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5

tion on partonic orbital motion and spin-orbit correla-
tions inside the nucleon. In addition, TMDs cast light
on multi-parton correlations at leading twist, which helps
uncover the dynamics of the nucleon’s quark-gluon struc-
ture.

B. TMDs and Spin Asymmetries

Most TMDs stem from the coupling of the quark trans-
verse momentum to the spin of the nucleon and quark.
Hence, one can study spin-orbit correlations in QCD
with TMDs. At leading twist, if one integrates over the
quark transverse momenta inside the nucleon, the sur-
viving TMDs are the unpolarized parton distribution f1,
the longitudinally polarized parton distribution g1 (He-
licity), and the transversely polarized quark distribution
function h1T (Transversity) [17]. In addition to f1, g1,
and h1T , there are five additional leading-twist TMDs
[18, 19], some of which vanish in the absence of quark
orbital angular momentum (OAM). Figure 3 tabulates
these eight TMDs according to quark and nucleon polar-
ization, where U , L, and T denote unpolarized, longitu-
dinal, transverse polarization, respectively. All are func-
tions of the longitudinal momentum fraction x (Bjorken
x) and the quark transverse momentum k?.

FIG. 3. Eight leading-twist TMDs arranged according to
the quark (f, g, h) and nucleon (U,L,T) polarizations. Fig-
ure from Ref. [2].

Let us focus on the following TMDs shown in Fig. 3:
transversity, pretzelosity, Sivers, and worm-gear. Also
given are the dependence on nucleon spin ST, quark spin
sq, and virtual photon three-momentum P, which defines
the longitudinal, z, direction.

(i) Transversity TMD, depending on ST ·sq: in the
parton model, provides information on the proba-
bility of finding transversely polarized quarks (anti-
quarks) in a transversely polarized nucleon. Due
to relativistic e↵ect, the transversity TMD behaves
di↵erently from the helicity TMD, which provides
information on the probability of finding longitudi-
nally polarized quarks (anti-quarks) in a longitudi-

nally polarized nucleon. The integral of transver-
sity over x yields the tensor charge [20–22], which
is an important property of the nucleon that has
been calculated precisely by lattice QCD. Precise
measurements of the tensor charges of the proton
and neutron will allow for their quark flavor separa-
tion and provide direct comparisons to lattice QCD
predictions. Quark tensor charges are coe�cients
for the quark electric dipole moments (EDMs) to
connect to nucleon EDMs if nucleon EDMs orig-
inate from quark EDMs, making them important
for tests of the Standard Model (SM) and searches
for new physics beyond the SM.

(ii) Pretzelosity TMD, depending on ST·[k? k?]·sqT,
describes the correlation among the transverse spin
of the nucleon, transverse spin of the quark, as well
as the transverse motion of the quark inside the
nucleon. The pretzelosity distribution reflects the
di↵erence between helicity and transversity TMDs.
This di↵erence is due to relativistic e↵ects. In var-
ious quark and QCD inspired models, pretzelosity
TMD has been shown to provide quantitative in-
formation about the orbital angular momentum of
the partons inside the nucleon.

(iii) Sivers TMD, depending on ST · k? ⇥ P, de-
scribes a correlation between the nucleon transverse
spin and the quark orbital motion. The Sivers
TMD would vanish if there were no parton Or-
bital Angular Momentum (OAM). Hence, studies
of Sivers TMD help understand the contribution of
the quark OAM to the nucleon spin. Another inter-
esting aspect is the predicted sign change between
the Sivers function extracted from SIDIS process
versus that from Drell-Yan process based on QCD.
The experimental test of such a sign change has
been another important motivation for the study
of the Sivers TMD.

(iv) Worm-gear TMDs, g1T and h
?
1L
, are twist-2

TMD PDFs related to the transverse motion of
quark, nucleon spin, and quark spin. They are
also known as “worm-gear” functions since they
link perpendicular spin configurations between the
nucleon and quarks. More specifically, g1T de-
scribes the distribution of a longitudinally polar-
ized quark inside a transversely polarized nucleon,
while h

?
1L

describes the distribution of a trans-
versely polarized quark inside a longitudinally po-
larized nucleon. Interestingly, the worm-gear func-
tions can not be generated dynamically from co-
ordinate space densities by final-state interactions,
and thus have no analogous terms in impact param-
eter (coordinate) space described by GPDs. Their
appearance is a sign of intrinsic transverse motion
of quarks.

Figure 4 illustrates the SIDIS process in terms of the
azimuthal angles defined with respect to the lepton scat-

Leading-twist TMDPDFs

Figure from J. Arrington et al., arXiv:2022.13357

The long-term goal 



Drell-Yan factorisation and TMDPDF
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Drell-Yan factorisation and TMDPDF

And the “Collins-Super (CS) kernel” for evolution in ν (ζ)
  both are universal𝒮(bT, μ, ν) ⇒ 𝒮I(bT, μ), K(bT, μ) ⇒

“Beam function”
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Challenges in parton physics from lattice QCD

Euclidean space
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Relating quasi-TMDPDF to TMDPDF

f̃ TMD(x, b⃗T, μ, Pz) = CTMD(μ, xPz) gS(bT, μ) exp [ 1
2
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pertub. theo.

M.A. Ebert, S.T. Schindler, I.W. Stewart, Y. Zhao, JHEP 04 (2022) 178
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Relating quasi-TMDPDF to TMDPDF

To obtain  , one computes    with lattice QCDf TMD f̃ TMD

The Collins-Soper kernel, K(bT, μ)
Also need non-perturbative calculation of  

The soft function,  gS(bT, μ) ∼ SI(bT, μ)
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TMDPDF from LQCD
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TMDPDF from LQCD
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Existing lattice results



X. Ji, Y. Liu, Y.-S. Liu, Nucl. Phys. B955 (2020) 115054, Phys. Lett. B811 (2020) 135946

Compute the form factor
F(bT, Pz) = ⟨π(−pz) | ūΓu(bT) d̄Γd(0) |π(Pz)⟩ bT
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Intrinsic soft function from lattice QCD
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Intrinsic soft function from lattice QCD
LPC Collaboration,  JHEP 08 (2023) 172
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Figure 11. Final results for the intrinsic soft functions obtained from the CLS and MILC ensembles.

Slat,1 loop± corresponds to the lattice results extracted by  ̃±.

determination of H [34, 38]. usinging the quasi TMDWFs obtained above for di↵erent momenta
{P z

1 , P z
2 } in Eq. (2.14) we get a momentum-dependent CS kernel.

Figure 12. The momentum-dependent and the momentum-independent fits for the CS kernel using the

ansatz Eq. (4.1). We select results obtained at b = 0.3fm for ensemble X650 as an example. Only the real

parts and statistical uncertainties are shown.

In LaMET in principle both momenta should be large enough to significantly suppress the
power corrections. For this reason we choose P z

1 /P z
2 = 3.16 GeV/2.11 GeV, 3.16 GeV/2.64 GeV.

To further extract the leading power contributions, namely to get rid of the finite momentum e↵ects,

– 14 –



CS kernel from lattice QCD
M. Ebert, I. Stewart, Y. Zhao, Phys. Rev., D99 (2019) 034505
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CS kernel from lattice QCD
M. Ebert, I. Stewart, Y. Zhao, Phys. Rev., D99 (2019) 034505
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A. Avhadiev, P. Shanahan, M. Wagman, Y. Zhao, Phys. Rev. Lett. 132 (2024)

CS kernel from lattice QCD

and

b!ðbT ;BNPÞ ¼
bTffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2T

B2
NP

r : ð8Þ

The expression of Eq. (6) is thus a three-parameter
ðBNP; c0; c1Þ parametrization of the CS kernel, with an
additional two parameters ðk1; k2Þ modeling lattice discre-
tization effects.
The lattice QCD constraints on the CS kernel, for each of

the three values of a used in the numerical calculations, are
fit simultaneously to Eq. (6) to yield ðBNP; c0; c1; k1; k2Þ. To
diagnose overfitting, additional fits are performed in which
subsets of the model parameters are held fixed at reference
values, namely, c1 ¼ k1 ¼ k2 ¼ 0 andBNP ¼ 2 GeV,while
others are optimized. The Akaike information criterion
(AIC) [95] is used to quantify the relative goodness of fit
for models including different parameter subsets. The mini-
mum AIC model is found to be ðc0; k1Þwith c1¼k2¼0 and
BNP ¼ 2 GeV. The corresponding fit results are

c0 ¼ 0.032ð12Þ; k1 ¼ 0.22ð8Þ; ð9Þ

with a χ2=d:o:f: ¼ 0.39. These fit results and the resulting
parametrization of the CS kernel are shown in Fig. 2,
with the 1σ uncertainty band determined as the 68%
empirical bootstrap confidence interval from fits performed
to Nboot ¼ 200 bootstrap samples of the lattice QCD
results (constructed to preserve correlations between results
at different bT values computed on the same ensemble).
Overall fit quality is illustrated through the comparison
of γparamq ðbT; μ; a ¼ 0Þ with best-fit values for ðBNP; c0; c1;
k1; k2Þ with the lattice QCD results where discretiza-
tion effects have been subtracted, i.e., γMS

q ðbT; μÞ≡
γMS
q ðbT; μ; aÞ − k1ða=bTÞ using the best-fit results for k1.
These continuum-limit results are compared with

phenomenological parametrizations of experimental data
in Fig. 3. In particular, the parametrization used in
Ref. [37] corresponds to the AIC-preferred parametrization
used here and leads to a consistent result cSV190 ¼ 0.043ð11Þ
with BSV19

NP ¼ 1.9ð2Þ GeV. The global fits performed in
Ref. [40] also give a consistent result, cART230 ¼ 0.037ð6Þ,
though in that work c1 is also included as a fit parameter.
Fits to other parameter subsets ðc0; k2Þ and ðc0; k1; k2Þ

give consistent results for c0 at 1σ with uncertainties that
differ by ≲10%. The magnitudes of k1 and k2 range from
0.1 to 0.3 in all cases, which suggests that the size of
discretization effects is consistent with naive dimensional
analysis. Fits including BNP or c1 as free parameters give
consistent results for c0 with larger uncertainties.
Other parametrizations for the nonperturbative function

DNPðbÞ have been used in fits to experimental data [36,97],
for example the Brock-Nadolsky-Landry-Yuan (BLNY)

parametrization DBLNY
NP ðbÞ ¼ g2b2 with free parameters

g2 and BNP (which enters Dres). Fits to this parametrization
with BNP ¼ 1.5 GeV lead to the result g2 ¼ 0.085ð26Þwith
comparable goodness of fit, χ2=d:o:f: ¼ 0.58, to the fits
using the parametrization of Eq. (7) described above. This
is consistent with the phenomenological fit results of
Ref. [41], which use the same value of BNP and find
g2 ¼ 0.053ð24Þ. Alternatively, using the parametrization of
Ref. [98] yields another consistent result, with χ2=d:o:f: ¼
0.38 [with free parameters as defined in that work such that
mK is held fixed to 0.3 GeVand bK ¼ 0.63ð19Þ is the result
of fitting to the lattice QCD results]. These lattice QCD
constraints on the CS kernel are therefore not sufficient to
establish a clear preference between functional forms for
the kernel; however, they do provide a significant prefer-
ence for the recent fit results from Refs. [37,39–41] in
comparison with Ref. [38] and especially with older BLNY
fit results [36] at large bT .
Summary.—This Letter presents the first lattice QCD

calculation of the CS kernel with systematic control of
quark mass, operator renormalization, and discretization
effects. The results are used to constrain a “pure-theory”
parametrization of the CS kernel through a direct fit to
lattice QCD results for the first time. These lattice QCD
results for the CS kernel are consistent with the most recent
phenomenological results. This opens the door for future
first-principles QCD predictions of the CS kernel beyond
the region constrained by current experiments, as well as
joint fits to experimental data and lattice QCD results. As
more precise lattice QCD results are achieved at larger
values of bT in future calculations, this promises to be
increasingly valuable.

The CHROMA [99], QLua [100], QUDA [101–103],
QDP-JIT [104], and QPhiX [105] software libraries were used

FIG. 3. Comparison of lattice QCD parametrization of the CS
kernel compared with phenomenological parametrizations [36–
41] of experimental data (BLNY, SV19, Pavia19, MAP22,
ART23, IFY23) and perturbative results from Refs. [59,60,96]
(N3LL).

PHYSICAL REVIEW LETTERS 132, 231901 (2024)

231901-5
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Our approach:

Soft function and CS kernel from Euclidean Wilson loops

bT

nμ = (1,0,0,1)n̄μ = (1,0,0, − 1)

bT
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ñBñA
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ñBñA

H H

Pz−Pz

bT

bT
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Our approach:

Soft function and CS kernel from Euclidean Wilson loops

Collins soft function with space-like regularisation can be obtained

ra,b ≡
n3

A,B

n0
A,B

=
1 + e±yA,B

1 − e±yA,B

Rapidities are related to the directional vectors of the Wilson lines

Finite-length effects are of  or smallerO(b4
T /L4)

One-loop results show:

SC(bT, μ, yA, yB) = SI(bT, μ) e2K(bT,μ)×(yA−yB)

Determine  and  via varying  and fitting toSI(bT, μ) K(bT, μ) ra,b

Off-light-cone regularisation in Collins’ soft function, SC(bT, μ, yA, yB)



Rapidity regularisation in our approach

Connection to Minkowski spaceWilson line directions
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Our approach:

Auxiliary-field representation of Wilson lines

xμ(s) = xμ(a) + (s − a)nμ𝒫 exp [ig∫
x(b)

x(a)
dxμAμ(x)]

=
1
Zψ ∫ 𝒟ψ𝒟ψ̄ ψ(b)ψ̄(a) exp {ig∫

b

a
ds ψ̄(s)[∂s − nμAμ(x(s))] ψ(s)}

≡ D

Computing Wilson line = Calculating auxiliary field propagator

−in ⋅ D G(x) = δ(x)

S. Samuel, NPB 149 (1979);  I.Ya. Aref’eva, PLB93 (1980),… 

J. Mandura and M. Ogilvie, PRD 45 (1982);  U. Aglietti, NPB 421 (1994)

Analogy to HQET
X. Ji, Y. Liu, Y.-S. Liu, NPB955 (2020)



Our approach:

Auxiliary-field propagator

R.R. Horgan et al., PRD 80 (2009)

G( ⃗x, τ) = K(τ) G( ⃗x, τ − 1)

K(τ) = [1 −
H0 |τ

2n ]
n

U†
4 (τ − 1)[1 −

H0 |τ−1

2n ]
n

H0 ψ(x) = −
i
2

3

∑
μ=1

vμ [Uμ(x) ψ(x + ̂μ) − U−μ(x) ψ(x − ̂μ)]



Numerical exploration of our method
At large Euclidean time, expect:

Numerator and denominator factors

• At large ⌧ , we expect

Snum
⌧!1
⇠ e

2⌧(ra+rb)/a/⌧ 4

SA
⌧!1
⇠ e

4(⌧ ra�iz)/a/⌧ 4

SB
⌧!1
⇠ e

4(⌧ rb+iz)/a/⌧ 4

• We expect to see real and imaginary contributions to the denominator factors

• Combined denominator factor
p
SASB , should be purely real
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Numerical exploration of our methodDetails of lattice calculation

• Using Nf = 2 + 1 flavor PACS-CS configurations

• non-perturbatively O(a)-improved Wilson quark action and Iwasaki
gauge action

• 323 ⇥ 64 lattice with a = 0.0907(13) fm

• 400 configurations

• thyp2 smearing

• Up to 32 sources per configuration

• Using GPT/GRID

[PACS-CS ’09, ’11]

Wayne Morris (NYCU) Lattice 2024 July 30, 2024 15 / 28



Numerical exploration of our methodNumerator, real part
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Numerator, imaginary part
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Numerical exploration of our methodDenominator A, real part
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Denominator B, real part
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Numerical exploration of our methodDenominator A, imaginary part
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Denominator B, imaginary part
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Numerical exploration of our methodFull denominator, real part
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Full denominator, imaginary part

 0

 20

 40

 60

 80

 100

 120

 140

 160

 180

 200

 220

 240

 260

-4x10-10 -3x10-10 -2x10-10 -1x10-10  0  1x10-10  2x10-10  3x10-10  4x10-10

8 sources, τ/a=6, b⟂/a=3
64 sources, τ/a=6, b⟂/a=3

Wayne Morris (NYCU) Lattice 2024 July 30, 2024 24 / 28

Re[ ]SASB

Im[ ]SASB



Numerical exploration of our methodNumerator, ⌧ dependence
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Numerical exploration of our methodFull denominator, ⌧ dependence
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Conclusion and outlook
Lattice QCD can contribute to TMD physics

Existing results obtained from hadronic M.E.
Most calculations on the and K(bT, μ) SI(bT, μ)

We have proposed an alternative method

Does not involve hadronic M.E.
Complex-directional Wilson loops in Euclidean space
Numerical calculation on-going

Need alternative methods to check universality


