

 1.5

 2

 2.5

 3

 1  1.5  2  2.5  3

∆ 
= 

 (e
-3

p)
 / 

T
4

T / TC

0-param. model
1-param. model

2-param. model
Lattice, N=3

FIG. 3 (color online). A comparison of the interaction measure
ðe! 3pÞ=ð8T4Þ for three colors in the models with zero [20], one
[14], and two parameters, versus lattice measurements.
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f 𝕊1×ℝ3

pot ( ⃗θτ, Lτ) = −
4π2

6
T2

d

L2
τ

( 1
5

c1B2( ϕτ

2π ) + c2B4( ϕτ

2π ) −
2
15

c3)

Δ̃ ∼ T2 (L−2
τ )Const.

Latent 
heat
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