The parity-odd structure function of the nucleon
from the Compton amplitude in lattice QCD
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1 QCDSF Talks

4+ James Zanotti |Mon Session E (QCD and New Physics) @ 16:20)|
Constraining beyond the Standard Model nucleon isovector charges

4+ Ross Young |[Mon Session B (Light Quarks) @ 17:00 |
Revealing the transverse force distributions in the nucleon from lattice QCD

4+ Jordan Mckee |Wed Session B (Light Quarks) @ 18:10]
Compton Amplitude of the Pion using Feynman-Hellmann

4+ Ian Van Schalkwyk |Wed Poster @ 18:30)|

Calculation of the Compton Amplitude at High Momentum using Momentum Smearing

4+ Nabil Humphrey |Thur Session B (Light Quarks) @ 11:00]

Multi-nucleon matriz elements on the lattice with e-graph optimised Wick contractions
and the Feynman-Hellmann theorem

4+ Thomas Schar [Thur Session F (Nuclear and Astro-particle) @ 16:50|
Reduction of discretisation artifacts in the lattice subtraction function calculation



' Motivation

® Nucleon structure (leading twist)

® PDFs from first principles

® Understanding the behaviour in the high- and

low-x regions

® World v-N datas:
® NuTev (Fermilab)

® CHORUS (CERN)

® CCFR (Fermilab) E744, E770,

and older E180

- Q% =2.00 GeV 2
- v2=5.78/7
" GLS =2.489

—02-1260eV2 e
- X —345/7
jGLs =2.392

xf3

0.8 0.8

J. H. Kim et al., PRL81 (1998) 3595-3598 [hep-ex /9808015

M. Tzanov et al. (NuTeV Collab.), PRD74 012008 (2006) |hep-ex/0509010]
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' Motivation

M. Tzanov et al. (NuTeV Collab.), PRD74 012008 (2006) |hep-ex/0509010

® Scaling
® (2 cuts of global QCD analyses
® Power corrections / Higher twist effects o |
® 'Target mass corrections EE’
® Twist-4 contributions
® GLS sum rule: 01
O dxF"P**P(x, 0% =3 |1 + as(fz) + AQZT

1
SGLS — J

o AT~ 0.15-0.5

see X.-D. Huang et al., NPB969 (2021) 115466
2101.10922]
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| Motivation | EW Box

® Leading theoretical uncertainty in: K— > — K
® Weak charge of the proton, Te q A
QW: (1 +AP+A€)(1 —4sin26’W(O)+Aé) P >—>— p

+ 0OV + O% + 07

® CKM matrix element extracted from

superallowed f decays,

o 298443200
th(l @ X D}‘//A 6




| Motivation | EW Box

Box diagrams proportional to an integral K— > >
over the whole Q2 range Yo o L 7
7 o |2 0% (. p

Low-Q? (non-perturbative) regime
dominates the integral

F5 1s experimentally poorly determined
in low Q?

Lattice approach is ideal for a high-

precision determination of moments



® Forward Compton Amplitude

® Feynman-Hellmann Theorem on the Lattice

® Parity-violating F;

® Summary & Outlook



Forward Compton Amplitude




' DIS and the Hadronic Tensor

Deep (Q? > M?) inelastic (W? > M?) scattering (DIS) dg ~ L]”UWLD J =v,2Z,and yZ (neutral) or W (charged)
leptonic tensor hadronic tensor
W, = — [ d*zeit? "[T5 (2), (0
pr = 2e" % pssr (P, S || ,u(Z)a »(0)]|p, s)

1
Pss’ — §5ss’

: ( | q,u q’/ @ Structure Functions
ury — | —Guv 5 f—
q
T (p'u 2 qﬂ) ( v > Cb/)

q P9

10



hfa *Forward Compton Amplitude

/

L,(p,q) = le“z e'Tp. (D, s'| T (DI (0)} | p,s) , spin avg. pay = L5

2
a0 “ﬁn 2 PuP : Pod
Sde(?"g‘;gw“"c — _g//wgzl(a)a Q2) 4 HEU 97’2(60, Q2) 4+ lgﬂvaﬁ adp 9‘73(60, Q2)
t}Y‘zﬂsox: o P-4 2p 4
= G P4y, Py,
F 4, 0%) + Fs(w, Q%) + —J’6(60 Q)
allowed terms 4/ p-q p g pP -4

because parity
is violated

2

J.(a) J.(a)
e ot — - ™~ 2 Im L-'i
pis N(p) N(p)

DIS Cross Section ~ Hadronic Tensor Forward Compton Amplitude ~ Compton Tensor 11

80123 — 1



' Nucleon Structure Functions

® for u # v and Pu=q, = 0, and f # 0, we isolate, Im o
. paq,ﬁ 9 = x"
Tﬂv(pa Q) — lgl/waﬁ LOZS(G)’ Q )
2p - q

Re w
® we can write down dispersion relations

and connect Compton SFs to DIS SFs:

F3()C, Qz)

1 — x2p2 Compton Amplitude is an

analytic function in the
unphysical region |w,| < 1

F(w, 0?%) = 4dex

12



Feynman-Hellmann Theorem
on the Lattice
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1 Lattice QCD

SqcpY, ¥, A] = /d4$ > g (in" Dy, —

ID[‘P]e 0, [W(x, H]10,[P(x,0)]

OA0O0 = [DI¥]e=Si¥

@ Discretise the space-time continuum: regularises the theory
@ Compute the observables via supercomputer simulations

@ 1i.e. approximate the infinite dimensional path integral

_ [/ D[¥]e =IOy
O = Dg]e s z\}li”oozow

@ Take the appropriate limits to recover continuum physics

latt

@ a— 0, md = mPY V- oo

14



' FH Theorem at 1st order

in Quantum Mechanics:

oF oH H,: perturbed Hamiltonian of the system
- — <¢/1 ‘ a /{1 ‘ ¢ ,1) E,: energy eigenvalue of the perturbed system

O/

® expectation value of the perturbed system is related to the shift in the energy eigenvalue

¢,: eigenfunction of the perturbed system

in Lattice QCD: energy shifts in the presence of a weak external field

e.g. local bilinear operator

S—>SA) =S +/1 d*x O(x) — GWrq® T, €{L7,75 )

real parameter

@ 1st order
oL y| | <() ‘ @ ‘ O> E, — spectroscopy, 2-pt function Applications:
— ® o - terms
o) ZE'/1 (0]610) — determine 3-pt ® Form factors

15



J

Source

&=

] Compton amplitude

® 4-pt functions

energy gap to

A E 4+ the lowest excitation

(Cy(t, 7, 1))
(C(0))(Cy(T))
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® Feynman—Hellmann
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@ quark propagators

/Q?\
<

p—

Connected

g4, AX [PRD90 (2014)]
NPR [PLB740 (2015)]
G, Gm [PRD96 (2017)]

F, ,(w, Q%) [PRL118 (2017), PRD102 (2020), PRD107 (2023)]

GPDs [PRD104 (2022), PRD110 (2024)]
2. — n [PRD108 (2023) 3, 034507]
g4, 21, gs [PRD108 (2023) 9,094511]

| QCDSF Applications of FH

» Can modify fermion action in 2 places:

e fermion determinant

N
N -~ -
Disconnected

(X,
NPR
As

(Requires new gauge configurations)

[PLB714 (2012)]
'PLB740 (2015)]

PRD92 (2015)]

17



Parity-violating &,
and
the y — Z/W boxes




hﬁfw *Forward Compton Amplitude

® Expand the dispersion relation for small w — 1st Cornwall-Norton moment:

1 o 2
F3(w, Q)
M(Q?) = J dxFy(x, 0%) = —
0 ),
w=0
allows for a test of the Gross-Llewellyn-Smith sum rule (a, = a(Q%)/r)

N
A A
M® (0?) = J dxFy(x, 0%) =2 1+ Z aicn) | + =L 1o ==

1,uu 0 \ QZ \ Q4

known coefis.

o . Higher-twist
® Also connected to the determination of the EW box diagram

W 3, J’°° do* M,
VA 0% s . Qz M2 QZ

u2(Q?)

19



' Calculation Details

QCDSF /UKQCD configurations mﬂ_ ~ 410 1\/[6\/7 ~SU(3) SYI111.
483 % 96, 2+1 flavour (u/d+s)
5.65 . . 6.9 0.068
— - L ~ ~/ f
p (5.95), NP-improved Clover action m_ [5.3] a [0.0SZ] m

PRD 79, 094507 (2009), arXiv:0901.3302 [hep-lat]

® Local EM and axial current insertion,

J,,‘,/ Ax) = Zyia1 40y, l751g(x) (valence only)

--------------------------------------

® 4 Distinct field strengths, 4 = [£0.0125, = 0.025]

® Current momenta 0.1 < 0% < 10 GeV?

® Roughly 500 measurements

® Nucleon at rest: p = (0,0,0) thus w = 0, varying g

--------------------------------------

. Unmodified ® Connected 2-pt only, no disconnected since F; is non-singlet

: QCD background 20



® Ratio of perturbed 2-pt functions
G726 G (. 1)
R (p, 1) =

J(rzz)q _4(ps 1) G(M +24(P5 1)

® Extract energy shifts for each |A]

—18¢ A
@ % $ 0.0125
_90! § 0.025
' ©
= —22
S+ @
33
& —24
“|&

i zz‘Qq"qqssiiiiiiiiﬁfl&}?}w

®
— 30|
ol B2 (0,0,0)20/E PRELIMINARY |
0 2 4 6 8 10 12 14 16 18 20 22 24 26

t/a

12 order energy shifts

... O’EN(p)
® Get the 2nd order shift
04,04,
A=0
0.000 I
--------- PRELIMINARY
_—0.005] e
= |
&
= _0.010}
m |
4 _

—0.015}
 ¢=(0,1,3)27/L 3
5= (0,0,0)2m/L
0.000  0.005 0.010 0.015 _ 0.020 _ 0.025

A

® Energy shift is related to the amplitude

37;3(609 Qz)

)

Q% FEN(p)

q>

01,04,

1=0

21



| F, | unimproved

- & g035 a = 0.068 fm, V = 483 x 96
: E q053 m, ~ 420 MeV
]_.9' Qz ~ D GeVz

228

Fi(w, Q?)/w
Y %

ek
Ol

{
>
A P ()
(b
D _
: T
() L
a ) B
)
I )3 :
=

0.0 0.2 0.4 0.6 0.8 1.0
w =2p-q/Q°

22



| F, | unimproved

- & g035 a = 0.068 fm, V = 483 x 96

: E q053 m, ~ 420 MeV
' Q? ~ 5GeV?

t/
F (0, Q%) _ 0 0" Ex(p) "

0.4 0.6 0.8 1.0
w =2p-qlQ*

ek
N

Fi(w, Q?)/w
Y %

‘b
<y

offsetl

23



F3(@,0%) _ 0° Ej(p)

R N SR
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Alec Hannaford Gunn

Thomas Schar

U.Adelaide U.Adelaide
6/1 aﬂ PhD 2023 MPhil ongoing
Q) |
@ 2 120 4| & Raw PRELIMINARY
| A LPT improved
introduces discretisation error due to 7.2
broken rotational symmetry 3 7.0 A0:3,1)
= | (GsigAry $0.1.9
. . S 6.8 L1
® Replace the kinematic factor by = 9 A0:5:3) Toim
R o (07375) L ANt
a lattice OPE motivated factor |3| 0.61 A L 0,7, A0,4,7)
_ _ 2 ;-/ I
) S0 0.47 - 0,1,8
0? 2.sin“g;+ | 2. (1 — cos g;) T #0.3,5) T, A©-1:8)
> - _ 6.2 $(0,5,3) =
75) S111 ¢» : #(0,4,7)
6.0‘ I(Oa 7, ]-)
® |Thomas Schar Thur@ 16:50] for details 5.8:—
10 34 50

q° [2m /L)

65
24



1 Syst. 2: Weighted averaging

710; 1 PRELIMINARY 7=(0,1,3)2n/L |
| p=(0,0,0) 27 /L -
7.05:' 10.20
3 7.00¢
~ | -
< 6.95} T 10.15 ,,
1 6.90] s
6.90} 3
§ | 0.10 =
S on 6.85
K
6.80 10.05
6.75¢ m O el
7 8 9 10 11 12 13 14 15 16 17 200
tmin/a

I Ja =24 fixed

® Red line (mean): 0 = wa@f

f
® Red band (total uncertainty):

SstatO” = Z w/ (607)
f

Ssys0® = ) w/(6/ - O
/

56 = \/ SstatO” + sys0’

Py (607)~
Zf’ pf’(éﬁfl)_z

where p; is the one sided p-value ot
the ratio fits

> Weights: w/ =

Method: Beane et al. (NPLQCD/QCDSF), PRD103 054504 (2021)

25




a = 0.068,0.052 fm

\F gZ ' First moment o

483x96, 2+1 flavour

2.50
| proton - Partonmodel $ 3 = 5.65 (a = 0.068 fm)

2.25:- —GLS (N3LO) ¢ 8 =5.95 (@ = 0.052 fm)

M2(Q?)

1.00¢

0.75}
Q2 [GeV2] 26



a = 0.068,0.052 fm

F gZ ' First moment e dony

483x96, 2+1 flavour

2.50
| proton - Partonmodel $ 3 = 5.65 (a = 0.068 fm)

2.25:- —GLS (N3LO) ¢ 8 =5.95 (@ = 0.052 fm)

M2(Q?)

1.00} ~ percent precision for Q% > 1 GeV?

Q° [GeVZ] 27



---Partonmodel ¢ B = 5.65 (a = 0.068 fm)
—GLS (N3LO) ¢ B=5.95 (a = 0.052 fm)

I Elastic Contrlbutlon

® Peak is mostly elastic 5] N\

® subtract elastic contribution:

Fi = — Gy(Q*)GA(QH)x6(1 — x)

® provides insights into higher twist contributions

u (b5p65)

$ b —a (b5p65) ---u (b5p95)
{ d (b5p65) 4 d (b5p95)

low-0?: 3-pt functions

high-0*: Feynman-Hellmann

= s .-
—————————————————————
4 6 8 0.0 0.5 1.0 1.5 2.0

—d (b5p65) ---d (b5p95)

low-0?: 3-pt functions

dipole parametrisation

0 2 4 6 R 0.0 0.5 1.0 1.5 2.0
Q? [GeV]* Q? [GeV]? 28



| 777 | Higher-twist

483x96, 2+1 flavour

1.4 i ---Parton model ® Our results (a = 0.068 fm) @ Our results inel. (a = 0.068 fm)
. : — GLS sum rule (N3LO) & Our results (a = 0.052 fm) ¢ Our results inel. (a = 0.052 fm)
| c
- —t
| any deviation from the pQCD line is
2 an indication for higher twist, A"!'/Q?
0.0

Q? [GeV?] .



a = 0.068,0.052 fm

F gZ | determining a, o

483x96, 2+1 flavour

1.4 i ---Parton model ® Our results (a = 0.068 fm) @ Our results inel. (a = 0.068 fm)
T — GLS sum rule (N3LO) & Our results (a = 0.052 fm) ¢ Our results inel. (a = 0.052 fm)

Fit to the Q% dependence of moments to extract «

4 ) i
MO©) =2 1+ Y aln (QS(S )) ' AQ

=1

0.0"

1 2 3 A 5 6
Q- [GeVz] 20



|§W | EW box

® Electroweak box diagrams need

related talk |[Xu Feng Mon @17:00]

C.-Y. Seng, M. Gorchtein, H. H. Patel,
and M. J. Ramsey-Musolf, PRL 121, 241804 (2018)

Nachtmann moments —~ [ — This work
j}/W _ 3aEM J dQ MW I dx CN(X, QZ) F(O)()C, Q2) Na 006- /-\\
VA 3 Uor \
271' 0 Q2 M%V_l_ Q2 0 + L / \
- / ‘\ ;
1.8 Z ! o
: --- Parton model ol 0.04k \\ ”
1.6l Cornwall-Norton moments —GLS sum rule (N3LO) w/o HT g™ ‘ \
® Our results (a = 0.068 fm) A “ "
1.4 6) $ Our results (a = 0.052 fm) ) \
| = \/
S 0.02| '
pers
m* % ’@2@ -l s @@
10° 10* 10® 102 107 \10° 10' 102 10° 10 10°
Q2 GeV?)
form factors perturbation theory
G 3 10 input from LQCD required
Q? [GeV?] 0.01 < 0% <2 GeV? 31



: Summary & Outlook

2.507
! ---Partonmodel ¢ 3 = 5.65 (a = 0.068 fm)

] 1 - — (N3LO) ¢ B =5.95 (a = 0.052fm)
o Lowest moment of Fs(x, Q°) in a wide range of Q**| i@ R
2.00¢ " %3

M w/ Good statistical precision

I Clear indication of higher-twist and

non-perturbative effects

O Full control over lattice artefacts, e.g. a, M_, V dependence
O Utilise GLS sum rule to determine «;

O requires continuum extrapolation, a = 0.082 fm runs ongoing

yWiZ
VA

O Estimate Nachtmann moments relevant for EW box diagrams, []

O requires at least lowest 3 Cornwall-Norton moments

O we have them for 0% > 2 GeV?, on-going work for 0% < 2 GeV?
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I Compton amplitude via the FH relation at 2rd order

local EM current

J(2) = 2 €4(2)y,4(2)
S—->85UA) =S5+ ﬂjd4z (eiq'z + e_iq°z) Jﬂ(Z)

® Action modification

® unpolarised Compton Amplitude Ju(a)
r,(p,q) = Jd“zei“'Z(N(p) | T{J,(2)],(0)} [ N(p)) $-

® 2nd order derivatives of the 2-pt correlator, G/%Z)(p; ), in the presence of the external field

2~(2) (1. 2 2
0 Gﬂa ﬂgp, t) » — (a gjlgp) tA(p) 4 l;]; 12 (p)> e_EN(p)t from spectral decomposition
A=0 ~(P) from path integral

® equate the time-enhanced terms: Ly (p g )

e —————————
azENA (P) 1

0N |\,  2En(p) / d*2(e7 + )N ()T ()T ()N (P)) +a=-a

Compton amplitude is related to the second-order energy shift

35



I Compton amplitude via the FH relation at 2rd order

® relevant contribution comes from the ordering where the currents are sandwiched

_ t
X(@0) J(z1) T(ya) X(0) . ,—Enp) [ dA e~ (Ex®P+ @ —Ex()A (; _ A)

q=2n/L(4,1,0) /6{

discrete set of states p=2n/L(-1,-1,0) \é)’
" e [lw] = 0.59 '
® under the condition |w| < 1, : “w| =Y ! ;
Ex(p +nq) 2 Ex(P), N\ i i By +12q)
so the intermediate states SZ 2.5( ! ’ '
Cannot g() Qn_Shell E 200:_ EX( . q) §NJT threshold § dispersion _it'elation
| : E'=/m} +(p +nqy
® oround state dominance is ; : ;
g din the large time limit | AP+
ensured 1n the large time limi o E\(p)" .
-1 0 1 2

36



| Multi-exp fits (0% < 1 GeV?

Second order energy shitt: AEy (p) = % AE(p) + AE;(p) — AES~(p) — AE;*(p)| — Ey(p)

0.6
m‘vO.ll:-

0.2°

0.5}

0.3}

0,1,0)27/L
0,0,0) 27 /L
e T S
(0]
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28
t/a
A2 @ ++
(2) —AE ™ (p)t
GHq’ ﬂq(p, ) —> Ae
7= (0,1,0) 27/L
|| 7= (0,0,0) 27 /L
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28
t/a
e (2) —AE; " (p)t
G Aq(p, ) — Ae
19
_ QZF@__

4

10 12 14 16 18 20 22 24 26 28
t/a

6 8

AEeff

_0.1!

_0.1"

0.1}

0.0|

- ) ~AEf(p)1
SR G o _y(ps1) = Ase
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I Future lattices

Currently thermalising/generating
> 64° % 96, a = (0.068,0.052) fm, m_ = (220,270) MeV (completed - early 2024)
> 80° x 114, a = 0.068 fm, m_ = 150 MeV (still thermalising) Compton

results so far

> 967 x 128, a = 0.052 fm, m_. = 140 MeV (thermalised + O(50) trajectories)
Using BQCD [EPJ] Web Conf. 175 (2018) 14011]
c00L ©® 323 x 64
® 483x96 °

on |8 647x96 L. @. ...........

» JUWELS (Jiilich, Germany) o g 22&32 -

: 2 300-
» CSD3 (Cambridge, UK) s _
=

» Tursa (Edinburgh, UK) 200 ]
O \
100

next in line
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